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GENERALIZED FUNCTIONS: 
VOLUME 1: PROPERTIES AND OPERATIONS 
THIS BOOK 1S A TRANSLATION OF 


OBOBSHCHENNYE FUNKTSII 1 DEISTVIYA NAD NIMI. 
OBOBSHCHENNYE FUNKTSIH, VYPUSK 1. 


GOSUDARSTVENNOE IZDATEL’STVO FIZIKO-MATEMATICHESKOI LITERATURY, 
moscow, 1958. 


Translator’s Note 


This book is a translation of the Russian edition of 1958. No attempt 
has been made to revise the original except for the correction of many 
errors, mostly typographical, and some formal changes. The translator 
welcomes further correction. References to the Western literature have 
been added where it was felt necessary. Some of the Russian Literature 
cited has, in addition, been translated into English since the preparation 
of the present volume was completed. 

Appendix B appears in the Russian edition as the Appendix to 
Volume 5, from which it was moved at Professor Gel’fand’s suggestion. 

The term generalized function, being more general than distribution, 
has been used throughout. As with some other terms perhaps somewhat 
different from the usual English ones, this isin keeping with the terminology 
of the Russian authors. : 


EUGENE SALETAN 
October 1963 


Foreword 
to the First Russian Edition 


Generalized functions have of late been commanding constantly 
expanding interest in several different branches of mathematics. In some- 
what nonrigorous form, they have already long been used in essence by 
physicists. 

Important to the development of the theory have been the works of 
Hadamard dealing with divergent integrals occurring in elementary 
solutions of wave equations, as well as some work of M. Riesz. We shall 
not discuss here the even earlier mathematical work which could also 
be said to contain some groundwork for the future development of this 
theory. 

The first to use generalized functions in the explicit and presently 
accepted form was S. L. Sobolev in 1936 in studying the uniqueness of 
solutions of the Cauchy problem for linear hyperbolic equations. 

From another point of view Bochner’s theory of the Fourier transforms 
of functions increasing as some power of their argument can also 
bring one to the theory of generalized functions. These Fourier trans- 
forms, in Bochner’s work the formal derivatives of continuous functions, 
are in essence generalized functions. 

In 1950-1951 there appeared Laurent Schwartz’s monograph Théorie 
des Distributions. In this book Schwartz systematizes the theory of 
generalized functions, basing it on the theory of linear topological spaces, 
relates all the earlier approaches, and obtains many important and far 
reaching results. Unusually soon after the appearance of Théorie des 
Distributions, in fact literally within two or three years, generalized 
functions attained an extremely wide popularity. It is sufficient just to 
point out the great increase in the number of mathematical works con- 
taining the delta function. 

In the volumes of the present series we will give a systematic develop- 
ment of the theory of generalized functions and of problems in analysis 
connected with it. On the one hand our aims do not include the colation 
of all material related in some way to generalized functions, and on the 
other hand many of the problems we shall consider can be treated without 
invoking them. However, the concept is a convenient link connecting 
many aspects of analysis, functional analysis, the theory of differential 
equations, the representation theory of locally compact Lie groups, and 
the theory of probability and statistics. It is perhaps for this reason that 
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the title generalized functions is most appropriate for this series of volumes 
on functional analysis. 

Let us briefly recount the contents of the first four volumes of the series. 

The first volume is devoted essentially to algorithmic questions of the 
theory. Its first two chapters represent an elementary introduction to 
generalized functions. In this volume the reader will encounter many 
applications of generalized functions to various problems of analysis. 
Here and there throughout the book theorems are presented whose proofs 
will be found in the second volume. Volume I makes wide use of Schwartz’s 
book and of the article on homogeneous functions by Gel’fand and 
Z. Ya. Shapiro (Uspekhi Matem. Nauk, 1955). Shapiro has also written 
some of the paragraphs of the present volume. 

The second volume develops the concepts introduced in the first, 
uses topological considerations to prove theorems left unproved in the 
latter, and constructs and studies a large number of specific generalized 
function spaces. The basis for all this is one of the most elementary and, 
for analysts, one of the most useful fields of the theory of linear topological 
spaces (developed in Chapter I of the second volume), namely the theory 
of countably normed spaces. 

The third volume is devoted to some applications of generalized 
functions to the'theory of differential equations, in particular to con- 
structing the uniqueness and consistency classes for solutions to the 
Cauchy problem in partial differential equations, and to expansions in 
eigenfunctions of differential operators. Here we make systematic use of 
the results obtained in the second volume. 

In the fourth and fifth volumes we consider problems in probability 
theory related to generalized functions (generalized random processes) and 
the theory of the representation of Lie groups. The unifying concept here 
is that of harmonic analysis (the analog of Fourier integral theory) of 
generalized functions, in particular questions related to the representations 
of positive definite functions. In these volumes we present the kernel 
theorem of Schwartz. 

Volumes I to HI are written by G. E. Shilov and myself, while Volumes 
IV and V are written by N. Ya. Vilenkin and me. 

The section entitled Notes and References to the Literature contains 
some historical remarks, citations of sources, and bibliography. In the 
text, however, no source references are made; references to the textbook 
literature are given in footnotes. 

Of course all of this hardly exhausts the possibilities of application 
for generalized functions. The necessity for going deeper into the relations 
to differential equations is quite apparent (for instance with respect to 
boundary value problems, equations with variable coefficients, and many 
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problems in quasi-linear equations). Further, the theory of generalized 
functions is the most convenient foundation on which to construct a 
general theory of the representation of Lie groups and, in particular, 
the general theory of spherical and generalized automorphic functions. 
We hope later to be able to shed some light also on these questions. 

The authors of the first volume express their gratitude to their colleagues 
and students who have in one way or another taken part in the creation 
of this volume, in particular to V. A. Borovik, N. Ya. Vilenkin, M. I. Graev, 
and Z. Ya. Shapiro. The authors also express their gratitude to M. S. 
Agranovich, who edited the entire manuscript and introduced many 
improvements. 

I. M. GEL’FAND 
1958 


Foreword 
to the Second Russian Edition 


The material in this second edition of the first volume has been some- 
what rearranged in order to make it easier to read. The first two chapters, 
Definition and Simplest Properties of Generalized Functions, and Fourier 
Transforms of Generalized Functions, can be recommended as an initial 
introduction; they contain the standard minimum which must be known 
by all mathematicians and physicists who have to deal with generalized 
functions. 

The plan for further reading depends on the interests of the reader. 
Readers interested in the algorithmic aspects of the discussion can turn 
to Chapter HII of this volume, which is devoted to special classes of 
generalized functions, namely to delta functions on surfaces of various 
dimension, generalized functions related to higher dimensional quadratic 
forms (of arbitrary signature), homogeneous functions, and functions 
equivalent to homogeneous functions. Such readers may also turn to 
Appendix B, which treats homogeneous generalized functions in the 
complex domain. To the reader interested in the general theory, 
we recommend that after reading the first two chapters of this 
volume he turn to the first three chapters of Volume II. Those 
contain, among other things, the necessary information from the 
theory of linear topological spaces. He may then turn to Chapter I of 
Volume IV, which describes nuclear spaces and measures in them. Those 
readers who wish to learn about the applications of generalized functions 
to the theory of partial differential equations may turn to Chapters II 
and III of Volume III, after first looking at the chapters on spaces of 
type S and W (Chapter IV of Volume II and Chapter I of Volume III). 
Spectral theory and its applications will be found in Chapter IV of 
Volume IIE and Chapter I of Volume IV; prerequisite for these are 
the first two chapters of Volume II. Other programs for reading 
are also possible; for instance questions concerned with the application 
of Fourier transforms of generalized functions are discussed after 
Chapter II of Volume I and Chapters III and IV of Volume II, the 
first three chapters of Volume III, and some of the chapters of 
Volume V. The application of generalized functions to the theory 
of group representations and of Fourier transforms over a group is 
described in Volume V, for which one need only have read the first two 
chapters of Volume I. 
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xii FOREWORD TO THE SECOND RUSSIAN EDITION 


For convenience in using the first volume, we have placed at the end 
of it a résumé of the basic definitions and formulas and a table of Fourier 
transforms of generalized functions. 
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CHAPTER | 


DEFINITION AND SIMPLEST PROPERTIES 
OF GENERALIZED FUNCTIONS 


1. Test Functions and Generalized Functions 
1.1. Introductory Remarks 


Physicists have long been using so-called singular functions, although 
these cannot be properly defined within the framework of classical 
function theory. 

The simplest of the singular functions is the delta function d(x — xo). 
As the physicists define it, this function is “equal to zero everywhere 
except at x9, where it is infinite, and its integral is one.” It is unnecessary 
to point out that according to the classical definition of a function and 
an integral these conditions are inconsistent. 

One.may, however, attempt to analyze the concept of a singular 
function in order to exhibit its actual content. 

First of all, we remark that in solving any specific problems of mathe- 
matical physics, the delta function (and other singular functions) occur 
as a rule only in the intermediate stages. If the singular function occurs 
at all in the final result, it is only in an integrand where it is multiplied 
by some other sufficiently well-behaved function. There is therefore 
no actual necessity for answering the question of just what a singular 
function is per se; it is sufficient to know what is meant by the integral 
of a product of a singular function and a “good” function. For instance, 
rather than answer the question of what a delta function is, it is sufficient 
for our purposes to point out that for any sufficiently well-behaved 
function (x) we have 


JT Se — ao) of) de = (a) 


In other words, to every singular function corresponds a functional 
which associates with every ‘‘sufficiently good” function some well- 
defined number. For instance, for the delta function the number 
corresponding to each “sufficiently good” function p(x) is p(x,). 
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But if this is so, we need no longer be puzzled by the concept of a 
“singular function” ; we shall identify it now with the functional actually 
under discussion. This will then be a perfectly good definition (so long as 
we have clearly specified also the class of ‘‘sufficiently good” functions 
on which this functional is defined). 

Ordinary summable functions are obviously included in this concept, 
since given every such function f(x) one can calculate the integral of 
the product of f(x) with some “good” function. Thus the definition of 
generalized functions in terms of functionals will include both “singular”? 
and ordinary functions. 

Let us now proceed to formulate the exact definitions. 


1.2. Test Functions 


First of all we must define the set of those functions which we have 
conditionally called ‘sufficiently good,” and on which our functionals 
will act. 

As this set we shall choose the set K of all real functions! p(x) with 
continuous derivatives of all orders and with bounded support,? which 
means that the function vanishes outside of some bounded region 
[which may be different for each of the g(x)]. 

We shall call these functions the test functions, and we shall call K 
the space of test functions. 

The test functions can be added and multiplied by real numbers to 
yield new test functions, so that K is a linear space. 

Further, we shall say that a sequence g(x), v(x), ..., p(x), ... of test 
functions converges to zero in K if all these functions vanish outside a 
certain fixed bounded region, the same for all of them, and converge 
uniformly to zero (in the usual sense) together with their derivatives of 
any order. 

As an example of such a function which vanishes for 


=\|=/ Date 





consider 
a f 
exp (— ——; orr <a, 
p(x, a) = P ( a— a) < 
0 forr > a. 
1 As a rule we shall let x = {x1, x2, -.., Xn} denote a point in the n-dimensional space R,. 


On first reading the reader may visualize x as a point on the line. 
2 The support of a continuous function g(x) is the closure of the set on which p(x) # 0. 
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The sequence (x) = v(x, a) (v = 1,2,...) converges in K. The 
sequence p,(x) = v—lp(x/v, a) (v = 1, 2, ...) converges to zero uniformly 
together with all its derivatives, but does not converge to zero in K, 
since there exists no common bounded region outside which all these 
functions vanish. 

There exist many different kinds of functions in K. For instance 
(see Appendix 1.1 to this chapter), for a given continuous function f(x) 
with bounded support there always exists a function g(x) in K arbitrarily 
close to it, i.e., such that for all x and for any e > 0, 


If(*) — ox) | < e 


1.3. Generalized Functions 


We shall say that f is a continuous linear functional on K if there exists 
some rule according to which we can associate with every ọ(x) in K 
a real number ( f, p) satisfying the following conditions. 


(a) For any two real numbers a, and a, and any two functions ¢,(x) 
and p(x) in K we have (f, ap + a92) = (fi p1) + olf pa) 
(linearity of f). 

(b) If the sequence p, Po ..., Pr, -~ converges to zero in K, then the 
sequence ( f, 71), (fs Pa), ---» (Ff, Pr)» -.- converges to zero (continuity of f). 


For instance, let f(x) be absolutely integrable in every bounded region 
of R, (we shall call such functions locally summable). By means of such 
a function we can associate every g(x) in K with 


(fe) = f SO) 92) ae, (1) 


where the integral is actually taken only over the bounded region in 
which (x) fails to vanish. It is easily verified that conditions (a) and (b) 
are satisfied for the functional f. Condition (b) follows, in particular, 
from the possibility of passing to the limit under the integral sign 
when the functions in the integrand converge uniformly in a bounded 
region. 

Equation (1) represents a very special kind of continuous linear 
functional on K. Other kinds of functionals are easily shown to exist. 
For instance, the functional which associates with every g(x) its value 
at x» = Ois obviously linear and continuous. It is easily shown, however, 
that this functional cannot be written in the form of (1) with any locally 
summable function f(x). 
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Indeed, let us assume that there exists some locally summable func- 
tion f(x) such that for every g(x) in K we have 


f, 1 ox) dx = 9(0). 


In particular, for the function g(x, a) discussed in the previous sub- 
section, we have 


f , AO oe a) dx = (0, a) = e. D 


But as a — 0 the integral on the left converges to zero, which contra- 
dicts Eq. (2). 

We shall call the functional we are now discussing the delta function, 
in accordance with the established terminology (although this termi- 
nology is inaccurate, since the delta function is not a function in the 
classical sense of the word), and we shall denote it by 5(x). We thus write 


(8(x), (x) = (0). 


One often has to deal with the ‘‘translated” delta function, or the 
functional 5(* — xo) defined by 


(èx — xo), p(x)) = (mo). 
We now define a generalized function as any linear continuous func- 
tional defined on K. Those functionals which can be given by an 
equation such as (1) shall be called regular, and all others (including 


the delta function) will be called singular. 
We shall call the regular generalized function f defined by? 


(Sp) = C | o(a) de = | Cole) dx 
the constant C. For instance, the unit generalized function is defined by 
(1, g) = f (x) dx. 
It can be shown (see Volume II, Chapter I, Section 1.5) that if one 


3 We shall suppress the symbol R, on the integral sign whenever the integral is taken 
over the entire space. 
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knows the value of a regular functional on all functions of K, the 
function f(x) corresponding to it can be established everywhere except 
on a set of measure zero (almost everywhere). This means that to different 
functions f,(x) and f(x) correspond different generalized functions (i.e., 
for some functions in K these functionals have different values). Thus 
the set of ordinary locally summable functions can be considered a 
subset of the set of all generalized functions. 

For this reason, it is sometimes convenient to use the notation f(x) 
for generalized functions, as-in the -case of the delta function, although 
we may no longer speak of the value of a generalized function at a 
given point (so that, rigorously speaking, the notation f(x) is meaningless 
for a generalized function). In addition, we shall sometimes denote 
(fi p) by J f(x) p(x) dx, although according to ordinary analysis such 
notation is meaningless. For instance, we will sometimes write 
f 8(x) p(x) dx instead of (8(x), p(x)). Thus f 5(x) p(x) dx = (0). 

We shall denote the set of all generalized functions by K’. 


1.4. Local Properties of Generalized Functions 


We have already seen that generalized functions cannot be assigned 
values at isolated points. One cannot, for instance, say that “a gene- 
ralized function f is equal to zero at x.” However, the statement that 
“a generalized function f is equal to zero in a neighborhood U of x,” 
can be given a quite well-defined meaning. This will mean, namely, 
that for every g(x) in K with support in U, we have (f, p) = 0. Thus, 
for instance, the generalized function f corresponding to an ordinary 
function f(x) vanishes in a neighborhood U of x if f(x) itself vanishes 
(almost everywhere) in this neighborhood. The singular function 
(x — xı) vanishes in a neighborhood of every point x, Æ xı- 

We shall now say that the generalized function f vanishes on some 
open set G if it vanishes in a neighborhood of every point in this set. 

It can be proven (see Appendix 1) that the generalized function which 
vanishes in a neighborhood of every point vanishes also in the large, 
i.e., that for every (x) in K we have 


(fp) = 0. 


If f is a generalized function which fails to vanish in any neighborhood 
of xə» then x, is called an essential point of the functional f. Thus, for 
instance, the point x, = 0 on the line is an essential point of the 
functional f(x) = x? (although the function x? itself vanishes at this 
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point!). It is also true, of course, that all the other points on the line 
are also essential points for this functional. The set of all essential 
points of a generalized function f is called its support. The support of 
the regular generalized function f corresponding to the continuous (or 
piecewise continuous) function f(x) is the closure of the set on which 
f(x) #90, i.e., the support of f(x). The support of the generalized 
function 6(x — x) is the single point xp. If F is a set which contains the 
support of a functional f, one says that f is concentrated in F. 

The term “essential point” is justified by the following property 
(proved in Appendix 1.3). If p(x) in K is a function that vanishes in a 
neighborhood of the support of the functional f, then (f, p) = 0. It 
follows that however p may vary outside of the neighborhood of the 
support of f has no bearing on (f, g). Indeed, any such variation is 
equivalent to adding to p another test function % which vanishes in 
the neighborhood of the support of f, or such that ( f, ¢) = 0; therefore 
(fhe + 4) = (49). 

Let us now go on to a local comparison of two arbitrary generalized 
functions. We will say that the generalized functions f and g coincide 
on the open set G if the difference f — g vanishes on this set. It can be 
shown that if f and g coincide in a neighborhood of every point, they 
coincide in the large, or (f, p) = (g, p) for all p. It follows from this 
that a generalized function f is determined uniquely by its local proper- 
ties. More even than that, a generalized function can in fact be con- 
structed if its local properties are known (Appendix 1.3). 

In particular, we shall say that a generalized function f is regular in 
some region G if in this region it coincides with some ordinary locally 
summable function. 

For instance, the delta function (x — x9) is regular (and equal to 
zero) everywhere except at xp. 

One of the important problems in the theory of generalized functions 
is the following. Given an ordinary function f(x), in general not locally 
summable, for instance 1/x on the line. One may then ask whether or 
not there exists a generalized function f which coincides with f(x) at 
all points at which the latter is locally summable. Further, is it possible 
to establish the correspondence from f(x) to f in a way which preserves 
the operations of addition, multiplication by a function, and differen- 
tiation (which we shall define below for generalized functions)? It is 
clear that the answers to these questions are quite important, since if 
this were possible one could include in the generalized functions those 
ordinary functions which have nonsummable singularities. 

At present only partial answers exist to these questions; they will be 
discussed in Sections 1.7 and 3. 
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1.5. Addition and Multiplication by a Number and by a Function 


Consider two generalized functions f and g. We define their sum 
f+ as the functional on K defined by 


(+8 p) = (f p) + (8 p). 


It is easily verified that according to this definition f + g is also a 
continuous linear functional. In particular, if f and g are regular func- 
tionals corresponding to the functions f(x) and g(x), then f + g is also 
a regular functional, and it corresponds to f(x) + g(x). This shows how 
natural is this definition of the sum of generalized functions. 

The product of a generalized function f by a number « is defined by 


laf, p) = a( f, p) = (f, ap). 


Clearly, this functional is also continuous and linear. lf f is a regular 
functional corresponding to the locally summable function f(x), then 
this operation corresponds to multiplication of f(x) by «. 

There does not seem to be any natural way to define the product of 
two arbitrary generalized functions. Nevertheless, it is possible to 
define the product of any generalized function f by an infinitely differen- 
tiable function a(x). We note first that the product of an infinitely 
differentiable function a(x) and a function g(x) in K is a function 
y(x) = a(x) g(x) in K. Further, if the sequence of functions ¢,(x) 
converges to zero in K, then the sequence a(x) y,(x) also converges to 
zero in K. Now consider any generalized function f. We define the 
new functional af by 


(af, p) = (f, ap). 


Clearly, af is linear. It is also a continuous functional, as can be seen 
from the following. If p,(x)— 0, then as was pointed out above, it 
follows that a(x) p(x) —> 0, so that 


(af, P») = (f, ap,) > 0. 


For the regular functional f corresponding to the locally summable 
function f(x), multiplication by a(x) corresponds to multiplication of 
f(x) by a(x). Indeed, for this case we have 


(af, p) = (fF. ap) = | fe) [a(x) o(@)] dx 
= | [a(x) f(@)] ox) dx, 


which is the desired result. 
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1.6. Translations, Rotations, and Other Linear Transformations 
in the Space of the Independent Variables 


For h > 0, the function f(x — h) on the line is called in analysis the 
right translation of f(x) through the distance k. We note, by the way, 
that the operation performed on the independent variable here is a left 
translation through the distance h, the opposite of the operation per- 
formed on the function. 

This may be generalized in the following way to the case of functions 
of n variables. Let u be some nonsingular linear transformation in the 
n-dimensional space R, and let u~! be its inverse. Then the corres- 
ponding operation u on a function f(x) is defined by 


uf(x) = fw"). (1) 


This concept can be extended to generalized functions. We note 
first that if g(x) is in K, then so is y(ux). Let us further determine what 
equation for functionals corresponds to Eq. (1) for functions. Assuming 
f(x) to be locally summable and letting g(x) be a function in K, we 
obtain 


(uf), AE) = (Fa), A) = | fe) fe) de. 


Now we make the substitution u-1x = y, so that x = uy, and in the 
integral we may write dx = | u | dy, where | u | is the absolute value of 
the determinant of the matrix of the transformation. Then 


(uf) = 1u | | FO) oy) dy = | u| (1), pu). 


From this equation we define the operation u applied to an arbitrary 
generalized function in the following way. We define uf as the func- 
tional such that 


(uf, p) = | u | (f, plux)). (2) 


It is also possible to denote uf by f(u-!x) (as with ordinary functions), 
a notation which sometimes clarifies the meaning of an equation. In 
that case we can use the previously established convention (see the end 
of Section 1.3) to write (2) in the form 


[ forte) ofa) de = |u| f SE) ux) dx, 2) 


where f is any generalized function. 
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A particularly simple equation is obtained for unimodular trans- 
formations (i.e., those with determinant one), in particular for rotations. 
For these we have 


(f(x), os) = (uf, p) = (f, pur). (3) 
Examples. 
1. Translation through the vector h. Here ux = x + h. The trans- 


lation of a generalized function f through the vector h is given by 


(uf, p) = (S, p(e)) = (f p + A)). 


This formula can also be written in the form 


(Sæ — h), p) = (J, g + h), 


or in the form 
[IE — h oa) de = | fle) pl + h) dx 


(where f is a generalized function). 


2. Reflection in the origin. Here ux = —x. Reflection of a generalized 
function f is given by 


(F2), p) = af, p) = (4 p(~2)), 
or 


| H—#) pla) dx = | Ae) (a) dx. 


3. Similarity transformation. Here ux = ax. The similarity trans- 
formation of a generalized function f is given by 


(Sux), glx) = (uf, p) = a”( f), P(x). 


The generalized function f is naturally called invariant with respect 
to the operation u if uf = f. 

For instance, a generalized function may be invariant with respect to 
reflection in the origin; i.e., it may satisfy the equation ( f,p(—x)) = (fip). 
Such a function may be called centrally symmetric. Generalized func- 
tions invariant with respect to all rotations will be called spherically 
symmetric. Among such are all the regular functionals corresponding 
to functions depending only on r = VÈ x?; another example is the 
ô function. A function invariant under translations through the vector 
h is called periodic with period k. It can be shown that a generalized 
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function invariant with respect to all translations is a constant (see 
Section 2.6). 
If f(x) is a generalized function such that 


flax) = f(x) (4) 


for all real « > 0, then it is called homogeneous of degree A. Equation (4) 
can also be written in the form 


a ( f(x), p (=)) = A, 92) 
or, equivalently, 


(7), o (EJ) = «* (7), pe). 


Thus, 5(x, ..., Xp) is a homogeneous generalized function of degree 
—n. It is clear that ordinary locally summable homogeneous functions 
are also homogeneous when considered as generalized functions, and of 
the same degree. We shall consider homogeneous generalized functions 
in more detail in Section 4 and then again in Chapter III. 


1.7. Regularization of Divergent Integrals 


Let f(x) be a function locally summable everywhere except at xo 
where it has a nonsummable singularity [for instance, f(x) = 1/x on 
the line]. Then in general the integral 


| J(=) P(x) dx, (1) 


where g(x) is in K, will diverge. But this integral will converge if (x) 

vanishes in a neighborhood of x). We may now ask whether it is possible 

to use this result to redefine a functional, that is to construct an f € K’ 

such that for all g(x) in K vanishing in a neighborhood of x, the func- 

tional has the value given by (1). Any such functional f is called a 

regularization of the divergent integral of (1) [or a regularization of f(x)]. 
Thus, for instance, for f(x) = 1/x we may set 


GA g) — [ He) dx + f. g(x) = 20 dx + i He) dx (2) 


with any a, b > 0. 
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Regularization can also be defined in the following somewhat different 
way. The regularization of a function f(x) is a continuous linear func- 
tional f which coincides with f(x) everywhere except at x, (see Sec- 
tion 1.4). 

Indeed, if there exists a functional f given by (1) for all g(x) in K 
which vanish in a neighborhood of xọ then f coincides with f(x) in 
some neighborhood of every point x, Æ Xə in particular in every 
neighborhood that does not contain x, either in its interior or on its 
boundary. If, further, the functional f coincides with f(x) everywhere 
except at x9, Eq. (1) will hold for every g in K which vanishes in a 
neighborhood of x, and therefore f represents a regularization of f(x). 

We now present some general propositions concerning the existence 
of regularizations. For simplicity we shall take x, = 0. 


Proposition 1. If there exists an integer m > 0 such that f(x) -7™ is 
locally summable, the integral of (1) can be regularized. 

For this case we can construct the regularization f in accordance with 
the equation 


a = fro foe) — [o + BOs, +. + SEO Sr] a — nf de 


(3) 


(where we subtract enough terms of the Taylor’s series to leave a 
remainder of order greater than 7”). The function 6(1 — r) is unity for 
r< l and zero forr > 1. 

Clearly the integral in (3) converges for all g(x) in K and is a contin- 
uous linear functional. If, further, p(x) vanishes in a neighborhood of 
the origin, (3) becomes 








(S.p) = | Œ) (x) ax, 


so that except at the origin f coincides with f(x). 
For this case, therefore, the regularization exists. 


Proposition 2. If fọ is a special solution to the regularization 
problem, i.e., if fọ regularizes the integral of (1), the general solution f 
is obtained by adding to fọ any functional concentrated on x) = 0. 

Let fọ be a regularization, and let g be a functional concentrated on 
the origin, Then for any g(x) in K which vanishes in a neighborhood 
of the origin, 


(fo +8 p) = (fos p) + (g, 9) = (fos P)» 
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so that f, + g is also a regularization. Conversely, if fọ and fı are two 
different regularizations, then for all-such g(x) we have 


(A — fo p) = (fo p) — (fo p) = 0, 


so that fı — fo is concentrated on f = 0. 
For instance, if f(x) = 1/x, the difference of any two regularizations 
given by (2), as is easily verified, is simply C(x), where C is a constant. 
In Section 3 we shall consider the problem of choosing from all the 
regularizations of a given function the most natural one. 


Proposition 3. If within some solid angle whose vertex is at the 
origin f(x) satisfies the condition 


f(x) > F(), (4) 


where F(r) increases monotonically faster than any power of 1/r as r 
approaches zero, the integral of (1) cannot be regularized. 

For simplicity let us assume that the solid angle under discussion 
contains the region H = (x, > 0,..., x, > 0). The proof of the general 
case is then quite similar to the one that follows. Consider a nonnegative 
function g(x) in K which vanishes for | x | > 1 and whose integral is 
equal to unity. Further, let e, > 0 be any sequence of numbers approach- 
ing zero more rapidly than any power of 1/v. 

We now translate the function e,p(vx) through the distance »/n/v 
along the line x, = ... = x,. Call the function so obtained y¥,(x). Then 
¥,(x) vanishes outside H and, for sufficiently large v, outside the inter- 
section of H with an arbitrarily small ball centered at the origin. It is 
easily seen further that the sequence of the ¥,(x) converges to zero in 
K as v — œ. Thus if there were to exist a functional f regularizing (1), 
it would follow that 


(S #1) > 0. (5) 


But, since ¥,(x) vanishes in a neighborhood of x = 0, and since except 
at the origin f coincides with the function f(x) of (4), we may write 


(fe) = | A) dole) de > e, | FC) ugla) de, 


where ug is the translated » function. Now the integral of (vx) is ob- 
viously 1/v, and we thus arrive at 


(ht) > EF (va). (6) 
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We have not yet picked the «,. Let us write 


6s (7) 


so that, since F(r) increases more rapidly than any power of 1 /r, these 

e, converge to zero more rapidly than any power of 1/v, as we have 

required. But it is then seen from (6) that the (f, ¥,) are all greater 

than unity and cannot therefore converge to zero; this contradicts (5). 
Thus in this case the integral in (1) cannot be regularized. 


Remark. This result does not mean that in generalized functional 
analysis one may never consider functions with singularities of infinite 
order. So far we have considered test functions of only a very special 
kind (namely those in K). In the second volume we shall discuss other 
test function spaces, and among them it is always possible to find those 
for which functions with singularities of any kind can be given meaning 
as functionals. i 

In conclusion, we remark that regularization can be defined similarly 
also if f(x) has not one but several or even a countable number of 
isolated singular points, so long as the number of singular points in any 
finite interval is finite. 

Any such function f(x) can always be written in the form 


F) = Dfl), 
where each f,(x) has only one singular point (see Appendix 1.2). There- 


fore the case of a countable number of isolated singularities is essentially 
the same as the one just discussed. 


1.8. Convergence of Generalized Function Sequences 


A sequence fj, fo, .... fø. Of generalized functions is defined to 
converge to the generalized function f if for every g(x) in K 


lim ( fy, p) = (fp). 


v3 


One may, of course, assume v to vary over a continuous set. The defini- 
tion of the limit of the sequence remains the same. 
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Similarly, a series hı + ha +... +h, +... of generalized functions 
is said to converge to the generalized function g if the sequence 


8 =h, 82 =h +hy. g=hth to th,.. 


converges to g in the above sense. 

It is easily verified that this definition of the limit of a convergent 
sequence of generalized functions is unambiguous and consistent. 

Further, the operation of passing to a limit is linear. That is to say, 
if f = lim,,..f,, and « is a number (or an infinitely differentiable 
function), then lim,„» of, exists and is equal to alim,,.f, = of. 
Further, if f = lim, f» g = lim, g,, then lim, o (fs + g,) exists 
and is equal to f + g. 

If the sequence of locally summable functions f,(x) (with » = 1, 2, ...) 
converges uniformly to the locally summable function f(x) in every 
bounded region, the corresponding functionals f, converge to the regular 
functional f. To see this, let g(x) be some function in K and let G be 
the support of g(x). Then as a result of a well-known theorem on the 
convergence of an integral, we have 


(fn) = | S) oe) dx > | f(x) oe) dx = (S. p), 


which is the required result. 

We may, on the other hand, propose a weaker requirement than the 
uniform convergence of the f,(x) on bounded regions. The theorem on 
the limit of an integral will hold, for instance, under either of the 
following: 

(a) f(x) — f(x) almost everywhere, and | f,(x) | bounded by a fixed 
constant (or even by a locally summable function); 

(b) f(x) — f(x) monotonically increasing or decreasing, f(x) locally 
summable. 


Example. A sequence of regular functionals may converge to a 
singular functional. For instance, the functional 


= g(x) 
(fe) = lig fae 
coincides with the ordinary function 1/x for x 4 0. This function is 
not summable in any neighborhood of the origin, and the functional 
is therefore not regular. But it is seen from the construction that it is 
the limit as e — 0 of the regular functionals corresponding to the ordinary 
functions defined as equal to 1/x for | x | > e and to zero for |x| < «e. 
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It can in general be shown (and will be shown in the second volume) 
that every singular functional is the limit of a sequence of regular 
functionals. 

It is easily verified that every generalized function is the limit of a 
sequence of generalized functions concentrated in bounded sets. 

To prove this, consider an infinitely differentiable function g,(x) 
equal to one in the ball |x| <v and equal to zero outside the ball 
|x| < 2v. It is clear that for each p in K there exists a sufficiently 
high v such that g,9 = p. From this it follows that for any functional f 
the sequence g,f converges to f; for let p be any function in K, so that 
(gf p) = (fg) = (f, p) for sufficiently high v, or (g,f, p) > ( f, p). 
Now the functional g,f is easily seen to vanish for | x | > 2v, so that it 
is concentrated on the bounded set | x | < 2. Thus f is the limit of the 
sequence g,f of generalized functions concentrated in bounded sets, as 
asserted. 

One important property of the space of generalized functions is its 
completeness with respect to convergence as defined here. In other 
words, if the sequence fi, fos ..., frs ... is such that for every p in K the 
number sequence ( f» p) has a limit, this limit is again a continuous 
linear functional on K. 

This theorem is proven in Appendix A at the end of this volume. 


1.9. Complex Test Functions and Generalized Functions 


So far we have assumed that both the g(x) and the ( f, p) take on only 
real values. 

One may, however, also define complex generalized functions. To 
do this one goes over from the space of à real test functionsto the space 
of complex test functions (again infinitely differentiable functions with 
bounded support) using the previously defined operations.* 

We now define complex generalized functions as continuous linear 
functionals taking on, in general, complex values on this new test- 
function space. 

With every complex locally summable function f(x) we associate the 
functional 


(fe) = | FR) oe) dx, (1) 
where the bar denotes the complex conjugate. 


4 These are not generalized functions of a complex variable; see Appendix B. 
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As before, we shall denote the test-function space by K and the 
generalized-function space by K’. 
Addition and multiplication by a (complex) number in K’ is then 
given by 
(fi + fe P) = (fo P) + (fm P) (2) 
(af, p) = xf, p) = (f, àp). 


Multiplication by a complex infinitely differentiable function a(x) is 
defined by 


(a(x) f, p) = (S, az) 9). (3) 


For every generalized function f there exists the complex conjugate 
generalized function f defined by 


(Fe) = P). (4) 


It can be shown that if an ordinary function f(x) is treated as a gene- 
ralized function, the newly defined operation of complex conjugation 
corresponds to the ordinary one. In the sequel we shall deal almost 
entirely with the real case. The results obtained, however, can for the 
most part be automatically extended to the complex case with obvious 
changes which follow from the above Eqs. (1)-(4). 


1.10. Other Test-Function Spaces 


It is often convenient to extend the functionals defined on K to a 
broader function space and then to study their behavior on this new 
space. 

A space which very often occurs in applications is S, the space of 
infinitely differentiable functions which, together with their derivatives, 
approach zero more rapidly than any power of 1/|x| as |x |— œ 
[for instance, exp (—x?)]. Thus on the line —œ < x < œ the functions 
g(x) € S satisfy inequalities of the form 


| xtp (x) | < Cra (1) 


for any k,g = 0,1,2,... . 
In the case of several variables, (1) is replaced by 


ant- "+inp(x) 
x sse At Gat. Gate >= Cry. sees Kae Gye 200 In 
n 


(kis ++ In = 0, 1, 2, -»+), 
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which we shall write symbolically in the form 
| x¥ Deo(x) | < Cro 
where k = (Ry, ..., kn), q = (Gas +» Qn) Xp = Het... xn, and 


QUt-+- Hep 
Dı = ——_—.. 
Ox .., OKAN 
Convergence in S is defined as follows. A sequence ¢,(x) is said to 
converge to p(x) if in every bounded region the derivatives of all orders 
of the p,(x) converge uniformly to the corresponding derivatives of 
g(x) and if the constants Cpg in the conditions 


| x*Dep,(x) | < Cra (2) 


can be chosen independent of v. Then the limit function p(x) also belongs 
to S, as can be seen by going to the limit as v — © in conditions (2). 

Obviously every infinitely differentiable function with bounded 
support, i.e., every function in K, belongs also to S. Moreover, K is 
dense in S. To prove this we construct functions e,(x)e K equal 
to one in the cubes | x; | < v and to zero outside the cubes | x; | < 2 
and such that their derivatives of any fixed order all be bounded by the 
same number independent of v (with v = 1, 2, ...).5 

Now let g(x) be any function in S. Then the functions p(x) = g(x)e,(x) 
have bounded support and, as is easily seen, converge to g(x) in S, as 
asserted. 

We note also that if g,, p E K, and g, —> in K, then clearly p, > 9 
in S. In other words convergence in K is a stronger condition than, or 
includes, convergence in S. 

The set of continuous linear functionals on S is denoted by S’. 
Clearly every continuous linear functional on S is also a continuous 
linear functional on K, so that S’ C K’. But of course far from all the 
continuous linear functionals on K can be extended to S. (It may be 
noted in any case that if such an extension is possible for a given func- 
tional, it is unique. This follows from the fact that K is dense in S.) 
Generalized functions that can be extended to S are those with bounded 
support, regular functionals corresponding to slowly increasing functions, 
i.e. those that increase no more rapidly than any power of | x | as x > ~, 
and some others. 

It is clear that S’ is a linear space, namely that f, g e S’ implies, 


5 For instance, if e,(x) is constructed somehow, then one may set es(x) = e,(x/v). 
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of + Bg € S’ for all numbers « and 8. In other words, therefore, S’ is 
a linear subspace of K’. 

Convergence may be defined in S’ in analogy with the definition 
in K’. A sequence of functionals f, in S’ converges to a functional f 
in S’ if for every g(x) € S we have 


(fn p) > (S p) 


Since S contains K it is clear that f, f in S’ and f, +f in S’ imply 
f. — f in K’. Thus S’ is contained in K’ together with convergence as 
we have defined it. 

In addition to S there are many other types of test-function spaces 
defined according to how the test functions behave at infinity. We shall 
deal with such spaces in the second volume. 

‘In this volume the spaces S and S’ will play only a secondary role. 
As a rule we shall deal only with K and K’, and when we wish to refer 
to other spaces, we shall make special note of it. 


2. Differentiation and Integration of Generalized Functions 


2.1. Fundamental Definitions 


It is well known that not all ordinary functions are differentiable, 
that there exist in fact many functions that have no derivative in the 
usual sense of the word. In contradistinction, as we shall show, generalized 
functions always have derivatives (and furthermore of all orders) which 
are also generalized functions. 

In order to define the derivative of a generalized function, we shall 
first consider an ordinary function of a single variable. 

Let f(x) be a continuous function with a continuous first derivative 
(in the usual sense), and consider the functional 


(1.9) = f SO) de. 


Integrating by parts and recalling that g(x) is in K so that outside 
some interval [a, b] it vanishes, we arrive at 


(f9) =fe) 0) S fe@e'@ de =(4-7). 


We shall use this equation to define the derivative of a generalized 


2.1 Differentiation and Integration 19 


function. Let f be any continuous linear functional on K. Then the 
functional g defined by 
E p) = (f, —¢'), (2) 


will be called the derivative of f and be denoted by f’ or df/dx. 
In accordance with our notational convention (Section 1.3) we may 
write f’ also in the form 


[E oe) de = — | A) oe) dx. 2’) 


To show the consistency of this definition we must prove that g is 
also a continuous linear functional on K. We do this as follows. 

First, note that g is defined for all g(x) in K, since if p(x) is in K 
then so is p(x). It is obvious that g is linear. We need show only that 
it is continuous. 

Consider a sequence of functions ¢,(x) (with v = 1, 2, ...) converging 
to zero in K. Then according to the definition of convergence, the 
sequence —9,(x) also converges to zero in K. The fact that f is con- 
tinuous then implies that 


Ep) = (f —g;) — 0, 
as asserted. 

Thus every generalized function has a derivative. 

It can be shown that the ordinary rules of differentiation apply also 
to generalized functions. For instance, the derivative of a sum is the 
sum of the derivatives, and a constant can be commuted with the 
derivative operator. 

For the product of an infinitely differentiable function a(x) with a 
generalized function f, the product rule 


(af)’ = a'f + af’ (3) 
remains valid. Indeed, we have 


(af), p) = — Ge) = — (fh, ap’) = — (f, (ap) — a'g) 
= — (f (apy) + (S a'g) = (f', ap) + (af, p) 
= (af', p) + (af, p) = (of' + af, 9), 
as asserted. 
Consider now the case of several variables. Then the partial derivative 


of a generalized function f with respect to each of the variables may be 
defined as 


(4. ») = ( a) (fj = 1,2, 4.5%). (4) 
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As in the case of one variable, the consistency of this definition is 
easily verified. Further, if f is a regular functional corresponding to 
a function f(x, Xə, ...,%,) which is continuous and whose partial deri- 
vative with respect to x; is continuous, we again find by integration by 
parts that the functional af/8x; corresponds to f(x, ..., X_,)/Ox;. 

Since differentiation of a generalized function yields again a generalized 
function, the process may be continued to partial derivatives of any 
order such as 67f/@x,0x,, 03f/0x,0x,0x,,, etc. 

Thus all generalized functions have derivatives of all orders. 

In particular, every locally summable function ‘has derivatives of all 
orders in the sense of generalized functions. (We remark, however, that 
although the function f may have an ordinary derivative, the functional 
defined by this ordinary derivative need not coincide with the derivative 
of f in the sense of generalized functions.) 

In Volume II (Chapter II, Section 4) we shall prove the converse 
theorem, namely that every generalized function is the derivative of 
some order in the sense of generalized functions of some locally sum- 
mable function (if desired, even a continuous function) or a finite sum 
of such derivatives. 

Mixed derivatives of generalized functions are independent of the 
order of differentiation. For instance, 


of a 


Ox Ox, = Ox, Ox," 








This may be seen as follows: 


beh) = (BE) = (ta) ~ (oa) 























Ox, Ox,’ Ox,’ Ox, Ox, Ox, Ox, Ox» 
_ (4 op \ __ (_ Of 
z ( ax,’ OX, ) = (5. ax,’ p). 


Remark. One may define the derivative of a generalized function 
also as the limit of a certain ratio, a definition which then bears closer 
analogy to that for the ordinary derivative. We shall do this here, 
restricting our considerations for simplicity to the case of a single 
variable. 

Recall that every generalized function f can be translated, say through 
the distance 4x, in accordance with the expression (see Section 1.6) 


(Jœ + 4x), o%)) = (F), g(x — 4%). (5) 
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We now show that for any generalized function the limit (in the sense 
of generalized functions) of the ratio 


f(x + Ax) — f(x) 


Ax 


(6) 


exists as 4x — 0, and that this limit is exactly the derivative df/dx 
defined above. Consider any function g(x) in K. Then applying (5) to (6) 
we have 


(2 + Ax) — f(x) 
Ax 


— Ax) — 
, o(2)) = (fe), PEA — 0) ). 
Now the expression [p(x — 4x) — g(x)]/4x converges to alimit in K as 
Ax — 0, and this limit is —¢'(x). Since f is a continuous functional, it 
follows that 
4 ae , ’ 
(LE 4A) — LE) (2) + (fe), — PE) = (19) 
where f’ is the previously defined derivative of the generalized function f. 


Thus the expression [f(x + 4x) — f(x)]/4x will indeed converge in K’ 
to the functional f'(x), as asserted. 


2.2. Examples for the Case of a Single Variable 


We have seen above that the functional f’ corresponds to the function 
f(x) if both functions f(x) and f'(x) are continuous. It is easily shown 
that this is true if f(x) is continuous and f'(x) is merely piecewise con- 
tinuous (even if it fails to exist at a finite number of points). In this 
case, in fact, Eq. (1) of Section 2.1 remains valid. 

An even more general condition for the validity of this equation is 
that f(x) be absolutely continuous; as is well known this implies that 
f'(x) exists almost everywhere and is locally summable, and that the 
formula for integration by parts, namely Eq. (1) of Section 2.1, is valid. 

Let us proceed to consider some examples. 


Example 1. Consider the function 


0 for x <0, 


Ow) = ji for a: 


We shall denote the functional corresponding to this function also by 
6(x). According to Eq. (2) of Section 2.1, given any g(x) in K, we have 


CE, P) = (0), pE) = — J 9'G@) de = 900) 
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Then by Section 1.3 it follows that 
8 (x) = d(x). 
Similarly, it is a simple matter to show that 
O'(x — h) = (x — h). 
Example 2. Now let f(x) be a piecewise continuous function with 
piecewise continuous derivative f'(x) and discontinuities of the first 
kind (jumps) hı, ha, ... at x, Xa, ... (Fig. 1). Let f'(x) be defined every- 


where except at these discontinuities, finite in number. Let us obtain 
the derivative of the functional f corresponding to f(x). 





Fic. 1. 


Consider the function 


fæ) = f) — 2 hy, Ox — x). (1) 


This function is obviously everywhere continuous and has, except at a 
finite number of points, a derivative equal to f'(x). The regular func- 
tional f} corresponding to f,(x) has, according to what has been said, 
a derivative which coincides with the regular functional corresponding 
to f'(x). Hence differentiation of (1) gives 


cs = D d(x — Xx), 
k 
from which we arrive at 


f=ft+ D d(x — Xz). 
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Thus we obtain the following result. Let f(x) be a piecewise continuous 
function with piecewise continuous derivative. Then the discontinuity 
hy, Occurring at the point x, contributes the term h,5(x — x,) to the 
derivative. 

A somewhat different situation arises when f(x) is an ordinary function 
whose derivative f’(x) exists in the usual sense except possibly at 
isolated points, but is not locally summable [for instance, f(x) = 1/x or 
fx) = In| x |]. For this case the generalized function f’ is formally 
given by the integral 


o) = f7 SO 9) de, Q) 


But this integral will in general diverge, and will thus not define a 
functional. 

It will be shown in Appendix 1.4 that the desired functional f’ must 
correspond to the function f'(x) at all points at which f'(x) is locally 
summable. Thus f’ is one of the possible regularizations (see Section 1.7) 
of the integral appearing in (2), in particular the regularization defined by 


[_f@o@ a =(f.9)=-4e)=-[ forwd. @) 


In Section 1.7 we have seen that the regularization f of a function 
f(x) with nonsummable singularities at isolated points is defined (if it 
exists) only up to an additive arbitrary functional concentrated on 
these points. Equation (3), however, defines a particular preferred 
regularization. It can be shown that this one is in a certain sense the 
natural regularization (see Sections 3.1 and 3.7). 

It would be convenient if we could rewrite (3) in a form containing 
g(x) rather than its derivative. It is often possible to obtain this simpli- 
fication by using the specific form of f(x) to simplify the right-hand 
side of (3). 


Example 3. Let us find the derivative of the generalized function 


0 for x <0, 


A a= 
=| Boo. 1<A<0. 


This function is locally summable, but its ordinary derivative Ax’— is 
not, and we must thus regularize the divergent integral 


f : Axi-lo(x) dx. (4) 
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According to the general rule for differentiating a generalized function, 
we have 


(2), = — 9") = f oe de = — ling f woa) ae 


Let us integrate by parts, setting p’(x)dx = du, x4 = v, u = g(x) + C. 
We obtain. 


(V p) = — kim [foley + C1" — J wga) + C] ae]. 


The first term in the expression whose limit we are taking itself has 
limit zero as « — 0 if we set C equal to —¢(0). Let us choose C accord- 
ingly, thus obtaining 


(EY, p) = lim f dx*AEp(a) — 9(0)] dv 


= J tes) — 9(0)] s= dss, (5) 


which is then the desired rule for assigning meaning to the integral in (4). 
In our case, as we see, the rule consists of replacing p(x) by (x) — (0) 
in the integrand, which causes the integral to converge at x = 0 (without 
disturbing its convergence at infinity). The generalized function defined 
by (5) is conveniently denoted Ax‘, so that we may write 


(ay = ax 


Now àx? is no longer a regular functional. For x 4 0, however, 
it nevertheless coincides with a regular functional, for according to (5) 
if p(x) is a function which vanishes at x = 0, the functional under dis- 
cussion behaves like the ordinary function àx. 


Example 4. It is somewhat more difficult to calculate the derivative 
of the generalized function 


ee i for x <0, 
“+ “ling for x>0. 
Here formal differentiation 
(nry, p) = f 2E a 6 


leads again to a divergent result. This divergent integral cannot be 
regularized by replacing (x) by (x) — (0), since this replacement 
causes the integral to diverge at infinity. 
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Proceeding, however, as in the preceding example, we obtain 


((In x4)’; p) aii (In X45 g’) = — Í, In x g'(x) dx 
. 0 , ` foo} oO x 
— lim f In x g'(x) dx = — lim [In sofe) |. =): He) dx] 


suae 22- a 


Now we may replace —¢(e) Ine by —¢(0) Ine, since the limit of the 
difference, namely the limit of {p(e) — ¢(0)] Ine is zero. Further, 


_ te), _ (?_9(0) 1 — x) 
—9(0) Ine = [+ = Í. HO) AI 2) a, 
where (x) is defined in Example 1. The result may thus be written in 
the form . 
(In x4), p) = lim | ie) — oO) AI ~ 5) dx 


= F v(x) — O 0 — a) gy, 
0 x 


which is then the desired rule for regularizing the integral of (6). We 
see that this rule leads to convergence of the integral at x = 0 without 
destroying the convergence at infinity. 

As in the preceding example, the functional obtained is not regular 
throughout its region of definition. It nevertheless coincides with the 
ordinary functional 1/x for x > 0. 


Example 5. Let us now find the derivative of the generalized func- 
tion In | x |. To do this we must regularize the integral i [p(x)/x] dx. 

This problem could be solved by combining the rules we > have already 
obtained for the derivatives of In x, and In (—x),. It is simpler, however, 
to proceed directly in the following way: 


(HELE! oe) = n «|, =o) 


- | In|æ|g'(x) dz = — lim f In| «| g'(x) dx 
o «0 ta] > 


-lim fin | = | (2) |" + tm x oa) |” f AS) ty 


Je] >e x“ 
Liim pal 


€90 lz] >e x 
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What we have obtained is the well-known Cauchy principal value of 
the integral of p(x)/x. We shall denote this merely by fe. [p(x)/x] dx, 


foo} 


and the corresponding generalized function simply by 1/x. Thus 


dinjx|_1 
dx x’ 


This newly defined functional 1/x is not regular; it nevertheless corre- 
sponds to the ordinary function 1/x for x Æ 0. 

This same functional can also be defined otherwise by a formula 
which coincides in an obvious way with the above result, but contains 
only a convergent integral, namely 


(4 mls | .9) z it P(x) —aA=#) dx. 


Example 6. Let us find the derivative of the generalized function 
In (x + 10) defined by 


In (x + 20) = lim In (x + iy). 


Writing ln(x + iy) in the form ln |x + iy | + iarg(x + iy) and 
passing to the limit, we see that 


In (x + 20) = In | x | + i70(—x). 
According to Example 2, 6’(x) = 8(x). From the fact that 6(x)+6(—x)=1 
one may derive the fact that 6’(—x) = —ô(x). Therefore 
d ; d . d | ae 
qin +10) = z” Ix] + tn p (—*) a in8(x), 


where 1/x is the generalized function defined in Example 5. Compare 
this result also with that of Example 4 of Section 2.4. 


Example 7. Finally, let us obtain the derivative of the delta function. 
In an obvious way we have 


(8'(« — h), p) = (8% — h), —¢’) = —9'(h) 
and in general 
(P(x — h), p) = (—1)*p(h) (Rk = 1,2,...), 


so that in the notation introduced in Section 1.3, 


f EPE — h) oe) de = (— ph). 
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2.3. Examples for the Case of Several Variables 


We note first that if f(x) is a continuous function with piecewise 
continuous partial derivatives, the derivatives of the regular functional 
corresponding to f(x) are regular functionals corresponding to the 
appropriate derivatives. 


Example 1. Let f(x) be a function with continuous derivatives in a 
region G of the x,, x, plane bounded by a piecewise smooth curve I. 
We shall assume that f(x) vanishes outside of G and that it is discontinuous 
across I’. Let us obtain an expression for the functional @f/@x,. For any 
p in K we have, from the general rule, 


(Ae) = (A-F) = = ff pen a) PEED dey dy 


Ox, Oxy 


Integration over x, by parts gives 
1 
[J ea 2) PO) du, dey = [| fev taolan ool 
G ey Be Ti 


1 

zi Of (x1, x. 
= i = Aee) 2) P(X) x2) dx} dxa 
= | Ais 2a) cos (m, sadalta 2) dy 


-Í f of ae) %2) 


P(%1 22) dxy dx, 


where (n, x.) is the angle between the normal and the x, axis at the 
point (x1, x.) on I’. Thus f/x, is the sum of the regular functional 
corresponding to f(x, x.)/@x,, and a singular one which arises from the 
discontinuity in f(*,, x.) on crossing I’. A similar result holds in a space 
of any dimensionality. 

Green’s well-known theorem 


I F(%1, %2) Ap (%1, X2) dx, dxa 


= J| Ate» %_)P(%y xa) dxı dxa + IR feed p)dy 


(here 4 is the Laplacian) may be interpreted in the following way, using 
the equation (4f, p) = ( f, 4p). Let f be a generalized function coin- 
ciding in a region G with an ordinary locally summable function f(x, x2) 
and vanishing elsewhere. Then the generalized function Af is the sum 
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of a regular functional corresponding to the function Af(x,, x.) in G 
and two singular functionals arising from the discontinuities in f and 
af/én on crossing the boundary of G. A similar result holds in a space 
of any dimensionality. 

In Chapter III, Section 1.4 we shall give an independent proof of 
this type of relation on the basis of certain generalized functions which 
we shall call §(P) and which are similar to the ordinary delta function. 


Example 2. Consider the Laplacian in three-space applied to 
the regular functional corresponding to the function 1/r (where 
r? = x? + x3 + 29). 

We note that 1/r is a harmonic function in any region which does 
not contain the origin, i.e., that 4(1/r) vanishes (in the ordinary sense) 
for all r 0. For the case of generalized functions we have 


at.o) (bode) = ff [Aba tig f SSE 


Now let us apply Green’s theorem (Example 1) to this integral, choosing 
G to be the spherical shell e < r < a where a is so large that for r < a 
our function g(x) vanishes identically. Then 


[[ [Pen [ffospeo—[[E pes [foxes 
where ds is the element of area on the sphere r = e. Now 


[|fe aieo 


r>e 


since Outside the ball y < e the function 1/r is harmonic. As for the 


other terms,! 
ET 


[lias -4 f pds = — aSo), 


T=€ 


where S.(p) is the mean value of g(x) on the sphere of radius e. In the 
limit as e > 0, of course, Sp) > ¢(0), so that 


(4, 9) = = lim Ap J T A E E, ee E 


1t Here y = O(x) means that y/x is bounded. 
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Hence we may write 


At a dese: (1) 


A similar calculation for dimension n > 3 leads to the result 


1 
y = — (n =E 2)22,,5(x), 
where Q, is the hypersurface area of the unit sphere in n-space. For 
n = 2, however, 


4 hnt = — 2n8(x) 


Later (Chapter III, Section 3.3) we shall give some general rules 
for differentiating functions whose derivatives are not locally 
summable. These rules can be used to obtain formulas of the form of 
Eq. (1) in an automatic way [e.g., 4(1/r) can be calculated as the sum 
of second derivatives of 1/r]. 


2.4. Differentiation as a Continuous Operation 


Consider a sequence fj, fo ..., f,,... of generalized functions which 
converges to the generalized function f. We assert that the sequence of 
derivatives of,/ax; converges to Of/dx;. This is immediately obvious, 
since for any g(x) in K we have 


(Ze) = (tm ~ SE) > (6 2B) = Cae): 


as asserted. 

Similarly, a series hı + A, +... + h, +... of generalized functions 
which converges to the generalized function g can be differentiated 
term by term. In other words, one may write 





W + h, tu th pu ae 


In classical analysis such theorems do not hold, for the derivatives of 
a convergent sequence of differentiable functions will not in general 
converge. Consider, for instance, the sequence f,(x) = v~! sin vx on 
the real axis, which converges uniformly to zero. The derivatives 
f(x) = cos vx of this sequence fail to converge in the classical sense; 
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in particular, they do not converge to the derivative of the limit. But 
in the sense of generalized functions, the f;(x) converge, and furthermore 
to zero. We know this to be generally true, and in this particular case 
we may see this from the direct calculation 


(9) =| “cos vx p(x) dx = 1 f sin vx g'(x) dx — 0, 


where [—a, a] is any interval containing the support of g(x). Moreover, 
the sequences f; = —vsinvx, f,” = —v? cosvx (v = 1, 2,...), and 
higher derivatives also converge to zero in the sense of generalized 


functions. 


Example 1. Fourier series expansion of a periodic function. Let f(x) 
be a locally summable periodic function with period 27, and let its 
(Fourier coefficients) c, be defined by the classical formulas 


1 ingx 
on = = f f(x)" dx. 


We then assert that the Fourier series E- c,e*"* converges (in the sense 
of generalized functions) to f(x). Indeed, according to a well-known 
theorem of analysis? the formally integrated series 


—1 c e] c 

n pink n ping 
> — ene | cox + > — e 
af in 7 in 


converges uniformly to an absolutely continuous function F(x) whose 
derivative is equal almost everywhere to f(x). Then the equation 


-1 « 
F(x) = > eine + 9x +> S2 gine 
7 1 


can be differentiated term by term to yield f(x) = E2, cet”, as 
asserted. 


Example 2. Any series of the form E, ape”? whose coefficients 
increase no faster than some power of n as | n | — œ converges in the 
sense of generalized functions. This follows from the fact that the 
series can be obtained by a sufficient number of term-by-term differen- 
tiations of E2, [a,/(in)*] e*, which is known to converge uniformly 
for sufficiently high k. 


2 A. Zygmund, ‘“‘Trigonometrical Series,” p. 27 (2.621). Chelsea, New York, 1952. 
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Example 3. It is a well-known fact that the series sin x + $sin 2x + 
4sin 3x + ... converges to a function equal to (m — x)/2 for O < x < 27 
and periodic with period 27 for the rest of the real axis, and further that 
the finite partial sums of this series are uniformly bounded.*? Thus 
this series converges also in the sense of generalized functions [see 
Section 1.8, requirement (a)]. By differentiating this series we obtain 
the following expressions: 


cos x + cos 2x +... + cos nx +... = —3+7 > è(x — 2nn), 
sin x + 2 sin 2x -+ ... + n sin nx +..=—7 > 8% — 2n), (1) 
cos x + 4 cos 2x +... + n? cos nx + ..= —7 > "(x — 2n), 


If we use Euler’s formula to write out the cosine in the first of these 
equations, we obtain 


1 + ef + ehr 4 p ett 4 eie te 2r > (x — 2mn). (2) 


Now let us apply this to some function g(x) in K, recalling that* 


(ee, 9(x)) = f” (wert de = H n) 


is the Fourier transform of p(x) at the point —n. This leads to the relation 


5 y(n) = 2r > g(2rn), 
which is called Poisson’s formula. We have proven this only for func- 
tions g(x) in K, but by using limiting operations we could extend this 
result to a wider class of functions, such as for instance those which, 
together with their first derivative, are absolutely integrable. 


3 Fikhtengofts (Fichtenholz), “A Course in Differential and Integral Calculus,” 
Vol. III, p. 539 (in Russian). Gostekhizdat, 1949. Henceforth we shall refer to this book 
simply as Fikhtengofts, ‘‘Calculus.”” See also K. Knopp, “Theory and Application of 
Infinite Series,” p. 375. Blackie & Son, London, 1928. 

* Since e* is a complex function, we use Eq. (1) of Section 1.9. 

5 See, for instance, E. C. Titchmarsh, ‘‘Introduction to the Theory of Fourier Integrals,” 
p. 60. Oxford Univ. Press, London and New York, 1937. 
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Similarly, the well-known relation® 


cos 2x cos 3x 
cosx +— z t Aa —In|2sin5 | (3) 
can be differentiated to obtain new trigonometric series. By formal 


differentiation we obtain 


sin æ + sin 2x + sin 3x +... =} cot $, 
cos x + 2 cos 2x + 3 cos 3x + =} (o3) =- (4) 
ce 2) ~ 4sin? (x/2)’ 


1 (cot x)" _ 1 cos (x/2) 


sin x + 4 sin 2x + 9 sin 3x +... = ~ 4 sin’ (x/2) ’ 


However, cot (x/2) is not locally summable, and the integral 


E cot = 5 o(a) dx 


will in general diverge. In Section 3.7 we shall find the generalized 
functions corresponding to the ordinary functions on the right-hand 
side of (4). We shall find that the one corresponding to — 4[sin®(x/2)]-1 
will be the derivative of that corresponding to 4 cot (x/2), etc. In other 
words, Eqs. (4) will be given meaning in terms of generalized functions. 
Equations (1) and (4) can be used to separate out the singularities of 
a trigonometric series of the form È (a, cos mx + b, sin nx), whose 
coefficients are given, for instance, by expressions of the form 


Gy = yt” + oy yl $f ag H A ae 


b, = B + Bran? +... + By + bs pà a , 


where «, and £; are constants, and {y,} and {8„} are bounded sequences 
of numbers.” 


6 Fikhtengolts, “Calculus,” Vol. III, p. 550. See also K. Knopp, “Theory and Applica- 
tion of Infinite Series,” p. 378. Blackie & Son, London, 1928. 

7Cf. V. I. Smirnov, “Lehrgang der höheren Mathematik,” p. 416. VEB Deutscher 
Verlag der Wissenschaften, Berlin, 1955. Henceforth we shall refer to this work as 
Smirnov, “Higher Math.” 
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Example 4. Consider the functional f defined by 


In| æ | + ir for x < 0, 


In (20) = Inx for x > 0. 


It is seen from the definition that this is the limit as y — 0 of the function 
In (x + ty), analytic in the upper half-plane. Let us verify that the 
relation 


In (x + 70) = lim In (x + ty) 


is true also in the sense of convergence of generalized functions. For 
fixed y > 0 we have 


Yy 


P 


ln (x + i) = žin (x? + y?) + i arctan 


which converges to In (x + 70) as y —> 0 with the following two proper- 
ties: 


(a) The first term on the right converges, decreasing monotonically 
to In | x]. 
(b) The second term has modulus bounded by m and converges to 


in for x < 0, 


WO) o ore 0. 


Thus, according to Section 1.8, In (x + iy) — In (x + 70) in the 
sense of generalized functions. 

Now the derivative of In |x| is 1/x, and the derivative of h(x) is 
—in8(x) (Section 2.2, Examples 5 and 2). This leads again to the result 
of Example 6, Section 2.2, namely, 


d . : 
T In (x +70) = : — in8(x) 
Since, on the other hand, differentiation is a continuous operation, 


d ; . d . : 1 
Z” (x + 20) = lim 7, n@ +9) =i + iy’ 


We thus arrive at the interesting result 


l za; (5) 


lim — = 
v>+0 X + Ly x 
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which may be interpreted as follows. Let p(x) be any function in K; then 


_ 7 ox) we) 
im [ose = [ee — ing), 


where the integral on the right is understood as the Cauchy principal 
value (see Section 2.2, Example 5). 


2.5. Delta-Convergent Sequences 


There are many ways to construct a sequence of regular functions 
which converge to the ô function. All that is needed is that the corre- 
sponding ordinary functions f,(x) form what we shall call a delta- 
convergent sequence, which means that they must possess the following 
two properties. 


(a) For any M > 0 and for|a| < M and |b| < M, the quantities 


| J He) æ | 


must be bounded by a constant independent of a, b, or v (in other 
words, depending only on M). 


(b) For any fixed nonvanishing a and b, we must have 


ee cx _§0 fora<b<Oand0<a<h, 
lim f £46) 46 =} fora <0 <b. 

Let f,(x) be such a delta-convergent sequence. Consider also the 
sequence of primitive functions 


Px) = f° E 


It follows simply from the two properties of a delta-convergent 
sequence that as v is allowed to increase the F,(x) converge to zero for 
x < 0, and to one for x > 0. Moreover, these functions are uniformly 
bounded (in v) in every interval. This implies that the F,(x) converge 
in the sense of generalized functions to 6(x), which is equal to O for 
x < 0 and to 1 for x > 0. Then in the sense of generalized functions 
the sequence f,(x) = F(x) converges to 6’(x) = 8(x), as asserted. 
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Example 1. Consider the function 


l e 


fAx) = tee (e > 0). 


Figure 2 is a graph of this function for two values of e. Now from the 
integral 


f ; ST Ax)dx = 1 [arctan a — arctan “| 





Fic. 2. 


for a + b it is easily verified that the f(x) fulfill the two requirements 
of a delta-convergent sequence. Thus as e — 0, 


1 € 
Tapa TO (1) 
The same result is obtained by recalling that 


1 € 1 1 








= —-Im . 


m xF e? T x + te 
so that from Eq. (5) of Section 2.4, we obtain 


1 € 1 1 
aoe Se ee 





as above. 
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The derivatives with respect to x of a delta-convergent sequence 
give sequences which converge to the derivatives of the delta function. 
For instance, Eq. (1) implies that 


2 ex 


BEET 5’(x) (2) 


and similar results. Figure 3 is a graph of the function on the left-hand 
side of Eq. (2) for two values of e. 





Example 2. Consider the function 


1 x 
He) =x (—4) >A 


We shall show that as t > 0 this function converges to the ô function. 
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We remark first that f(x) > 0, so that? for any a and b 


f fáxjdx < ws | im exp ( — =) dx = 


We now make the substitution of variables x/1/t = y; then we see that 
fora <0 <b, 





. b 3 1 b/v y? 
lim f „JO de = lig y= l exp (— +>) y= 1. 


We note further that for any b-> 0 the integrals 


‘ vi 
ara J, 0 (— Fe) <5 7 [ee (ae Ee see (— a) 


converge to zero as £ — 0. A similar result holds for the integral over 
any segment (—~, a) with a < 0. Thus the f(x) are a delta-convergent 
sequence, so that 








1 x? 
ar exp (- =) — &(x). (3) 
Example 3. Consider the function 


1 sin vx 
x 





fx) = 


whose graph is shown in Fig. 4 for two values of v. We shall show that 
as v —> œ this function converges to the ô function. 


(0 <v <) 





Fic. 4. 


8 Fikhtengolts, “Calculus,” Vol. II, p. 624. See also R. Courant, ‘‘Differential and 
Integral Calculus,” Vol. I, p. 496. Interscience, New York, 1959. 
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It is well known that? 
ja 1 sin vx 
F moa a" dx = 1. 


Further, for any b > a > 0, the integrals 


b _1 sinw , _1 siny 
ZOL wenk y á 


x 


converge to zero as v — œ. A similar result will obviously hold true 
for the integral from a to b for a < b < 0. Further, 





by 
+f [=a] rry | 


is bounded uniformly in a and b for all v. Hence the f,(x) are a delta- 
convergent sequence: 


1 sin vx 


lim — ros = 6(x). (4) 

Now z7~l{sin (vx)/x] can be written as the integral of (27)—le* over 
é from —v to v. Then we can formulate the above result in the 
following way: in the sense of convergence in K’ 


lim f ” ate dé = 2n8(x). (5) 


The left-hand side of this equation is the Fourier transform of unity. 
(We shall discuss Fourier transforms in more detail from a different 
point of view in Chapter II. Compare the remark at the end of Section 3 
of Chapter II.) 

By differentiating this relation with respect to x we obtain the new 
and even more interesting results 


lim J iett df = 2m8'(a), (6) 
lim f Gete de = 2nd") 0 


and others of higher orders. We may, in fact, assert quite generally 
that every locally summable function f(x) which, as | x | + œ, increases 


? Fikhtengoľts, “Calculus,” Vol. II, p. 625. See also R. Courant, “Differential and 
Integral Calculus,” Vol. I, p. 450. Interscience, New York, 1959. 
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no faster than some power of | x | has a Fourier transform in the sense 
of generalized functions, and this Fourier transform is given by the 
limit as v —> © of 


f feet ae. 


Indeed, we may always write f(€) in the form (€? + 1)” f,(é) where 
Jo(€) is a summable function and has an ordinary Fourier transform, 
so that the limit 


lim f feee dé = Gila) 


exists. Moreover, the convergence in this equation is uniform in x in 
any bounded region, so that the convergence holds also in K’. We now 
apply the operator (—d?/dx? + 1)” to both sides, and recall that 
differentiation is a continuous operation. From this it follows that the 
limit 
” g d? m 
ia feat = (— fh 1)" 6 





exists, as asserted. 


2.6. Differential Equations for Generalized Functions 


The operations that we have established for generalized functions, 
namely differentiation, multiplication by a function, and addition, can 
be used to write differential expressions of the form 


Ao(x)y'™(x) + alay M(x) + e + anlaya) — bx), 


where a(x), a(x), ..., n(x) are given infinitely differentiable functions, 
and y(x) and b(x) are generalized functions. If such an expression is set 
equal to zero, we obtain an ordinary linear differential equation of 
nth order for the generalized function y(x). We then wish to obtain 
the set of all solutions of such an equation. 

Let us start by considering the particularly simple equation 


dy 
a= (1) 


We shall show that this equation, treated as an equation for a generalized 
function, has the general solution y = C, a constant. 
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Equation (1) can be written in the form 


v,e) = — 9’) =0 (2) 


for any g(x) in K. But this then defines the functional y on the set ®, 
of those functions of K that can be written as the derivatives of other 
functions in K. We need now to analyze the way in which this functional 
y can be extended from @, to all of K. 

It is easily established that p(x) in K can be written as the derivative 
of some other function in K if and only if 


f vfs) dx =0. 3) 


The proof follows. First, assume p(x) = (x). Then it follows that 


fe) de =e) =0. 
Now assume (3) to hold. Then we set 
X 
pi(*) = I. pol€) dé, 
and we have only to show that g(x) is in K. But this is obvious, for the 
infinite differentiability of p(x) implies that of y,(x), and Eq. (3) implies 


that it has bounded support. 
Now let ¢,(x) be some fixed function in K such that 


f: p(x) dx = 1. 


Then any g(x) in K can be written in the form 


oC) = vile) | ole) de + pole), 


where g(x) obviously satisfies Eq. (3). This means that if the desired 
functional y us defined only on ¢,(x), its value on any g(x) in K will 
be automatically defined by 


Op) = Ove) | Pe) dx. (4) 


For instance, let (y, pı) = Cı be any constant. Then from Eq. (4) 
we have 


(9) = Cr foe) de = |” Cipla) dx, 
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which means that y is the constant generalized function C, as asserted. 
We thus see that the differential equation (1) has no solutions in the 
class of generalized functions that it does not have also in the classical 
functions. 


Example. We wish to show that the generalized function f invariant 
with respect to translation on the line is a constant. For this case we have 


f= + 4x) — f(x) = 0, 
whence 
Ye) = lim [E t 4x) = f@) _ 
f(x) = im —— p =0. 
But we have seen above that then f(x) = const, as asserted. 
It can be shown that any system of homogeneous equations of the form 





d 

A = AV + + mm 

ZS Lute a Meee (5) 
dY m 


dx = Any Vy +. + ammm 


where the a, are infinitely differentiable functions of x, also has no 
solutions in generalized functions other than the classical ones. A similar 
situation holds also for a single higher order equation of the form 


I + a(x yD +. + aay = 0 


with infinitely differentiable coefficients, as well as for any system of 
such equations. 

These assertions may be proved by the method sketched below: For 
convenience we write Eqs. (5) in the vector form?® 


dy 
qe AY A = || ay 








Let U = || u(x) || be the matrix formed by a fundamental set of 
(ordinary) solutions of (5). Then U is nonsingular. Now let us transform 
from the variable y to z according to the equation y = Uz. Inserting 
this into (5), we have 


dU dz 


10 See F. R. Gantmakher, “Applications of the Theory of Matrices,” Chapter IV. 
Interscience, New York, 1959. 
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or, since dU/dx = AU, 


dz 
UT = 0. 


Multiplying on the left by U-1, we obtain the separated system 


= 0. 


We have seen that this implies z = const. This means that y = Uz 
is a linear combination of the solutions that make up U, which thus 
form a complete set. 

The remaining assertions follow from this, since any equation of 
higher order as well as any system of such equations can be replaced 
by an equivalent system of first order. 


Remark. As opposed to what we have been saying, if the coefficients 
of the equations have singularities, new solutions may occur in generalized 
functions, while classical solutions may disappear. 


Example 1. Consider the first-order equation 


dy 
«7, = 0. 


Its solution must be a constant for x < 0 and x > 0. Thus it has the 
two linearly independent solutions 


n=l, Yo = Ax). 


Example 2. The equation 
— dxty’ = y 
has only the single solution 
y=0 


in generalized functions. This is because for x #0 the generalized 
solution must coincide with the classical one y = C exp (x?) with 
either C 40 or C = 0. The first of these alternatives is impossible, 
however, since according to Section 1.7 the integral 


[exp (@*) 9(x) dx 


cannot be regularized. 
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EXISTENCE OF THE PRIMITIVE FUNCTION 


Consider the very simple inhomogeneous equation 


dg 
a =f, 6) 
where f is a given generalized function and we wish to find g. 

We shall show that for arbitrary f Eq. (6) has a solution in the class 
of generalized functions. This solution is called, quite naturally, the 
primitive or the indefinite integral of the generalized function f, and 
we then write 


g= | f dx. 
Equation (6) may be written 
(g, — p) = (f p) 


for every y in K. But this then means that the functional g is defined 
for every % in K which is the derivative of some other function ọ in K; 
in other words, g is defined on the set ®, defined earlier. We now wish 
to extend g to all of K. This can be done, for instance, by considering 
first some g,(x) in K such that f” p(x) dx = 1 and writing any ọ in 
K in the form “ 


co 
=a f pdx + po 


where pọ is in ®,. In this way with every p we associate uniquely its 
“projection” pa onto ®,. We now define 


(Zo P) = (8, Po) (7) 


It is easily shown that this new functional g, is linear and continuous. 

The general solution of (6) is obtained by adding to the particular 

solution we have found a general solution of the homogeneous equation, 

and it follows from the previous results that this latter isg} = C = const. 
Thus any solution of (6) can be written 


&=Ht+C, 


where g, is defined by (7). 
The general solution of the inhomogeneous system 





x 


d z . 
E t Dafi (i = 1,2,..., m), (8) 
j=l 
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where the f; are generalized functions and the a, are ordinary infinitely 
differentiable functions, can be reduced to the solution of an equation 
of the form of (6). 

Indeed, again writing y = Uz, where U is the matrix formed by a 
fundamental set of solutions of the corresponding homogeneous system 
(fı = 0), we arrive at U dz/dx = f or dz/dx = Uf. In this new set 
of equations the variables are separated: each of the equations is of the 
form of (6). 

Finally, the inhomogeneous equation of higher order 


He) yD Te + Amy = f (9) 


(where the a, are infinitely differentiable functions and fis any generalized 
function) reduces to a system of the same form as (8) when one writes 


dy, Dymo 


yı ZY: Y2 = -jp l O Yma = dx 





Thus again the problem can be reduced to solving an equation of the 
form of (6). 


2.7. Differentiation in $ 


In Section 1.10 we defined the test-function space S. Recall that S 
is the space of infinitely differentiable functions g(x) satisfying inequali- 
ties of the form 

| ake! a(x) | < Cra (k, q= 0,1, 2, e) 


We have seen that the space S’ of continuous linear functionals on S 
is a subspace of K’, the continuous linear functionals on K. 

We wish to show that f e S’ implies that the derivative of f is in S”. 
For simplicity we consider the case of only a single variable. We note 
first that g(x) € S implied that the derivative g'(x) e S; further, p, > 0 
in S implies g(x) > 0 in S. Thus the functional f’ defined by 


f=- Ue) 


is again a continuous linear functional in S. 

But it is clear that when restricted to K this functional coincides 
with the derivative of f. In other words, the derivative f’ of f restricted 
to K can be extended to S together with f, which is what was asserted. 
The generalization of this result to higher derivatives and to several 
variables presents no difficulties. 
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We have seen before how all regular functionals corresponding to 
functions increasing no faster than some power of the variable (which 
we shall call slowly increasing functions) can be extended from K to S. 
We now see that this is true also of the derivatives of such functionals. 
We shall see in Volume II (Chapter II, Section 4) that every continuous 
linear functional on S can be obtained by applying some differential 
operator to a slowly increasing function. 


3. Regularization of Functions with Algebraic Singularities 
3.1. Statement of the Problem 


Of the functions with nonsummable singularities at isolated points, 
the most important are those with algebraic singularities. These are 
functions which, as x approaches the singular point x, increase no 
faster than some power of I/| x — xy |. In this section we shall construct 
the generalized functions corresponding to a rather broad class of such 
functions. 

Recall the definition of regularization, as given in Section 1.7. The 
regularization of an integral 


f Ads (1) 


or of a function f(x) with, in general, locally nonsummable singular 
points was defined as the functional f given by (1) for those g(x) in K 
which vanish in a neighborhood of the singular points of f(x). It was shown 
in Section 1.7 that every f(x) with algebraic singularities (but with at 
most a finite number of them in any finite region) can be regularized. 
Moreover, this regularization is determined only up to an additive 
functional concentrated on the singularities of f(x). 

From this point of view the content of most of the present section 
may be summarized as follows. For a large class of functions of a single 
variable with algebraic singularities we obtain the regularization which 
is natural in the sense that the sum of two ordinary functions corresponds 
to the sum of their regularizations, the ordinary derivative of a function 
to the derivative of its regularization, and the product of a function with 
an infinitely differentiable function A(x) to the product of its regulariza- 
tion with A(x). 

We shall start, however, with certain specific particularly important 
functions, putting off until Section 3.7 the more general considerations 
and the more complete proofs of the properties we shall be discussing. 
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As an example of a function with the type of singularity under discus- 
sion, consider 
oa for x <0, 
xf for x >0. 


The corresponding generalized function has already been constructed 
in Example 3 of Section 2.2, namely 


(78, 9) = [ 0 a, 2 


The basis for this construction was the fact that in the sense of generalized 
functions —}x;# should be the derivative of x;+, that is, of the regular 
functional corresponding to the ordinary function 


-4 0 for x <0, 
x = 
$ xt for x > 0. 


We saw from other examples in Section 2 that similar considerations 
often make it possible to construct a generalized function corresponding 
to a given ordinary function with an algebraic singularity. 

Another way to obtain the result of (2) is by analytic continuation. 
It is essentially this method that we shall use. Before explaining its 
underlying principle, we make the following definition. Consider a 
generalized function fı depending on a parameter A running over some 
open region A in the complex A plane. Then fı is called an analytic 
function of d in A if (fa, p) is an analytic function of A for all » in K. 

The properties of generalized analytic functions are similar to those 
of ordinary ones. For instance, if the derivative df,/da of f; is defined as 


lim ea Sa 
ae ~~ AA 


(in the sense of Section 1.8) it follows that fı is analytic with respect 
to A in A if and only if df,/dA exists at every point of A. Moreover, the 
analogs of the classical theorems on the Taylor’s and Laurent series, 
on analytic continuation, etc., remain valid. These theorems will be 
found in Appendix 2 at the end of this chapter. 

The analytic continuation method is the following. Let fa(x) be a 
locally summable function (of x) when à is in some region A of the 
complex plane, but not in general otherwise. Further, for à € A let 
(fa p) be analytic for every g(x) in K, and assume that it can be extended 
analytically to a wider region A, independent of g(x). Then with the 
function fa (x) for Aj € A, — A we may associate the functional (fa, p) 
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obtained by analytic continuation of (fi, p) out of A. In other words 
we shall write 

J eale) de = anal gont | fi(2)p(2) dx. 
For instance, to define the generalized function x;# we shall consider 


“=| for x <0, 
+ | x for x >0. 


For Re A > —I this is the regular functional given by 


(22, 9) = fo (2) ds. 3) 


Now (3) is a function which is obviously analytic in A, for its derivative 
with respect to A is 


i x4 In x p(x) dx. 
0 


Let us rewrite the right-hand side of (3) in the form 


(0) 


[ A) — oO] de + f nrpl) ae + POD. 


The first term here is defined for Re A > —2, the second for all A, 
and the third for à 4 —1. Thus the functional defined in (3) can be 
analytically continued to RedA > —2, A —I. In particular, for 
À = —# we have 


1 oo) 
(4, of) = | atole) — ep] de + f atola) de — 29). 4) 
The right-hand side of (4) agrees with that of (2), since in general 
1 fe, 
— AFI = Í x4 dx. 
It is, of course, possible to write the dependence on the parameter in 


a different way and by analytic continuation to obtain an entirely 
different result. For instance, 


xà i _0+tò_ 
DEEETET 


(see Section 2.5). 


—> x7? + 8(x) as A> — 3 
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It should be emphasized that the specific method used to arrive at 
definitions such as (2) and (4) is actually only of secondary interest; 
it plays only an auxiliary role. The method is only the means, whereas 
the end is the definition itself, and as in (2) and (4) this definition has 
meaning in and of itself, independent of the method used to arrive at it. 


3.2. The Generalized Functions xê and x? 


Consider the function x4 equal to x? for x > 0, and to zero for x < 0. 
We wish to construct and study the generalized function corresponding 
to it. As has already been described, the regular functional 


(x4, 9) = if x'g(x) dx, (1) 


defined by x’ for Re A > —1 can be analytically continued to Re A > —2 
à # —I by means of the identity 


(0) 


tet 2 


in _ Hole) ds = [ xT p(x) — p(0)] dx + F xto(x) dx +E 

valid for Re A > —1. Specifically, for Re A > —2, A 4 —1, the right- 

hand side exists and defines a regularization of the integral on the 

left. In other words, if —2 < Re à < —l, A 4 —1 and if the test 

function vanishes in a neighborhood of the identity, what remains on 
the right is K x4g(x) dx. 

We may ° proceed cao and continue x‘ 


^ into the region 
Re à > —n—1I1,A4-—I, ., —n to obtain 


[lede = f. =e) — 9) — #9 — -~ — a z — 2 gi-110)] de 


+ [90 a +3 Gem: 3) 


Here again the right-hand side regularizes the integral on the left. This 
defines the generalized function xê for all A 4 —1, —2,.... 

In any strip of the form —n — 1 < Re à < —n, Eq. (3) can be 
written in the simpler form 


(2h, 9) = f= [(2) — 90) — 99°) —.. To @] ax, 4) 
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as follows from the fact that for 1 <k < n 


a 1 
A+k-1 dy = — ——_ . 

Í Lae VaR (5) 
Equation (3) shows that when we treat (x*, p) as a function of A, it 
has simple poles at A = — 1, —2,..., and that its residue at A= —k 
is p*-0(0)/(k — 1)!. Since p00) = (—1)*-P(8*-(x), p(x), we 
may say that the functional xê itself has a simple pole at À = —k, 

and that the residue there is 

(<1) 





(k-1) = 
O ETO = R= 12), 

Let us now calculate dx /dx. For Re A > 0, we have the obvious 
relation dx /dx = Axt", or (x1, p'(x)) = —(Ax*”, o(x)). Since both 
sides of this last equation can be analytically continued to the entire 
plane (except for the points —1, —2, ...), uniqueness of analytic 
continuation implies that the equation will hold in the entire plane. Thus 

d 


Th ah (A # l, -2,...). 


For instance, for —I1 < A < 0 we have 
d 
(e) = Oai, g) = f7 wga) — pO] ae 


We have already derived this formula in a different way in Section 2.2. 
In Section 4 we shall expand x4 in a Taylor’s series in the neighbor- 
hood of a regular point, and in a Laurent series in the neighborhood 
of a pole. 
Let us now consider the generalized function corresponding to 


|x]? for x <0, 


xi = 
- l0 for x>0. 


For Re A > — l, this function defines a regular functional given by 
0 
Gtp) = f |ala) de. (6) 
This functional can be continued to the half-plane Re à < —1I in 
the same way as was x1. It is simplest to replace x by —x, writing 


(x4, p) in the form 


(2, a) = J ol a) de = (å, o(— a). 
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With this equation we can immediately transfer all the results obtained 
for xê to this new functional x merely by replacing y(x) in the appro- 
priate expressions by g(—x). Then where y(0) appears in these 
expressions, we replace it by (—1)/p'?(0). We thus see that the general- 
ized function x, like x4, exists and is analytic in the entire A plane 
except for A = —1, —2,... and that at à = —k it has a simple pole 
with residue 8!*-))(x)/(k — 1)!. 
The equation regularizing the integral 


(4,9) = f 1 la) a 


in the strip —n — 1 < Re A < —n can be written 


[| Hote) ae = f° wiol x) de= f7 alo 9) — 9(0) 


(— 1) -1x"-1 


+ xp’ (0) =o m Eo 


p'™=D(0)| dx. (7) 


In Section 4 we will give the Taylor’s and Laurent series for x’. 


3.3. Even and Odd Combinations of x1 and x4 


A generalized function f is called even if 


(x), o(— *)) = (fŒ), pp), 
and odd if 
(F(*), o(— *)) = — (f(x), g(x) ). 


We can use the functions we have been discussing in the preceding 
section to construct the even and odd generalized functions 


|x] at + xt, (1) 
| x |? sgn x = xå — xå. (2) 


Let us find the singularities of these new generalized functions. 
Recall that at A = —k both x and xê have poles, the first with residue 


GU A 


and the second with residue 8'*-(x)/(k — 1)!. Thus | x|? has poles 
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only at A= —I, —3, —5,.... The residue of this function at 
A= —2m—1 is 28? (x)/(2m)!. At A= —2m (m =,1,2,...), the 
generalized function | x |4 is well defined, and for these points we shall 
write, in a natural way, x~?™ instead of | x |-2”. 

Similarly, | x |? sgn x has poles at à = —2, —4,..., and the residue 
atà = —2mis —262™-)(x)/(2m — 1)!. AtA = —2m — | (m = 1, 2,...), 
this function is well defined and we shall write, in a natural way, x—2"-1 
rather than | x |~?"-1 sgn x. Thus the generalized functions x7” are now 


defined for all n = 1, 2, ... 

We wish to give explicit expressions for the generalized functions 
| «|4 and | x |4sgn x. We do this by using the regularizations we have 
obtained for the integrals s xîp(x) dx and Pa | x |*p(x) dx in Eqs. (4) 
and (7) of Section 3.2. In the strip given by —n — 1 < ReA < —n, 


Gip) = [7 fpe — 9(0) — x90) =. — yw OD] de, 
(4,9) = f =4[—(— 2) — 90) + 29°) 
—1 n—1 yn—1 
= ( ae iy p-11(0)| dx 
Replacing n by 2m and adding and subtracting, we arrive at 
(Ae) = J, lo) + o(a) 
-W0 + O + + eO] 
(læ |è sgn x, 9) a aà lofa) — o(— a) 
-wO + 50" + + eO] de. (4) 


The first expression converges for —2m — 1 < Red < —2m+ 1, 
and the second for —2m — 2 < Re à < —2m. In particular, 


(=m, p) = p amam lo) + 9(— x) 
= 2p) + FeO +--+ Gerold, 5) 
(am, 9) = [amt fola) — 9(— a) 


— 2[ #90) + 3 O + + re Oe 6) 
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so that, for instance, 
2 — x) — 29(0 
(x2, p) = Í, week es) ee). dx, (7) 


x 
(x7, p) = f g(x) =a x) dx. (8) 


This last expression is the same as that for the Cauchy principal value 
of the integral of g(x)/x, namely 


[PO ae = him | [PO de + [PE at 


€>0 


On differentiating | x |4 and | x |4sgn x, we obtain 
EE Dt 4 ot) mat — ae male Hs nx; (9) 
dx = x + —) = AX, =u gn x; 


4 | æ |? sgn x = 4 (A — x) = Ax) 4 AT S A] x [AL (10) 


In particular, for A = —n, we have 


fe = — ax, (11) 

In Section 4 we will give the Taylor and Laurent expansions of 
| x|? and | x |à sgn x. 

We note in conclusion that for Re A > — 1 the functionals x4, x4, | x |4, 
and | x |À sgn x, being regular functionals corresponding to slowly 
increasing functions, can be extended onto S (see Section 1.10). More- 
over, the functionals obtained by their analytic continuation to other 
values of A can also be extended onto S. This follows both from the 
formulas for the analytic continuations themselves and from the 
differential formulas dx /dx = àx and Section 2.7, in which we 
discuss differentiation of functionals on S. Thus the functionals we 
have been discussing and the formulas obtained for them can be applied 
not only to functions of bounded support, but to all functions of S 
[for instance, exp (—x?)]. 


Example 1. The gamma function is defined by the integral 
TQ) = fo ete de, 
0 


which converges for Re A > —1. This integral may be thought of as 
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representing the application of x? to the test function equal to e~” 
for 0 < x < œ (which is known to be in S). Using the regularization 
formulas of Section 3.2, we obtain expressions for the gamma function 
for Re A < —I. First, for Re A > —n — 1, A Æ —l,..., —n, we have 


rey=f xa 1 |e — $- 1)t z] de + f° x- te de + A 


For —n — 1 < Re à < —n, we have 


-$ (- ne] dx. 


k=0 


ra =f xe 
a= f te 
Example 2. Consider the integral 
f ° axfeae — ets] dy, 
0 


Note that this integral converges for Re A > —2. It may be thought of 
as the result of applying the functional «4 to the test function e~@* — eè, 
Thus 


co oO oO 
f xifenae — e—a) dy = f xez dye — f xez dy, 
0 0 0 


where each of the terms on the right is the result of applying this 
functional to the appropriate test function. But for Re à > —1, we 
may make a substitution of variables of the form ax = &, from which 
we obtain 


[i wees ds = in (tye M+ 1) 


a aati 


an expression valid for all A by the uniqueness of analytic continua- 
tion. As a result we arrive at 


r x*fe-ae — et] dx = (a — gara + 1). 


This formula gives the value of the convergent integral on the left for 
Re A > —2. It is interesting that we have obtained it with the aid of 
divergent integrals. It would have been possible, of course, to arrive at 
this result in a more pedestrian way (for instance, by differentiating 
with respect to a and b). 
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i aA 
3.4. Indefinite Integrals of x4, x_,| x |4, | x |? sgn x 


Since the indefinite integral is the inverse of the derivative (see 
Section 2.6), for A Æ —I, —2,... we have 


A+1 
xy 


[xt de =F + C0): 








À xt 
ftae=— Ft: 
and for A 4 —1, —3, —5, ... we have 
| x |4+1 sgn x 
à — 
[leh ae = YET t CO): 


while for. A = —2, —4, —6,... (and for A #4 —1l, since we have no 
derivative formula for this case) we have 


Flew 


A+1 





f | x | sgn x dx = + C,(). (1) 


Here C,(A), ..., C4(A) are functions chosen arbitrarily. 

The freedom of choice for these functions can be used to find the 
indefinite integral of x~! = | x |1 sgnx by a limiting operation on 
Eq. (1). At A = —I the first term on the right-hand side of that equation 
has a pole with residue one. Let us write C,(A) = —(A+ 1)?4+C 
with which we can continue the right-hand side analytically to A = —1, 
using continuity to give the integral meaning in the limit. Thus writing 


A A ana. 
fll sgn x de = =T +C, 
we find that as à > —I 
x [4+ — 1 
lim, | joan =In|x| 


so that 


fads =|] +C. (2) 


3.5 Functions with Algebraic Singularities 55 


It is possible also to calculate multiple integrals of these functions. 
Thus, the q-fold integral of | x |4 is 


| x |4+4 (sgn x)? 
sis igas Le 
f f | x | d% A a 1) (A are g) ag Q,(*), (3) 
a 
where Q,(x) is any polynomial in x of degree less than q. 
The integrand on the left has poles at à = —1, —3,.... On the right 


| æ [3+ (sgn x) 
QFD- AF) 
has, in addition, poles at A = —2, —4,... for | à| < q. These poles 


can be eliminated in a natural way by special choice sor Q,(x). Since at 
A = —2k (for 2k < q) the first term on the right has residue 


| x |-2k+¢ (sgn xy Er xt 2k 


(— 2k + 1)(— 2k +2)...(—1)1-2..(—2k# +9) Qk — (g — 2B!’ 


we may write 
{e/2] x—2k+a 1 


Q) = 2 G AFAk 


[and we can add to Q,(x) an arbitrary polynomial in x of degree less 
than q and analytic in A]. Thus 





à _ |x Ata (sgn xy {¢/2] x—2k+a 1 
J- fled =ni aa 2 o a Arra O 


In particular, the double integral is 
| æ |3? 1 
ffier > QLijot Aso 


3.5. Normalization of x4, x*.,|x|4, and | x |4 sgn x 


As we have seen, x4, x4, | x |4, and | x |4sgn x have simple poles in 
the A plane. It is natural to try to eliminate these by dividing each of 
the generalized functions by an ordinary function of A with simple 
poles at the same points. Such a function is easiest to obtain by applying 
the generalized function under discussion to a fixed p(x) in S (that we 
may work in S is established just before the examples at the end of 
Section 3.3). 
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Consider first x. This has a pole with residue (— 1)"—18'"-1)(x)/(n — 1)! 
at A= —n. The function p(x) we choose in S must be such that 
(x4, po(x)) have nonzero residue at the same points. This means that 
all the derivatives of g(x) at x = O must be nonzero. 

It is convenient to choose e~* for this function, which leads to the 
normalizing factor whose denominator is 


ei e) = f ? ge dy = TÀ + 1). 
0 


Normalizing denominators can be chosen for the remaining three 
functions in a similar way. For x4 we must again choose p(x) so that 
its derivatives at x = 0 fail to vanish. This time it is convenient to 
choose p(x) = e”, which gives 


0 © 
(wt, e) = f |x [4 er de = f xe- dx = TÀ + 1). 
-0 0 


The poles of | x |4 occur at — 1, — 3, ..., and the residue at à = —2m — | 
is 28!?”)(x)/(2m)!. Thus p(x) should in this case be chosen so that 
its derivatives of even order fail to vanish at x = 0. This time it is 
convenient to write g(x) = exp (—x?), so that the normalizing denom- 
inator becomes 


(| «|4, exp {— x?}) = i | x |4 exp (— x?) dx = 2 [ x4 exp (— x?) dx 
= ta- e-t dt — 
Í t e dt r( 5) ). 


Finally, | x |4 sgn x has poles at —2, —4, ..., and its residue at A = —2m 
is —25("-D(x)/(2m — 1)!. Thus in this case p(x) should be chosen 
so that its derivatives of odd order fail to vanish at x = 0. We may 
choose p(x) = x exp (—x?), with which the normalizing denominator 
is then given by 


(| x |? sgn x, x exp {— x7}) = 2f x41 exp (— x?) de =T (2 + 2) 


We may thus construct the following entire functions of A: 


xs xt | x |4 | x |å sgn x 
FA+1)’ FA+1)’ A+1,’ A+2)° 
ms) tt) 
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The values of these generalized functions at the singular points of the 
numerator and denominator can be obtained by taking the ratios of 
the corresponding residues. On doing this, we arrive at 
A IS 3 
eee eee = 
TOFD lan reste") 
(= 1)" 7 8M) (a — 1)! 





= CT 6@, \y@— T (1) 

x e 

TAFT) ln res (07, e) 
ey 
= GAT = (— 1⁄1 Six); 2) 
EE 1)! | 
dety oo ooa o Dom 
r=) tes (114, exp {—27}) 260a), exp {—2})/(2m)! 
2 A=—2m—1 





In the last expression we note that applying 8'!?")(x) to exp (— x?) gives 
P pplying p 8 
(exp { x)? a But 


xA x8 2m 
E eles a Oks In +... 


= =>} (exp {— xO leo TT -r 


m=0 
so that 
— 1)” (2m)! 
(exp {— my o AD EL, 
We may thus write 
| x |4 — (= D” 80x)! 
— (2m)! j 6) 


Finally, consider 
a res | x |4sgnx 
|x |4sgn x ì=—2m 


eA 





tes, (| * |4 sgn x, x exp {—2°}) 





as — 2512m-11(4)/(2m — 1)! 
= LIGNE), x exp (4) 2m — IJ 
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On applying 8!?"-0)(x) to x exp (— x") we obtain — (x exp {—x?})(2™—-0) zo 
and since 


x x3 x x 1 m1 x2m-l 
x exp {—x°} = x — +a ap te FC YD (mit 
e 2m—1 
— — 2})(2m—1) x 
2e exp { x }) leao (2m __ 1)! , 
we arrive at 
2} \(2m—1) i — 1yr (2m — 1)! : 
(exp {—a%}) =C om ay 
Thus 
| x|4 sgn x ym C7 P(x) (m — 1)! 
r42 -+ 2) =C) (m — 1) ` (4) 
A=—2m 





Equations (1)-(4) could have been obtained differently by using the 
known. residues of the gamma functions at the points in question. 
For the functional 


d 
fe Tash 


the derivative formula is simpler than that for x1. Indeed, 


ada g ow ow 
ata TALI) Tab) To? (5) 


so that differentiation of ft is equivalent to reducing the index A by 
one. Similarly, the derivative of 


x? 


=D 


is given by 
d 
fA pa 
Zf =f (6) 
so that taking its derivative is equivalent to reducing the index A by 
one and changing its sign. 
x |4 . - .  . |x |4sgnx 
As for lel its derivative is |x |? sg 


re) y) 


with index reduced by 
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one and multiplied by a certain numerical factor. Taking its derivative 
a second time reduces its index by two, namely 
d? | x \4 a | x |4-2 
a As A (7) 
2 2 
In fact the formula 


[ait E Te 
d. 


A—1\ Wd A+ 
>) >) ®© 
à 
could have been used to obtain the analytic continuation of Š N 
r{a 
2 


3.6. The Generalized Functions (x + i0)? and (x — i0)? 


We shall now define two new generalized functions, namely (x + i0)4 
and (x — 10)? which, unlike those introduced in Sections 3.2 and 3.3, 
will need no normalization. They will be, in fact, entire analytic 
functions of A. Other nice properties of these new functions will also 
become evident in the chapter on Fourier series (Chapter II). 

As is known, the expression (x + iy)? is defined by 


(x + iy)? = x exp [A Ln(x + ty)] = exp {A [In | x + iy | + i Arg (x + iy)]}. 


We shall choose 
Arg (x + ty) = arg (x + ty) 


where —r < argz <a. Then (x + iy) is a single-valued analytic 
function of the complex variable z = x + iy in the upper half-plane 
(y > 0). In exactly the same way (x + iy)? is a single-valued analytic 
function in the lower half-plane (y < 0). We shall be interested in the 
limits of these two functions as we approach the real axis from above 
and below. These are easily calculated; in fact, 


arji for x <0 
for x >0; 
(1) 
gee for x <0, 
for x > 0. 


(2) 


(x + i0} = jim, (x + ye 





(x — 10)4 = lim i? + y?) exp [aA arg (x + ù 





These functions are defined for all complex À. 
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The problem now is to find generalized functions corresponding to 
these ordinary functions. We shall denote these generalized functions 
also by (x + 20)4 and (x — 20). 

In terms of the already familiar functions xê and x1, for Re à > —1 
we may write 

O) — x4 Arigna 
(x + 20)4 = xf + ef rx, (3) 
(x — 10)4 = xi + etig, (4) 


These equations imply for any A 4 —1, —2, ..., that with the (ordinary) 
functions (1) and (2) we can associate the generalized functions on the 
right-hand sides of (3) and (4) as defined in Section 3.2. Thus the 
generalized functions (x + 10)? and (x — i0)? are defined for all 
A Æ —1, —2,.... 

If, moreover, we compare the residues of xê and xê at A = —n, we 
see immediately that the singularities on the right-hand sides of (3) 
and (4) cancel out. Thus our new functions are entire functions of À. 
In Section 4 we shall obtain the specific expressions 


(ioe =e oF a2) (a), 


-n — wn in(— 1) 1)" (n~-1) 
(x — i0)" = x nies BE (n — Il L (x). 

A clearer understanding of the reasons for the absence of singularities 
in these functions may be obtained in the following way. Let (x) in S 
be continued analytically to complex values of the variable in a 
neighborhood of the real axis. Consider the integral 


| #4e(e) dz (=x +H) 
Le 


along the contour L, consisting of the real axis from — to —e (with 
e > 0), a semicircle of radius e in the upper half-plane [we shall consider 
only (x + i0)4] centered at the origin, and the real axis from e to +~. 
According to Cauchy’s theorem this integral is independent of e. Since 
the integrand has no singularities on L, and since p(x) decreases more 
rapidly than any power of x as | x | —> ©, the integral exists for all A 
and, as is easily seen, is an analytic function of A. For Re A > — 1 this 
function is clearly equal to 


f i (x + 10)4p(x) dx 


and therefore the analytic continuation has no singularities. 
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3.7. Canonical Regularization 


In the above discussion we have been finding generalized functions 
corresponding to certain specific functions with algebraic singularities 
(and have in the process learned how to calculate many divergent inte- 
grals). We shall now consider a particular type of regularization that 
can be used for functions of a rather large subclass of the class of functions 
with algebraic singularities. For convenience we shall call this regulariza- 
tion canonical and shall temporarily introduce the notation 


f = CR f(x) 


[where f is the functional which regularizes the function f(x)]. We shall 
show that this canonical regularization is most natural in the sense 
that the following two conditions are fulfilled: 


(A) CR [oy fi(x) + ofo(*)] = a CR A(x) + a2 CR f(x). 
@ cr [Žr] =Zicr pay, 


Here d/dx represents the ordinary derivative on the left-hand side and 
the derivative in the sense of generalized functions on the right-hand 
side of the equations. 


(© CR [h(x)f(x)] = Ax) - CR f(s) 


for every infinitely differentiable function h(x). 

Let us first consider functions with nonsummable singularities only 
at the single point x = 0. 

We shall further restrict our considerations to functions that can be 
written in the form 


FE) =D plead), (1) 


where the p;(x) are infinitely differentiable functions, and the g;(x) are 
chosen from among x1, x‘, and x7”, in which A may not take on the 
values — 1, —2,... . In Sections 3.2 and 3.3 we obtained the generalized 
functions corresponding to these functions, and it was shown that the 
ordinary equations for the derivatives with respect to x remain valid. 
We note that the operations of addition, multiplication by an infinitely 
differentiable function, and ordinary differentiation do not take us out 
of the class defined by (1). 

The desired rule for regularizing f(x) is now immediately evident. 
Since multiplication by an infinitely differentiable function and addition 
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are defined for generalized functions, we need only replace the g,(x) 
on the right-hand side of (1) by the corresponding generalized functions. 

We shall henceforth consider the canonical regularization of x4, x‘, 
and x-” to be given by the definitions of Sections 3.2 and 3.3, and the 
canonical regularization of f(x) then to be defined by 


CR f(x) = J, pdx) + CR q(x). (2) 


Since, in particular, | x |? = 1, the canonical regularization of an infinitely 
differentiable function will be simply the regular functional corresponding 
to it. 

Conditions A and C are obviously fulfilled. Let us verify B. We need 
do this only for a single term, i.e., for 


f) = p*)a(*)- 


For convenience we shall denote differentiation in the sense of generalized 
functions by d/dx and ordinary differentiation by a prime. From Eq. (3) 
of Section 2.1 we have 


4 CR F(x) = p(x) CR a(x) + (x) Z CR g0). 


But, as already mentioned, 
(x CR ‘( 


so that using conditions A and C we arrive at 


Z CR Fle) = CR [p'le + P'E) = CRF). 


One may still ask whether our definition of canonical regularization 
is unique. That it is can be seen from the following. Note first that by 
expanding the p,(x) in a Taylor’s series we can write f(x) as the finite 
sum 


Fle) =D, erda) + He), a) 


where the 7,(x) are again functions chosen from x4, x4, and x~” (except 
that A will now in general take on new values), and the c; are constants, 
while h(x) is a locally summable function. Let us assume that similar 
terms in Le,,(x) are grouped and that only those of the possible 
r(x) occur in it for which Re A < —1, while the rest are all in A(x). 
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Then (1') is a unique representation of f(x), since the different terms 
are all of different order as x —> 0. Then according to (1’) we would 
write the regularization in the form 


5 ci © CR rdx) + A(x). (2°) 


We shall prove the uniqueness of our definition of canonical regulariza- 
tion by showing that (2) and (2’) are the same. 

We may without loss of generality assume that the sum in (1) consists 
of the single term p(x) g(x), since both (2) and (2’) satisfy condition A. 
Let us treat, specifically, the case g(x) = x4; the other two can be treated 
analogously. Let —m —2 < REA < —m— l. Expanding p(x) in a 
Taylor’s series we have 


p) = > = PMO) + x(a). 
We wish to show that for every test function 9(x) 
(24, adole) = SPO? i, ofa) + fo d O 


To do this we merely calculate the left-hand side: 
m k 
(x4, p) = f a faoa) — E T I levo) de 
0 k=0 “** 


= fo e| oe) [È 70 + aa] -È F 91900) È O] de 


i=0 


CO 


= FPO fate [oo -È FO] + fi raoa) de, 
which is the right-hand side of (3). 

Note that Eq. (2’) could have been used as the definition of the 
canonical regularization. In any specific case, of course, either (2) or 
(2’) may be used. 

Now consider the case in which f(x) has not one, but several singulari- 
ties of the same type as in (1), or even a countable number of such 
singularities so long as any finite interval contains only a finite number. 
For this case we will make use of the fact, to be proven in Appendix 1.2, 
that unity may be partitioned according to 


ao 


= 2 ex), 
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where the e,(x) are infinitely differentiable functions such that every 
interval on the real line intersects only a finite number of the supports 
of the e,(x) and such that each support contains only one singularity of 
f(x). If we multiply this equation by f(x) we see that we may write 


f(x) = È Plate, (4) 


where the g,(x) are translations of the same functions x4, x1, and x~” 
that we have been discussing, and the p,(x) are infinitely differentiable 
functions such that on any finite interval Eq. (4) represents a finite 
sum. Then again we may write 


CR fla) = $ pax)“ CR qda), (5) 
or 
(CR f(a), o(a) = $; (CR qla), Pda)p(4)). © 
t=] 


In this expression the series will always be finite, since the test functions 
all have bounded support. The operations of addition, multiplication 
by an infinitely differentiable function, and differentiation on these 
functions will again leave them in the class defined by (4). It is true, 
of course, that Eq. (4) is not a unique representation of f(x), just as (1) 
was not unique, but it can be shown that the definition in (5) is inde- 
pendent of this representation. 

Conditions A, B, and C are shown quite simply to be satisfied. 

We shall no longer make use of the notation CR f(x), merely denoting 
the canonical regularization of a function f(x) [or more properly the 
generalized function corresponding to the ordinary function f(x)] by 
the same symbol f(x), just as in Sections 3.2 and 3.3 we have done for 
x4 and the other functions we discussed. 

In particular, in accordance with the notation of Section 1.3, if f(x) 
is an ordinary function which has a canonical regularization, we shall 
understand f f(x) y(s) dx to be the result of applying this canonical 
regularization to g(x). 


Example. In Section 2.4 we dealt with the function cot (x/2). For 
| x | < 2/2 this function can be written in the form 


x cos(x/2) 1 p(x) 
vo 2” * sin (x/2) x “y 
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where p(x) is an infinitely differentiable function. Moreover cot (x/2) 
can be written in the same way in the neighborhood of kz, for 
k = +1, +2, .... We thus see that cot (x/2) has a canonical regulariza- 
tion. For functions in K with support in a small neighborhood of the 
origin, this regularization can be written 


(cot 5 =, 9(x)) = (22 ) ; 9(x)) = (t , p(=)pa)) 
— [7 ROD A) 9, 
à x 








= ‘x [p(x) — o(— x)] cot 5 dx. 


Because of property B, the derivative of this functional will be the 
canonical regularization of 
a cot x = — 1 == 
dx 2 2 sin®(x/2)’ 
or, using the definition of x~?, the functional defined by 


an) TEE. _— _ 1 pt je) + e—a) © oom 
(ona a) =-=5f, sin'(x/D) | ax 

[again assuming that g(x) = O outside a small neighborhood of the 

origin]. Higher derivatives of the generalized function cot (x/2) can be 

calculated in a similar way. 





3.8 Regularization of Other Integrals 


We have been discussing how the theory of generalized functions 
interprets a (classically divergent) integral of the form 


[fede ae, 


where f(x) is a certain fixed function with relatively general conditions 
placed on its singularities, and g(x) is an arbitrary test function. In 
particular, by fixing the test function we have been able to calculate 
certain specific “divergent” integrals. 

We have, however, not considered such simple but important integrals 
as pr x4 dx and in x4 dx (the first of which diverges for Re à < —I, 
while the second’ diverges for all A), as well as many others. In this 
section we shall try to give meaning to such integrals. 
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REGULARIZATION IN A FINITE INTERVAL 


We have been discussing the functionals corresponding to the 
functions x1, x4, and x~” on the real line and on the positive real line. 
We might also consider functionals defined by integrals over a finite 
interval, for instance, 


(sbcecos 9) = | stola) de. (1) 


We have chosen the interval 0 <`x < b as being particularly typical 
in that it has a single point of possible divergence which is, further, one 
of the end points (x = 0). The interval a < x < b without any singular 
points is of no interest, and an interval such that a singular point lies 
in its interior can be broken up into two intervals each of which has 
a singular point at an end. 

Consider, therefore, Eq. (1). The integral converges for Re à > — 1 
and is an analytic function of A. Writing 


f ; xt@(x) dx = f , salola) (0) — xg (0) — ... g= me” 0] dx 





batn 


Att bai2 
+ OTH Ot +9" OG—T am O 


we see that as a function of A the integral can be analytically continued 
into the entire A plane except for the points A = —1, —2,..., —m, ..., 
where it has simple poles. We will use (2) to define the regularization 
of the integral for A #4 —1, —2,.... We shall denote the corresponding 
functional by x$ <z<b 
We can here choose g(x) to be in fact any function that is infinitely 
differentiable in 0 < x < b, since such a function can always be 
continued past 0 and b so as to yield a function in K. 
Let us take, in particular, g(x) = 1 for 0 < x < b. This leads to 
the equation 
b ad = ati 3 
f: xîdx =iFT'’ (3) 
valid for all A A —1, —2,.... It is needless to point out that (for 
Re A < —1) the integral on the left-hand side of this equation is here 
understood not in the ordinary sense, but as the regularization according 
to our rules.! l 


1 In the present case the right-hand side, and therefore also the left-hand side, has 
only the one singularity at à = —1. 
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Now consider any f(x) of the form 


_ § x4p(x) for O<x<b, 
iey= 0 for all other x (4) 


where p(x) is an infinitely differentiable function. In analogy with 
Section 3.7, we shall consider the regularization of f(x) to be defined by 


(Reg f(x), P(*)) = cece » P(*)9(*))- (5) 


The following remark will be of help in what follows. The equation 
b c b 

| woa) de = f siola) de + | xioa) de (6) 
0 0 c 


(where 0 <c < b), valid for Re À > —1, remains valid for all 
à Æ — l1, —2,... if the first two integrals are understood in the terms 
we have just discussed. Indeed, all three integrals can be analytically 
continued independently into the entire A plane except for the points 
—1, —2, ... (and moreover the third of the integrals exists in the ordinary 
sense for all A), so that (6) remains valid in view of the uniqueness of 
analytic continuation. 

Let us now consider a function f(x) with algebraic singularities at 
a and b, so that in the neighborhood of a we may write 


F(=) = (x — 4)*pa(%), 
and in the neighborhood of b 
F(x) = (b — xP o(*), 


where p,(x) and p,(x) are infinitely differentiable functions in the 
intervals a < x < b and a < x < b, respectively. We now define the 
regularization of f(x), that is, of the integral 


T AR) de, 
by the equation 
[Foote ax = S Hae) de + f Aea) ds, 


where c is a point between a and b, and the integrals on the right-hand 
side stand for the appropriate regularizations. 
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Note first that the result is independent of the choice of c. Indeed, 
if c > c be any other point on [a, b], according to the previous discus- 
sion we have 


ff Peyote) ae = f A de + f° forma) de, 


[AOE de = J? florets) de + f SEE a 
so that 
f few) de f fodnte) ae = [4 [+f =f + J 


as stated. 
For example, consider the beta function 


BOA, u) = f ICL — xy de, 


For Re A > 0 and Rep» > 0 this integral converges in the usual sense, 
and from what we have proven it can be analytically continued to both 
the A and u planes except for the points A = 0, —1, —2,... and 
u = 0, —1, —2,:... The regularization formula for Re à > —k and 
Rep > —s is 


BQ, #) = f ‘ el [a — ay — È (— I at Sl dx 


F fe (1 — x) [a a k n= i 








—1)T = —1)T(A 
(— 1) T) + (— 1)'TQ) 


k-1 
as py arp — r) (r +A rten A — r) (r +n) 


REGULARIZATION AT INFINITY 
We have now interpreted the integral 
b 
|e 
0 
for all 34 — 1 as the result of applying the generalized function x$<,<» 
to the test function g(x) equal to one on 0 < x < b. We would like to 


be able to interpret the integral 


[tae (b > 0) 
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over the infinite interval in a similar way. But unfortunately there 
exists no test function equal to one from b to œ. We shall therefore 
proceed in the following way. Consider the class K(d, œ) of all functions 
g(x) defined and infinitely differentiable for all x > b and such that 
the operation of inversion ¢(1/x) = (x) transforms them into functions 
in K with support contained in (0, 1/b), or more accurately into a 
function which on this interval is equal to some function in K. We then 
define the functional 


f E x(x) dx 
b 


by making the substitution 1/x = y and writing 
© p1/b 1 
A di = -A-2(—) dy, 
J, Ho) x 1 (5) y 


in which the integral, if necessary, is understood in the sense of the 
regularization discussed above. Accordingly, this integral exists for 
—A—2 Æ =l, -2,.. or à Æ —1,0, +1, 

Let F(x) be a function defined on [b, œ) such that F(x) = x4f(x), 
where f(x) is in K(b, œ). We define the regularization of this function by 


(Reg F, p) = |" Feola) de= f" x[fs)p(@)] de. 


It is clear that this definition of Reg F on K(b, œ) satisfies the linearity 
conditions 
Reg [oF + oF] = a + Reg Fy + a - Reg Fp, 


Reg [g(x)F(x)] = g(x) - Reg F(x), 


where g(x) is any infinitely differentiable function. 

Let us now consider the most general case, in which F(x) has an 
arbitrary finite number of algebraic singularities. Let these singularities be 
ordered according to increasing argument, so that -œ <b, <... <b, < © 
and consider the finite number of intervals 


(— ©, a), (41, b1), (bis 42), (az, be), «++ (bn, Bn +1): (an4 ®©), 


each one of which contains an isolated singularity on one of its ends. 
In each of these intervals we use the regularization formulas developed 
above, and add them up. As above, it is easily shown that this result is 
independent of the choice of the a;. 

We may note further that this regularization of F(x) on the entire 
line satisfies the above linearity conditions. 
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Example 1. Consider Ng x4 dx. 
As described above, for b > 0 we have 


b b4+1 
[= (A#—1). 
Similarly, according to the above treatment, 
b4+t 
f Adi =- A+ -— 1). 


Thus finally 
[de= [was + f ride =0 A #-— 1). 


Since this result is an analytic function of A it is valid also at the single 
excluded point A = —1. 


Example 2. The integral 


ie xl] + x) dx 
0 


converges in the usual sense for Re A > 0 and Rep > O. By writing 
x/(1 + x) = y, we see immediately that for these values it is equal to 
B(A, p). This is therefore true also of its analytic continuation, i.e., 
everywhere except at à, p = — l, —2,.... 


Example 3. Consider 
l= | + 1)a — x¥]" dx. 
A Kx ja — xe ]" dx 


To evaluate this integral, expand the integrand by the binomial theorem 
and use the first property of canonical regularization. This gives 


I= $ (— ICE f” (e 4 10-0 de 
0 


k=0 
=> (- 1)*CKB(ku + 1, [A — u] — nda — 1), 
k=0 


where we have used the preceding result. 
Note that J converges in the usual sense for A = p, —l/n. <A <1—1/n, 
which leads to the “classical’’ result 


ie [e + 1} — x4" de = > (—1)'CBEHA 4+1,—m—1) 
(wea =. 
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3.9. The Generalized Function rê 


Let r = Vx? +... + x2 and consider the functional 74 defined by 


(79) = | rol) dx (1) 


n 


for Re A > —n. Because the derivative 
ð a a 
gy (9%) = fr In r p(x) dx 


exists, the functional 7+ is an analytic function of A for Re A > —n. 
For Re A < —n, further, r? is a locally summable function of the x; 
so that we may define the functional rå by analytic continuation. This 
may be done by generalizing the preceding considerations [an approach 
we shall use later in application to the wider class of functions of the 
form P(x), where P(x) is a homogeneous positive function; see 
Chapter III, Section 3.2]. Here we shall do this in a relatively simple 
way involving a relation between r4 and x4. 

Let us go over'to spherical coordinates in (1), writing it in the form 


(r’, p) = [ 3 | | : p(rw) dw r” dr, 


where dw is the hypersurface element on the unit sphere. The integral 
appearing in the integrand can be written in the form 


f  Mra)da = 2nS9(r) 


where Q, is the hypersurface area of the unit sphere imbedded in 
Euclidean space of n dimensions, and S,(r) is the mean value of 9(x) 
on the sphere of radius 7. Thus we arrive at 


(4g) 0: B rn-1S,(r)dr. (2) 


Let us consider some of the properties of S,(r). We assert that S,(r) 
(defined for r > 0) has bounded support and is infinitely differentiable, 
and that all of its derivatives of odd order vanish at r = 0. 

For sufficiently large r, of course, p(x) vanishes, so that its average 
S,(r) has bounded support. 

That S,(r) is infinitely differentiable for r > 0 is obvious. 
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To show that all the derivatives of S,(r) exist at r = 0, expand (x) 
in a Taylor’s series. We then have 








QSr) = Í, [e O+>D4 oO) +5 FOO) a PEJ 


+3, >> soo) *e(0) Hej, + | dw. 


x OX; OX 


Clearly every term in the integrand (other than the remainder) with 
an odd number of factors of the x, fails to contribute to the integral. 
The sum of terms with 2m factors of the x; contributes an expression of 
the form a,,r?". We thus arrive at? 


S (r) = 90) + ar? + aart + 2. + an? + OC) (3) 


This expression shows that S,(r) has all derivatives up to order 2k at 
r = 0, and further that the odd derivatives vanish. Since k may be 
chosen arbitrarily, S(r) is infinitely differentiable at r = 0, where all 
of its derivatives of odd order vanish. 

Alt of this implies that S,(7) is an even function of the single variable 
r in K. Then the integral of (2) represents the application of „xf 
(with u = A+” — 1) to S,(x). But we have already established that 
x, analytic for Re p > —1 (or for Re A > —n), can be analytically 


continued to the entire u (or A) plane except for the points y = —1, —2,... 
(A = —n, —n + l, ...), where it has simple poles. Further, the residue 
at u = —m (or A= —n — m + 1) is 


(= 18" (x), SA) Sy" (0) 
(m — 1)! ~ m=] * 


But since the derivatives of odd order of S,(x) vanish at x = 0, the 
poles corresponding to even values of m do not in fact exist. This leaves 
us with the poles corresponding to m = 1, 3,5,... or equivalently 
A= —n, —n — 2, —n —4,.... 

Accordingly, the residue of (r+, p(x)) at A= —n — 2k for non- 
negative integral k is given by 





GG), Sa) _ SPO 7 
In particular, at A = —n this funcion has a simple pole whose residue 


2 By y(x) = o(x) is meant that y/x converges to zero. 
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is 2,S,(0) = 2,9(0). Thus means that at à = —n the generalized 
function r* has a simple pole whose residue is 2,,8(x). 
The S'?(0) can be written directly in terms of p, not involving its 


average. 
In order to obtain such an expression we shall derive another expres- 
sion for the residue of r? at A = —n — 2k, using the formula 


A(r4#2) = (A + 2) (A + nr, 


where 4 is the Laplacian operator. (For Re A > 0, this formula can be 
obtained simply by calculating the left-hand side; for other values of A 
it follows from analytic continuation.) By iteration we find for any 
integer k that 


AbyAtzk 
~ AF 2{AL4) A+ 2A) A+ M) A+ n+ 2)... Af a + 2k — 2)° 





rå 


The residue of rå for àA = —n — 2k can now be calculated by obtaining 
it for the right-hand side in this expression. Since at à = —n — 2k the 
denominator does not vanish, we need find only the residue of the 
numerator. But for any ọ(x) in K we have 


(Atri+26, p(x)) = (r2, Ato(x)), 


so that we must calculate the residue of (r, 4*p(x)) at p = —n. We 
have already performed a similar calculation for any function in K, 
and found the residue to be the value of the function at x = O multiplied 
by 2,. Thus in our specific case we obtain 2,,4*9(0). This means that 
the residue of (r+, p) at A = —n — 2k is 


2,4*~(0) Qn(A*8(x), p(x) (5) 
(— 2k n +2)...(— n)(— 2k). (— 2) DRI n(n +2)... (0 + 2k — 2)’ 














and that the residue of the generalized function r’ for the same value 
of À is 
2,A*8(x) (5’) 
2*ki n(n + 2)... (n + 2k — 2)° 





Comparing (5) with (4), we see that 


(24)14*p(0) z Š 
klafa + 2). (A + 2—2) 





Seng) = 
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This result can be used to write out the Taylor’s series for S,(r), 
namely, 
SAP) = 90) + g SPO + + Ga SO + 
A*p(0)r?* 3 
=> Ree (142k —2) 7 (7) 


(Pizetti’s formula’). 
Later we shall find it convenient to normalize the generalized function 
r4 as we did the powers of x on the line. To do this we divide r+ by 


(r, exp {—7?}) = | rå exp (—7?) r"! dw dr = & (; + *) ; 





Now 
274 
QIGA + $1) 
is obviously an entire analytic function of A. Its values at the singular 
points of both the numerator and the denominator can be obtained from 
the ratio of the corresponding residues. The result is 


res 74 
j=—n—2k 


2 rå 
a e T sd Ta, E 


Q,A*8(x) 


2*R! n(n + 2)... (n + 2k — 2) _ (— 1 A*8(x) (8) 
(2,52*)(x), exp {—+?}) 2'n ... (n + 2k — 2)° 
(2h)! 


In particular, for k = 0 this gives 








Q, TA + Fn) lan a se 


3.10. Plane-Wave Expansion of r? 


Let w = (wy, wg, ..., Wn) be a point on the unit sphere in R,, and let 
Re A > —I. Consider the generalized function Fy(w,x, + ... + wyxp) 
defined by 

nXn, | 
(Fes, + + ent), ofa) = JEE ate a de, (D 


3 R. Courant and D. Hilbert, “Methods of Mathematical Physics,” Vol. II, p. 287. 
Interscience, New York, 1962. 
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First we rotate the axes, writing y = ux, so that w takes on the coor- 
dinates (1, 0, ..., 0). Writing ¢(y) = (uy) = g(x), we transform the 
integral to the form 


ly | 
|rap 





HL h, VO Da Oe Be 2 


rss Yn 


z eer Ta +p 


Let us call the expression in brackets go(y,). This is an infinitely 
differentiable function with bounded support, and thus belongs to 
K (in the variable y,). But then (2) can be analytically continued to the 
entire À plane. This will define Fy(w,x, + ... + w,%x,) for all A. 

It is easily seen that F,(#,*, + ... + w,x,) depends continuously 
on w. Indéed, continuous variation of w induces continuous variation 
of the subspace orthogonal to w, which means that the integral of $(y) 
over this subspace varies continuously, and therefore that p(y) also 
varies continuously. Moreover, this variation is continuous in the sense of 
convergence in K. For each fixed A, therefore, (Fy(w 1x, + ... + wnn) p(%)) 
varies continuously, which means that F, is a functional depending 
continuously on the parameter w (cf. Section 1.8). 

We can therefore integrate F, in w over the unit sphere 2, obtaining 
a new functional G, such that for every (x) in K 


(Gn (2) = | (Fa (2) dw 


(for a detailed discussion of integration over a parameter, see Appendix 2). 
We first calculate the integral for Re A > —1. In this case, as is easily 
seen, 


| | yx, + e + Onn |? dw 
Q 


is a spherically symmetric function of x, x2, ..., Xn, homogeneous of 
degree A, and equal to rå to within a factor. In other words we may 
write 


| | cx, + ue + wnt [A do = C(n, Ajri. (3) 
2 
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To find C(n, A), we set x, = 1, x; = 0 for i 4m. We then obtain* 


Tà +2) 


C(n, À) = n |? dw = Qnhin-) : 
T aa ass (ce 


Inserting this expression for C(m, A) into (3) and dividing by 
atin T( + 4), we arrive at 


2r4 
TEA + hn)’ 


1 


> 4 
moO TEAL D ” 


| | wx ne wat, |? dw = 
Q 

which we will find quite important in what follows. Although this 
formula was obtained for Re A > —1, its validity can be extended by 


analytic continuation to the rest of the A plane (see Appendix 2). It 
gives the so-called plane-wave expansion of 


2r4 
TOA + Fay’ 


which can often be used, as we shall show below, to reduce problems 
of higher dimension to plane and one-dimensional problems. 

Consider this formula for the special case à = —n. If n is odd, 
according to Eq. (3) of Section 3.5 we have 


| x | 


1, ly 
= | = (— 1h Gea 8("-1) (x). 
IgA + 2) 'a=-n 


(n — 1)! 
On the other hand, according to Eq. (9) of Section 3.9 we have 


2rå 


ee = 22,8( 41, Xas 00+) Xn), 
a ae nô( x1 2 ) 


4 ' To perform the calculation we go over to the spherical coordinates ĝi, 9, ..., n-i. 
Then 
wn = cos O,_4, and dw = sin”? bp- day_4, 


where dw,- is the element of (hypersurface) area on the unit sphere in (n — 1) dimensions. 
The integral becomes 


ajz -oreh A 
22,1 | sin”-2 6cos* 8 dð = 2a GAD 
o 





IQA + $n) 
where we have used 
Qnbin-1y nja —1 à+1 
Qai = os and | sin*-? 8 cos’ 9 dð = lp (7 : , | 
n-p o BN a 2 
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where Q, is the area of the unit sphere. Inserting these expressions 
into (4) and dividing both sides by 2,, we arrive at 

(=o nh 
ntn-l) (n — 112, 





Säi, «ce, Xp) = | 80D eats Fone + etn) de, 


Now if the dimension is odd, then 


nt o (2m) Hn 
” n) 1-3-5... (2 —2) - 





With this expression and some elementary manipulations, we finally 
obtain 


— 1)tn-1) 
B(Hq, +) Xn) = ae F BIND (wyt + e + Onin) dw. (5) 


Let us now derive the similar plane-wave expansion of the 5 function for 
a space of even dimension. As for odd dimension, the right-hand side 
of (4) becomes 2,,5(x,, ..., Xn) when A = —n. But for even n we have 


| x |? 1 


TGA 4p lian Tn th 


n 
y 


where x~” is defined by Eq. (5) of Section 3.3. Inserting these expressions 
into (4), we find that 
= 1 

I(—gn ae gt DQ, 





8 (x4, aeey Xp) | (wt bee H WyXy) dw 
Q 
We now again use the fact that 
_ 2r” 
T(n) 





n 


to obtain the following expression for even n: 


(— 1)#* (n— 1)! 
27)” 





Blans anas Hp) = [om to H ondo 0) 
ë The cases of even and odd n can be combined by writing 


_&@—))! 
O (ri 





Slaa p cans Me) | (oie o E wi = 40)" da; 
R 


where (x — i0)-" is defined in Section 3.6. 
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In order to exhibit the meaning of (5), let us apply both sides to 
some function (x, %2, ..., *,). We then have 


OI 9(%1, srey 


(—1)#—) Xn) 
| eg sae OO) 


(0, ..., 0) = ‘Zam 
where do, is the element of area on the hyperplane Le ,x, = 0, and 
2/@v is the derivative along the normal w to the plane. 

Equation (6) can be handled similarly. Let us write 


HE 0) = HE = fob on tadaa 


for any g(x) in K, where do, is the element of area of the hyperplane 
Lw,x, = & (the integral depends on the direction of the normal w). 
Obviously 4(€) is an infinitely differentiable function with bounded 
support. Then according to Eq. (5) of Section 3.3 


HO) = [em {WO +H © —2[H0) + F-¥" © + 
oa y yn (0)] lag. 


We can now apply Eq. (6) to a ọ(x) in K, obtaining 


70, ..., 0) = ral) i ea 
a (8) 
$ J Q (Coti + -e H onn)”, pwt + -o + ortn) dw 


Equations (7) and (8) represent a solution of the so-called problem 
of Radon, namely, to find (x) [or ¥%(x)] when its integrals over the 
hyperplanes (w, x) = C are known. 


3.11. Homogeneous Functions 


We wish now to return to the generalized functions x’, x’, etc., but 
now to study them as examples of homogeneous functions. In Sec- 
tion 1.6 we defined a homogeneous generalized function of degree À 
by the equation 


flax) = f(x), (1) 
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or, equivalently, 


(K o()) = a), p) 


for any g(x) in K and for any positive a. 
We wish first to establish some simple properties of generalized 
homogeneous functions. 


1. The sum of two homogeneous functions of degree A is a homo- 
geneous function of degree À. 


2. The product of a homogeneous generalized function f of degree À 
with an infinitely differentiable homogeneous function a(x) of degree u 
is a homogeneous generalized function of degree À + p. 

The proofs of these assertions follow immediately from the definition 
of Eq. (1). 

3. The derivative with respect to x; of a homogeneous generalized 
function f of degree À is a homogeneous generalized function of degree 
A— lk. 

Indeed, we have 


EA) = a lo) 


4. Homogeneous functions of different degrees are linearly inde- 
pendent. Assume that 


efile) +- + Cmbm(*) = 0, 


where f,(x) is a homogeneous generalized function of degree àx, and 
that all the A, are different. By definition, for any positive « and any 
g(x) in K we have 


cya (fh: p) + Coad fo, p) +. + Cm fms p) =0. 


The fact that all the A, differ by assumption implies that c,( f,, p) = 0 
for all k and all . If fy # 0, we may choose g(x) such that (f,, p) # 0. 
Hence c, = 0 for all k, which was to be proven. 


5. Let fı be a homogeneous generalized function of degree À analytic 
in A in some region A. Further, let fı have an analytic continuation 
in A into some larger region A, > A. Then in A, the functional fi is a 
homogeneous function of degree A. 
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Indeed, for any fixed A and any g(x) in K, the equation 


(fm o(=) ) = "(fy 9) 


is valid in A. In this region each side of this equation is, moreover, 
an analytic function of A. Then from the uniqueness of analytic con- 
tinuation it follows that the equation holds also in A,. 

The generalized function xê that we have treated in previous sections 
is a homogeneous function of degree A for Re A > —1. We know 
further that xê can be analytically continued to the entire A plane 
except for the points —1, —2,.... But the fifth property we have 
listed for homogeneous functions implies that x is then also a homo- 
geneous function of degree A for all complex À 4 El —2,..., m: 
The same may be said of x‘. Since | æ Jå, | x |? sgn x, (x i 10}, and 
(x — 10) are linear combinations of x‘ and x’, they are also homogeneous 
functions of degree A, each throughout the region of its existence: in 
particular, | x | is homogeneous for A 4 —1, —3, —5,...; | x |? sgn x 
for à # —2, —4,...; (x + i0)? and (x — 10)’ throughout the entire A 
plane without exception. For instance, x-™ is homogeneous of degree 
—m for every integer m. There exists, however, another homogeneous 
function of degree —m, namely 6'"—)(x). To see this, consider 





(5 (of Z)) = 6 ne EO = oman (a), gla) ). 


Let us now find all the homogeneous generalized functions of degree A 
on the line. By definition such functions satisfy the equation 


flax) = f(x) (2) 


for every a > 0. Differentiating this relation with respect to « and then 
setting « = 1, we obtain 


xf'(x) = Af(*). (3) 


Let us now find all solutions of this equation. For x 4 0 it can be 
integrated in the usual way. This leads to the conclusion that all the 
desired generalized functions f(x) must coincide with Cix? for x > 0 
and C,|«|* for x <0. We have already studied such generalized 
functions, namely, Cx and C,x4 for A Æ —n,n = 1,2, .... Assuming 
then, that A is not a negative integer, consider the generalized function 
fo(x) = f(x) — Cix — Caxt. Each term in this expression, and there- 
fore the expression as a whole, satisfies Eq. (2). Further, f(x) vanishes 
for x Æ 0, and is therefore concentrated at a single point. 
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In Volume II we shall prove the following theorem, which we now 
accept without proof. Any generalized function fọ concentrated at a 
point, say at x) = 0, is of the form 


felt) = ad (x) 


with a finite m. 
This means that 


f(x) — Crt — Cpt — >> c,8'*) (x) = 0. 
t20 


Using the fourth property of homogeneous functions (linear inde- 
pendence for different degree), we see that cy = c, =... = Cm = 0, 


so that 
f(x) = Cix? + Caxt 


is the general solution of the problem for à 4 —n. 

Now let à = —n be some negative integer. We shall assume that f(x) 
is even for even n and odd for odd n. For x 4 0, f(x) must coincide 
with the ordinary function Cx-". A generalized homogeneous function 
with this property is already known, namely Cx”. As above, 
Jo(x) = f(x) — Cx” is concentrated at x = 0 and is a linear combina- 
tion of the ê function and its derivatives. Again applying the fourth 
property, we find that the general solution of Eq. (2) for A = —n is 
of the form 

F(x) = Ca + C8" (x). 
In all cases we obtain two linearly independent homogeneous generalized 
functions of degree À. 

In n dimensions r? is obviously a homogeneous function of degree A 
for Re A > —n. By the fifth property (analyticity), this function remains 
homogeneous throughout its domain of analyticity, namely throughout 
the A plane except for the points A = —n, —n — 2,.... The function 
5(x,, ..., Xn) is homogeneous of degree —n, as can be seen directly from 
its definition or from Eq. (9) of Section 3.9. 

The homogeneity of 5'"-)(x) and x” can be used to transform the 
plane-wave expansion of the 5 function [Eqs. (5) and (6) of Section 3.10] 
to affine invariant form. Consider any hypersurface S such that every 
radius vector from the origin crosses it exactly once. Then in terms of 
the unit sphere, S can be described by multiplying every radius vector 
w = (wy, ... w,) by a positive number f(w). Let us write py = f(w) wp 
Because 5'"—!)(x) is homogeneous, we may write 


B-D pyx, Laas + prin) = [Fo 8 e Eos + nn) 
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But [ f(w)]” dw is the element ds of area on S, so that for odd n we have 


B (iq, aeos Xn) = Cp | teats + on + etna 


(4) 
= cn f BM mary + on + pnts 
Similarly, for even n we have 
blais oee, Xp) = Cn f em + see F när) "dw 
(5) 


= cn f (p1%1 + + + Pnn) "ds. 
s 


Equations (4) and (5) are in affine invariant form. 


4. Associated Functions! 


4.1. Definition 


Homogeneous functions are by definition eigenfunctions of the 
similarity transformation operator u acting according to 


u f(x) = fax). 
Indeed, if f(x) is a homogeneous function of degree A, then 
u f(x) = flax) = f(x). 


In addition to an eigenfunction fọ belonging to a given eigenvalue, 
a linear transformation will ordinarily also have so-called associated 
functions of various orders. The functions fi, fas ..., fks --- are said to be 
associated with the eigenfunction f, of the transformation u if 


ufo = afo 

uf, = af; + bfo 
uf, = af, + df, 
uf, = afr + ofa, 


1 This section may be omitted on first reading. 
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or if, in other words, u reproduces the associated function of Ath order 
except for some multiple of the associated function of (k — 1)st order. 

It is easily verified that the sum of an associated function of kth order 
with one of lower order is again an associated function of Ath order. 
In a finite dimensional space, when the basis is chosen to consist of 
the eigenvectors and associated vectors of a given linear transformation, 
the matrix of this transformation is in Jordan normal form. (The asso- 
ciated vectors must then chosen so that b = 1.) 

Let us return now to our functions and to the similarity transforma- 
tion operator. We shall say that f(x) is an associated function of first 
order and of degree À if for any « > 0 


filas) = a°fi(x) + hafal), 


where f(x) is a homogeneous function of degree A. The function h(«) 
is determined uniquely from the identity 


h(aß) = hf) + Bhlo), 


which can be obtained from consideration of f,(«8x). Dividing both sides 
of this identity by «484, we find that the function h(a) = hk(a)/a? 
satisfies an equation of the form 


hy(aB) = h(a) + (B). 


It is well known that the only continuous solution of this equation is 
the logarithm. Noting further that A(1) = 0, we arrive at 


h(a) = oA In a. 


Finally, we shall call f(x) an associated function of first order and of 
degree À if for any « > 0 we have 


Fi(cxe) = fi(x) + a4 In a fo(s), (1) 


where f,(x) is a homogeneous function of degree à. For instance, In | x | 
is an associated function of first order and of degree zero, since for any 
a > Q, ; 

In | ax | = ln |x| + in a. 


We shall now define generalized associated functions similarly to the 
way we defined generalized homogeneous functions. The generalized 
function f, is called an associated homogeneous generalized function of 
first order and of degree À if for any a > 0 we have 


(fo o( Z) ) = 2i p) + d In a (Fy p), (2) 
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where f is a generalized homogeneous function of degree À. Generally 
speaking, for any k the generalized function f, is called an associated 
homogeneous generalized function of order k and of degree if for any 
a > 0 we have 


(foo(=)) = oy 9) + an a (fia p), 3) 


where fp- is an associated generalized function of order k — I. 

Let us now attempt to clarify the nature of associated homogeneous 
functions of various orders and of arbitrary degree À. For this purpose 
we note that if fı is a generalized homogeneous function of degree À 
and is differentiable with respect to A, its derivative with respect to À 
will be associated of first order. 

Indeed, differentiating the identity 


(fi o(=) ) = añt fa, p), 


with respect to A, we have 





( a :o(Z)) = aon pp) + att In a (fas 9) 


so that df,/dA is associated of first order, as asserted. Similarly, the 


derivative with respect to A of an associated generalized function of 
order k is associated of order k + 1. 


4.2. Taylor’s and Laurent Series for x4 and x4 


The Taylor’s and Laurent series for x1 and similar generalized 
functions will lead in a natural way to associated generalized functions. 
The Taylor’s series expansion of x4 in the neighborhood of a regular 
point A, is 
; a 1 a 
x, = xb + (À -aa +50 — A)? a r Foa 


= we HAN) lna, + 50 — A)? h nex, to. (1) 
This expansion contains the new generalized functions 


inne, = Sok (m= 1,2...) 
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Here the mth function is an associated function of order m. Explicit 
expressions for these functions can be obtained either in the same way 
as one defines xt, or by m-fold differentiation of Eqs. (3) and (4) of 
Section 3.2 with respect to A. Thus for Re à > —n — I and 
A Æ —l, —2,..., —n we have 


(x4 lIn” x, p) = f ! xå In” x [o(x) — 90) — xe’(0) — ... 


nl ae 
re m” D (0)] ds 
(2) 
z (— 1)”m! p*-0(0) 
+f x In x p(x) dx + D ce 
Similarly, for —n — 1 < Re à < —n we have 
f ° xt In™ x g(x) dx 
0 
(3) 
— i À jnm — = eo er (n-1 
Í, x4 In™ x [ot (0) — ... Big ' 0] dx. 
In the neighborhood of the pole at A = —n, we can expand x4 in a 


Laurent series whose dominant term is of degree —1. To obtain this 
expansion explicitly, we turn to the regularized integral 


f * x p(x) dx 


-1 
Ca pin) (0)] dx, 


and isolate the term that fails to converge at A = —n. In other words, 
we write this integral in the form? 


=f : x* | o(x) — (0) — x 9) — 


f i wip(x)de = Í ; x4] 9(x) — ... -g (0)| ax 
= n—-2 (n-1) (0 
+ ij x [o(x) — n — aay | dx + woe na. 


The sum of the integrals on the right-hand side of this equation is the 


2 Instead of writing f? x4+"-! dx we could have considered the integral f? x4+"-! dx 
for any a > 0. But we would then have had to expand a4** in a Taylor's series, and the 
resulting expressions would end up being quite formidable. 
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regular part of the Laurent expansion. It is an analytic function of A 
in the strip|ReA+m|<1. We shall denote this functional by 
F_,(x,, A). We thus have 





(Falta %)s 9) = fx a (0) — 90) 


en-2 
— -ŽŽ gln-2) (9) — (n-1) = 
aoe" O=—G oy ay p- (0) (1 — x)| dx, 
where 6(x) is equal to zero for x < O and to one for x > 0. Another 
way of putting this is to say that the last term in the integrand is included 
only for 0 < x <1, while for x > 1 it is replaced by zero. The 
resulting integral thus converges both at x = O and at x = œ. 


Of particular interest is the value of this functional at à = —n, 
which we shall call x7”; this is the value at A = —n of the regular part 
of the Laurent expansion of x1 about A = —n, namely 


x,” = lim n 2 [a oe 


We now see that the generalized function x7” is an associated gener- 
alized function of first order and of degree Sa Operating on a p in K 
this functional yields 


emo = [= -O ~~ — Gyo O) de.) 


It should be emphasized that the generalized function x7” is not the 
value of xê at A = —n, for x? has a pole and therefore does not exist 
at this point. Nevertheless the functional x7” is in a certain sense a 
regularization of the ordinary function x,” 

The formula for the derivative of x7” with respect to x is of some 
interest. We have 


(<7, 98) = — eo @) 


gaS 


— f [v &) — 9 © — ~.. a = p™ (0) (1 — x)| de 


I 





ll 





— ‘yn g (x) — p (0) — ... a ; p'™ (0)| dx 
0 (n — 1)! 


xn 


= fom [e (®) — 9 O- ie"? ©) dx. 





4.2 Associated Functions 87 


We now integrate by parts in each of the terms, obtaining 


dn 
(mo) 
= = fm [po —9 0) —.. 9 O a) de + O. 
Hence 
o gt n + gm, (5) 


Thus although we have succeeded in establishing a correspondence 
between the ordinary function x,” and a generalized function, we have 
had to sacrifice the ordinary formula for the derivative. We see, there- 
fore, that Eq. (4) is not a canonical regularization of the ordinary 
function x7” 

Of some interest also are the derivatives of F_,(x,, A) with respect 
to A at A = —n. We shall write these in the form 


a 7 
AN F_,(%4; A) Les = x7” ln x, 


Faki 
F_A%,, A) | = FA ln? X14, 
A=—n 


and then it is a simple matter to verify that the explicit definitions of 
these generalized functions are obtained from Eq. (4) by multiplying 
x” on the right-hand side of Eq. (4) by the power of the logarithm of 
x that appears on the right-hand side of the appropriate equation above. 

It is clear that these generalized functions are associated functions 
of degree —n and of order 2, 3, 4, ..., respectively. 

Having defined the generalized functions x7”, x7” In x}, ..., we can 
now obtain the Laurent expansion of the generalized function x4 about 
A = —n. To do this, we expand F_,(x,, A) in a Taylor’s series, which 
yields 
a (— 1)"-19(n—1) (x) 
+ mm —1IIA+n) 


+ A+ a)x"Inx,+..45 


n 
x + x, 


a +7 xy" Int x, +... 


The Taylor’s series for xê in the neighborhood of a regular point A is 


xt = xh 4 (A — Ap) xd Ing + 3 (A — Ay)? xh lnx +... 
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This expansion contains the new generalized functions x* In* x_ (with 
k = 1,2,...), of which the Ath is an associated function of degree A 
and of order k. All these are analytic in A for A 4 —1, —2, ..., and are 
defined in the strip —n — 1 < Re à < —n by 


(x4 ln? x_, p) = [ x! In* x [e x) — (0) + xp’(0) — 


6) 
ae eee pr» (0)] ax. 


As before, in order to obtain the Laurent series for x* about pole 


at A = —n, we separate out the term which fails to converge at this 
point. We have 


i x" g(x) dx = f x4 [>(-- x) — 90) + xp'(0) — ... 





ke iat (— 1)”-1 c= ae | dx 


+ f7 a [o(— =) — 90) + #90) — 
1 


i xn—2 gins 4 (— 1)"-1 g'"—1)(0) 
Gilg at Oe ear ia 





The sum of the integrals on the right-hand side gives the regular part 
of the desired Laurent expansion. It is analytic for | ReA +m] < I. 
We shall denote this functional by F_,(x_, A). Thus 


(Fn(e%), 9) = f= [p(— 8) — 9(0) + 2p) — .. 





a(S DP = gp») (0) A — x)| dx. 
The value of this generalized function at A = —n shall be denoted by 
x="; this is the value at A = —n of the regular part of the Laurent 


expansion for x4, namely 


4a" = lim Z fe + nŻ]. 
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This generalized function acts on a p in K according to 


(2 p) = f a [K ») — 90) + 2910) —-. 





(7) 
= (= D ot 0) a1 — 2)] ae 
sem GaP? 
and is a regularization of the ordinary function x”. We emphasize 
again that the generalized function x=” is not the value at à = —n of 


the analytic generalized function x’. 
We shall denote the derivatives with respect to A of F_,(x_, A) at 
A = —n by 


ə awe 

ar F_,(«_, A) fai = x” ln x, 
ca F n(x, A) | = x” In? x 
a2 —n( =f Gaan v -? 


The explicit definitions of these generalized functions are obtained 
from Eq. (7) by multiplying x” on the right-hand side of Eq. (7) by 
the power of the logarithm of x that appears on the right-hand side of 
the appropriate equation above. 

By expanding F_,(x_, A) in a power series in À + n, we obtain the 
Laurent expansion for xê, namely 


m -D (x) 


L= O ga tet At ering +. (8) 


In this series the coefficient of (A + n)! is a homogeneous function 
of degree —n, while the coefficient of (A + n)”, with m = 0, 1, 2, ..., 
is an associated function of degree —n and of order m + I. 


4.3. Expansion of | x |? and | x |? sgn x 


We now wish to develop the Taylor’s and Laurent series for | x |? 
and | x |4sgn x. We shall obtain them simply by combining suitable 
expansions of xê and xê. In doing this we shall again introduce new 
generalized functions. 

If à is a regular point of the generalized function | x |^, then we shall 
write 


Iz= | x fo + (A— Ag) [x oIn| x | + $A L A) ene] x] +... (1) 
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We have here introduced the new generalized functions | x |*In* | x |, 
the Ath of which is an associated function of degree A and order k. 
These functions are all analytic in À for à Æ 1,3, ... and are defined 
in the region —2m — | < Re à < —2m + 1 by 


(|# [Int | x |,9) = fxn x ole) + ol a) 
i (2) 
x2 


-2 [0 +2, PO ey... +o 2 (0)] | ae. 


Similarly, if À is a regular point of the generalized function | x |4 sgn x 
the Taylor’s series expansion of this function about Ag is 


|æ Aegn x = | x [i sgn x + (À — à) | æ [In| æ | sgn x 
F(A — ào)? | x [40 In? | x | sgn x + (3) 
Here the | x |4 In¥ | x | sgn x are new generalized functions of which the 
kth is an associated function of degree Aand of orderk. They are all analytic 


in A for A #4 —2, —4, ..., and in the region —2m — 2 < Re A < —2m 
they are defined by 


(J nt | æ | sgn x, p) = [xt Int x Jofa) — o(— a) 
= 2 [x9 0) + Fe" Ot + gape O)fa A 


Now à = —2m — 1 is a simple pole of the generalized function 
| x |4; the Laurent expansion about A, is 


Slem (x) 1 
A EENEN E EE —2m—1 —2m—-1 
le m Nl pl te + 

+ (A + 2m + 1) [xm lna, + xm In x_] +... (5) 
Similarly, Aj = —2m is a simple pole of |x |’sgnx; the Laurent 


expansion about A, is 


&2m-D (x) 1 


a = — 2 e 
a r E 


+ x-2m EA x-2m 
+ a 


(6) 
+ (A + 2m) [x7 In x, — x" Inx_] +... 
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We shall denote the generalized function x,2"71 4 xm by | x [m-t 
When operating on some g(x) in K, it acts according to 


(|x|2"-1, p) = i xo2m—t lola) +gl— x) —2 [> + 5 p0) + r 


oe em (0) (1 — )]| ae 


Gm ae” O + opr 


+ ia p 
where 6(x) has its usual meaning. 

Similarly, we shall denote the generalized function x,?" — x?" by 
| x |-2™ sgn x. It acts on a g(x) in K according to 


(lx |-°" sgn x, p) 


= f° a f(a) — o(— 4) —2 a + For +. 
(8) 


saa pem- (0) 0 (1 — | dx, 


‘tp oe -d (0) + 


Gm S 


Finally, our required Laurent expansions can be written 





812m) (x) 1 
A. —2m-1 
[Roe Omt armari TA F 
+A + 2m 1) |x pr In| x] s 
§(2m-1) 1 
|x li sgn x = — et ayp t 2 sg s 
(10) 


+ (A + 2m) | x |?" In| x | sgnx +... 


The first coefficients 5'?”)(x) and 8"-1)(x) in these expansions are 
homogeneous functions of degrees —2m — | and —2m — 2, respectively; 
the other coefficients are associated functions of the same degrees and 
or order I, 2, 3,.... 

In particular, setting m = 0 in Eq. (9), we obtain the expansion 
of | x |4 about the pole at A = —1. This is 


8(x) 
— -1 al 
i are ase aes la Ad ad e (11) 
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Here the functional | x |-! is defined by 


(læ |71, p) = p EEO y 


=F ple) — pO) 0—3) gy, (12) 
LS x 


where 6(1 — x?) causes the y(0) term to contribute only for |x| < 1. 
The generalized functions 


| x [-2™-1 = x72m-1 + a-m- 
+ E 
| x |-2m sgn x = ee = x72m 
that we have introduced above are not the analytic functionals | x |4 
and | x |? sgn x at the corresponding values of A (namely —2m — | and 
—2m), for at these values of A the latter have simple poles. They are 
the values at the poles of the regular parts of the Laurent expansions 


about these poles. 
We could have considered also the generalized functions 


xm + KTE, 


x7 2m—1 PaA xml 
+ _ 


It is easily shown that the first of these coincides with x7%™ (i.e., | x |4 at 


the regular point A = —2m), and the second with x—?"—1, 
In Section 3.5 we defined 
x x |x |? | x |? sgn x (13) 
TA+)’ TaD’ rth)’ re)" 
2 2 


These generalized functions have no singularities. By expanding the 

numerators and denominators in Taylor’s or Laurent series and per- 

forming the indicated divisions in the ordinary way, one can obtain the 

Taylor’s series for these functions about any point in the A plane. 
The power series expansion 


PA +1) =1 + ea + Ar? + cA? + ..., 
for the gamma function is well known.? Here c, = ¢ = 0.505... is 


31, M. Ryzhik and I. S. Gradshtein, ‘Tables of Integrals, Sums, Series, and Products” 
(in Russian), p. 331. Gostekhizdat, 1951. German translation: I. M. Ryshik und I. S. 
Gradstein, “Summen-, Produkt- und Integraltafeln,” p. 299. Berlin, 1957. Henceforth 
we shall refer to the German translation as Ryshik and Gradstein, “Tables.” See also 
N. Nielsen, “Handbuch der Theorie der Gammafunktion,” p. 40. Treubner, Leipzig, 1906. 
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Euler’s constant, and the rest of the c; are obtained from the recursion 
formula 


1 n 
Cn = n+1 2 (— 1) He, Seas s5 = ¢, Sn = t(n). 


In particular, expanding about A = 0 one obtains 


xl 0 Al ias 
Ta +) ~ EE = Ox) + A(Inx, —¢O(x)) 4+... (14) 


4.4. The Generalized Functions (x + i0)? and (x — 10)? 


These generalized functions were defined in Section 3.6. We shall 
study them here in more detail. For Re A > —1 they were defined 
as the limits of (x + iy)? and (x — iy)? as y— +0. From this we 
obtained the formulas 


(e 4 iO)! = at 4 ett, (1) 
(x — i0)? = x4 p emiiri, (2) 


The right-hand sides of these equations can be extended analytically 
to the rest of the A plane, which we then take as the definitions of their 
left-hand sides for Re A < —1. We have already remarked that in the 
analytic continuations of the right-hand sides, the singularities at 
A= —I, —2,... cancel out. We shall now find the values of these 
functions at these points. 

In Section 4.2 we obtained the Laurent expansions for the generalized 


functions x4 and x4 about A = —n, namely 
2 (— 1)"18(n-) (x) 

x. = (n — 1)! (À + n) + Fa(%s À), (3) 

a Bnd (a) 

x2 = G@— ila +n) + F_y(x_, À). (4) 
Here F_,(x,, A) and F_,(x_, A) are the regular parts of the Laurent 
expansions; we have denoted their values at A = —n by x,” and x” 
respectively. 


Let us also write 


eriin — (— ])nestldtnia — (— 11 4 H(A 4 nye +... (5) 
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Inserting Eqs. (3)-(5) into the right-hand sides of (1) and (2), canceling 
out the singularities, and going to the limit as A —> —n, we arrive at 


(£ = i0)-" = xp + (— 1)" a” F “a 8-1) (x), 
In Section 4.3 we noted that for even n = 2m, 
i te mE 
while for odd n = 2m + 1, 


a Ss gom- = x-2m-1 = [| x | sgn Aas 


Thus we finally obtain 
in (— 1) 


(x + i0)” = x” — ati din“) (x), (6) 
(x — i0)-" = xr 4 ieee 87-1) (x), (7) 


In particular, for n = 2 we have 
pRO te imp 


(rm + 10)?’ P )) = 
le : 9%) = ie 9x) + P(— x) — 20) dx + in p'(0). (9) 


x2 


Note that it follows from (1) and (2) for A # —1, 
(6) and (7) for A = —1, —2, ... that 


—2,... and from 


A (æ + i0)? = Aw + Oy, (10) 
Z (æ — i0} = Aw — ioe. (11) 


Since differentiation decreases the exponent by one unit, Eqs. (10) and (11) 
could have been used as defining relations for the generalized functions 
(x + 10)4 and (x — i0)? for A #4 —1, —2,.... For instance, (x + i0)-? 
could have been defined as —2(d/dx) (x + 10)-*, where d/dx is differen- 
tiation in the sense of generalized functions, and (x + 20) is the 
locally summable function defined by Eq. (1) with A = — 4. 
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Equations (10) and (11) have also another important implication; for 
AA —I, —2,..., 


oe os 
üm (x + iy) = (x + 20), (12) 
lim (x + #y)* = (x — io) (13) 


in the sense of generalized functions. Indeed, for Re A sufficiently large, 
this follows by definition, and the derivative in the sense of generalized 
functions of a convergent sequence is also convergent sequence. 

For negative integral exponents, (x + 10)-” and (x — 70)-” can also 
be defined by differentiation.. Recall (Section 2.2, Example 6) the 
(locally summable) function 


In (x + 10) = jim, In (x + ty) = In| x | + ir A(— x), (14) 

whose derivative is given by 
fie ips aya (15 
i +20) = zo" x). ) 


Together with (6) (in which we set n = 1) this implies that 


d ; 1 
Similarly, 
ln (x — 20) = lim In (x + ty) = In| x | — ir O(— x). (17) 
The derivative of this function is given by 
d i Dalis (18 
Ge in — 0) = 7 +m (x). ) 
which, together with (7) (in which we set n = 1) leads to 
d ; 1 


Thus the generalized functions (x + 20)-1 could have been defined by 
Eqs. (16) and (19), and (x + i0)” for other negative integral exponents 
could be obtained by using (10) and (11). 

Now the limits in (14) and (17) are taken in the sense of generalized 
functions. This implies that the limits in (12) and (13) converge in the 
sense of generalized functions for all À. 
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This can be used, for instance, to rewrite (8) and (9) in the form 





in aaa oP dx = [ ne) + a) — 20) dx — in g'(0), 


g(x) dx = |: g(x) + (— x) = 2¢(0) dx + ir ¢’ (0). 


in (x — ty)? x2 








4.5. Taylor’s Series for (x + 10)? and (x — 10)? 
Since (x + 10)? is an entire function of A, it can be expanded in a 
Taylor’s series about any point àp, and this series will converge for all À. 


We thus write 


(x + i0)? = (x + i0)% + (A — Ay) (x + 10) In (x + 70) 

+ 2A — Ag)? (x + i0) In? (x + i0) +... (1) 
The new generalized functions (x + 20)* In (x + 70), ... thus introduced 
are the derivatives of (x + 10)4 with respect to A at A = Ay. Explicit 
expressions for these can be written by comparing Eq. (1) with the 
expansion in powers of A — Aj of the relation 

(x + 10) = x4 + fry’, (2) 
Recall that for Ay A —1, —2,... we had 


= xh + (A — Ap) ato In x, + 3 (A — Ap)? xto In? x, + sie (3) 


ey = often (1 + in (A — A) — 5 (A — A)? + a) 


(4) 
x (x + (A —A,) xtoln x + 4(A — Aj) ato In? x_ + m) ; 
By comparing coefficients and replacing A) by A we thus obtain 
(x + i0) In (x + i0) = xå In x, + inetd + efx’ In x_, (5) 


(x + 10)? In? (x + 20) = x4 In? x, + ef [xà In? x 4 2irxt Inx — nx] (6) 


and similar expressions for the higher terms. 
These relations are valid for all A A —1, —2,. 
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The Taylor’s series expansion for (x — i0)? is 
(x — i0}? = (x — 10) + (A — A) (x — 10) In (x — i0) (7) 


+ $A — d,)? (x — i0} In? (x — 70) + 
Here 
(x — i0} In (x — 10), (x — 10} In? (x — 10), ... 


are the derivatives with respect to A of the entire function (x — 0). 
Proceeding as above, we will arrive at 


(x — i0) In (x — i0) = xå In x, — text + eng In x_, (8) 
(x — i0} In? (x — i0) 
= x4 In? x, + etx} In? x — Rimx? In x_ — neh ] 


QA #—1,—2,..) 


(9) 


and similar expressions for the higher terms. 

To obtain the corresponding formulas for negative integral A, we 
turn instead of to (3) and (4) to the appropriate Laurent expansions, 
namely to 


a (— 1) (x) ES 
=e Gea) Poe + (A +n) X4 In x, 


+4 A +n) xy" In? x, +..., (10) 


SnD (x as -à 
x = Ge ares a FRAU aa In x_ 





ZA + n) az In? x_ H s (11) 


em — (— 1) |i + inQ tn) TA Hn iT tnt. J a2 
Multiplying (11) by (12) and adding to (10), we obtain 


A + ed — [x + ait na ar» (x) + (A +n) [im — 1)"x=” 


a x 8n- (x) m3 8(™-1) (x) 


+t tin ol] + SS (yee Ge 





4 (— 1)! naz p 2in(— 1)'x In x_ + x7 In? | x | (13) 


98 DEFINITION AND SIMPLEST PROPERTIES Ch. I 


Thus we arrive at 


(x + i0)” In (x + i0) 


sed _ 7? B(x) 
fee. n n—-1 -n 
= (— 1) tnx” + (— 1) T@ont* In| x |, (14) 
T 7-0 (x) 
-n |n? = (— 1-1 
(x + i0)-" In? (x + i0) = (— 1) 3 GD 
+ (— 1% nar 4 Qin (— 1)? x In x«_ + x7 In? | x | (15) 


and similar expressions for the higher terms. 
General considerations imply that Eqs. (14) and (15) are the limits 
as Ay —> —n of Eqs. (5) and (6). Similarly, 
(x — 10)-” In (x — 10) = (— 1)! tram 


+ yet aay R +a" In |x|, (16) 


(x — i0)-" In? (x — 10) = (— 1} i a oi 


+ 2in(— 1)?-!x=" In x + x7" In? | x |. 





+ (= Dats (17) 


It is left to the reader to determine which of the generalized 
functions here introduced are homogeneous or associated, and of what 
degree and order. 


4.6. Expansion of r? 


The generalized function 7+ was defined in Section 3.9 by 
(7, p) = | rele)de, (1) 


an expression which can be used for Re A > —n. It is obvious that r4 
is, for these values of A, a homogeneous function of degree À. In 
Section 3.9 we rewrote (1) in the form 
(7, p) = Qn | rS (rar, 
0 
where 


S,(r) = = f Paden 
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is the mean value of the test function g(x) = ¢(%, -- Xn) on a sphere 
(hypersphere) of radius r. Thus (r+, p) is equivalent to the result obtained 
when the functional 2,24 (with u = A + — 1) operates on the even 
test function S,(r), and it can therefore be analytically continued into 
the A plane except for the points A = —n, —n — 2,.... It is clear that 
the process of analytic continuation leaves 74 a homogeneous function 
of degree X. 

The Taylor’s or Laurent series for rå can be obtained directly from 
the corresponding expansion of £2,x. For instance, the Taylor’s series 
about the regular point A, is 


rh = rho + (À — àr In r + D(A — Apra ln? r +... , 


where r% In r is the functional defined by 


(lnr, p) = 2, f i ran Inky [S (r) — 9(0) — Sin-11(0)] dr 


p™-1 
~ (m—1)! 


in the region —m — n < Re à < —m — n + I [recall that S,(0) = ¢(0)]. 


Let us turn to the Laurent expansion of r? about A = —n — 2k 
This expansion will, of course, coincide with the Laurent expansion 
of 2,x% about u = —2k — | (see Section 4.2), so that we have 

82 (r) 1 
A —2k—n 
= 2a pr pn pap + Snr 
+ 2, (A + a kj lnr +... (2) 


In this equation the left-hand side operates on p(x), the right-hand side 
on S,(r). Further, r-?*-" In™ y is understood as the functional defined by 


(r-n In” r, S (r) ) = K h r=- Inm r [S (r) — 90) — ~.. 


p2k—2 


~ (2k — J > 








(3) 





ai 


Note that 7r-2*-™ is not the value of the generalized function r? at 
à = —2k — n (in fact it has a pole at this point), but the value at 
this point of the regular part of the Laurent expansion of r^. 

In the expansions we have been discussing, the generalized function 
ro In*r is an associated function of degree A, and order k, while 
r-2k-n In™ y is an associated function of degree —2k — n and order m. 
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5. Convolutions of Generalized Functions 


In classical analysis one often deals with the convolution of two 


functions f(x) and g(x), defined by 


fixe) * a(x) = f AOLE — eae. (1) 


In generalized functional analysis the analogous operation is perhaps 
even of greater importance. 

For generalized functions the definition of the convolution depends 
on the concept of the direct product. We shall therefore start with a 
discussion of this concept (Section 5.1). The remaining sections will 
be concerned with the definition and properties of the convolution, 
and will present some examples of its application. 


5.1. Direct Product of Generalized Functions 


Let f(x) be a generalized function defined on X,, the space of test 
functions (i.e., infinitely differentiable functions with bounded support) 
of the k independent variables x,, x, ..., x,, and let g(y) be a generalized 
function defined on Y,,, the space of test functions of the m independent 
variables y,, Yo, -- Ym- We may use f(x) and g(y) to define a new gener- 
alized function h(z) on Z,, the space of test functions of the n = k + m 
independent variables 2, 2, ....%,, Where z; = x, for i < k, and 
Zi = Yi-ņ for k <i <n. This we do as follows. Instead of writing 
(z2), we shall write g(x, y). By fixing x we treat p(x, y) as a function 
only of y, which is then clearly in Y,,. We apply g(y) to this function, 
obtaining some new function (x). This one is infinitely differentiable 
since 


u(x + Ax) — p(x) (x + Ax; y) — g(x, y) p(x, y) 
Ax; T (0), ' Ax; : j> (20), on ); 


which follows from the fact that [p(x + 4x; y) — g(x, y)]/4x; converges 
in Y,, to a(x, y)/@x; and that g(y) is a continuous functional. It is 
obvious also that ¥(x) has bounded support. Thus ¢(x) is in X,, and 
we may now apply f(x) to it. Hence the expression 


Ci), EO) g ¥))) (2) 


is a meaningful one. This defines a functional on Z,, and it is implied 
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by the continuity of g(y) and f(x) that this functional is continuous.’ 
We shall denote it by A(z) = f(x) x g(y), and call it the direct product 
of f(x) and g(y). 

The direct product is of a particularly simple form when (x, y) is 
the product of two functions p(x) and p(y). Then by definition we 
obtain 


(A) x gy), Pilealy)) = E), EO) ple) )) 
= (F(%), PAO), PI) )) =F P1) (8 2) (3) 


Examples. The direct product of two delta functions is given by 
S(x) x (y) = (x, y). Further, 3(x) x I(y) is defined by 


(8(2) x 10), gl, y) ) = f g0, y)dy. 


If f(x) and g(y) are regular functionals, their direct product is the 
regular functional corresponding to the function f(x) g(y). 


THE SUPPORT OF THE DIRECT PRODUCT 


Recall that the set of essential points of f (points in every neighborhood 
of which the generalized function f fails to vanish) is called the support 
of f. Let F and G be the supports of f and g; we wish to determine H, 
the support of h = f x g. This support will be found to be the direct 
product F x G, in other words H is the set of ordered pairs (x, y) such 
that x is in F and y is in G. 


1 Let p,(x, y) be a sequence converging to zero in Z,. We wish to show that the number 
sequence 


F, El), el, ¥))) 


converges to zero. For this purpose it is sufficient to show that all the 4,(%) = (e(y), p,(%, Y) 
vanish outside a fixed bounded region and that they converge uniformly to zero together 
with all their derivatives. The first of these assertions is obvious, since the ¢,(x, y) vanish 
outside a fixed region in Z,. Now let us assume that the ¥,(x) do not converge uniformly 
to zero. This means that for some e > 0 there exists a sequence of points x, ..., x, ... 
such that 

| ¥,(#,) = | (e(y), e(%,,9)) | > & 


But since the ¢,(x, y) converge uniformly to zero with all their derivatives, the 
p9) = 9,(*,, Y) converge to zero in Ym. The continuity of g(y) then implies that 


(g(y), pF (9) = (ely), p2, 9) > 9, 


in contradiction to our assumption. Thus the y,(x) converge uniformly to zero. The 
uniform convergence of all the derivatives of this sequence can be proved similarly, 
and this then completes the proof. 
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Indeed, let (x9, Yo) be a point one of whose coordinates, say xp, does 
not lie in the corresponding support. This means that f vanishes when 
applied to any (x) in X;, which vanishes outside some fixed neighborhood 
U of x. Consider any function g(x, y) in Z, whose support is in U. We 
shall show that (f x g, p(x, y)) = 0. In fact, by definition 


(S X & e, ¥)) = (SO), (6), g, ¥))) = (JO) 0) = 0 


so that f x g vanishes in the neighborhood of (xo, yo). 

If, on the other hand, x, and yọ are in F and G, there exists a function 
p(x) p(y) vanishing outside an arbitrary neighborhood of (xp, Yo) and 
such that the application of f x g to this function does not give zero. 
This establishes the truth of the assertion. 


COMMUTATIVITY AND ASSOCIATIVITY 
We have 
f) x gly) = 80) x f(s), 
SE) X {e(y) x h) = {F(%) x g) x Ale). (4) 
To prove the first of these, note first that only continuous functionals 


appear in these equations, which therefore need be proved only on a 
dense set of functions in Z„. We shall choose a dense set of the form 


Er p(x)p (y) where p(x) and (y) (f = 1,2, ..., v = 1,2, ...) are 
in X, and Y„, respectively.? For such functions we have 


E) x sO), D oO) ) 
= E FE) x ely): PWIA) = D Fs 92) ) (60), HO) ) 
and similarly 


O) x AE) Dd ele) ) = > O 49) ) (F@) p) ), 


as asserted. 
The second equation is proved similarly on test functions of the form 


2; g(x) p) x2). 


2 This set is indeed dense in Z,. For instance, let p(x, y) have support in Q = {| x| < a, 
|v |< a}. Then by Weierstrass’ approximation theorem, for e = l/v there exists a 
polynomial P,(x, y) such that in Q’ = {|x| < 2a, |y | < 2a} it differs from g(x, y) by 
less than e, together with its derivatives up to order v. Further, let b(x) be a fixed test 
function equal to unity for jx | < a and to zero for |x| > 2a. Then as « > 0, the 
P (x, y) 6(x) b(y) converge to g(x, y) in Za- 
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5.2. Convolutions of Generalized Functions 


Let f(x) and g(x) be two absolutely integrable functions on the line, 
and let h(x) = f(x) x g(x) be their convolution. Then the functional 
defined by the (also absolutely integrable) function h(x) can be written 
in the form 


(ha), o(x)) = f Mx)p(x)de 
Í | f SE dg(e)ge — EdE \p(x)dx 
f [AOE + aaedn. 


In other words, the desired result is equivalent to applying the functional 
f(x) g(y), which may be considered the direct product of f(x) and g(y), 
to the function g(x + y). 

It is now natural to define the convolution of any two generalized 
functions f and g in general by 


(f* g, p) = (F) x g(r) p + ¥))- (1) 


One must bear in mind, however, that p(x + y) is not a function of 
bounded support in (x, y)-space, so that Eq. (1) is not in general 
meaningful. 

However, under rather general assumptions which we shall soon 
make explicit, the definition is still workable. 

We have seen below that the support of the direct product of f(x) 
and g(y) is the direct product of the supports of these functionals. 
Now Eq. (1) will be meaningful if the strip | x + y| < a that contains 
the support of g(x + y) has a bounded intersection with the support 
of f x g. Then in| x + y| < a we can replace g(x + y) by a function 
g(x, y) with bounded support having the same values in the intersection 
of the strip and the support of f x g. Now we can calculate the value of 


(f X g, 9%, ¥)), 


and it is easily shown that it is independent of the behavior of 9(x, y) 
outside the intersection. 

In particular, Eq. (1) is meaningful under either of the following 
conditions. 


(a) Either f or g has bounded support. 


(b) In one dimension the supports of both f and g are bounded on 
the same side (for instance, f = 0 for x < a, and g = 0 for y < b). 
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Consider first case (a). Let, for instance, f(x) have bounded support 
and g(y) be any functional. Then 


(f * 8, p) = F) X g) pl + ¥)) = eO) FS) a +9))) 2) 


Now (f(x), ẹ(x + y)) is an infinitely differentiable function which 
vanishes for | y | so large that the supports of p(x + y) and f(x) do not 
intersect. It is therefore in Y,,, and it is therefore meaningful to apply 
g(y) to it. 

If, on the other hand, g(y) has bounded support while f(x) may not, 
( f(x), p(x + y)) is infinitely differentiable but does not in general have 
bounded support. Equation (2) remains valid, however, since g(y) has 
bounded support and can therefore be applied meaningfully to this 
function. 

Now consider case (b). Let us assume that the supports of f(x) and 
g(y) are bounded, say, on the left. Consider ( f(x), p(x + y)). As before, 
this is an infinitely differentiable function of y. For sufficiently large 
positive values of y, the support of p(x + y) does not intersect that of 
f(x). Thus for such y the function (f(x), p(x + y)) vanishes, and its 
support is therefore bounded on the right. But the support of g(y) is 
bounded on the left by assumption, so that the intersection of the 
supports is bounded, and the right-hand side of Eq. (2) is meaningful. 

Thus for cases (a) and (b) the convolution of f and g is well defined. 
In particular, the convolutions 8 « f and Dè « f are well defined, where 
D is any differential operator; this follows from the fact that 5 and Dè 
are concentrated at a point. 

Let us obtain an explicit expression for ô « f. By definition 


(8 « f, p) = (x) x f(y); l + ¥)) 


= (FO), 6(*), e + y) = FO) 9) = U 9) 
Thus for any f 
8 f=f. (3) 


D8 x f = Df. (4) 


Similarly 


What we know about the direct product of functionals shows that 
their convolution is commutative, at least in cases (a) and (b); in other 
words, 


Jrg =8g*f. 
A similar statement may be made about associativity; we may write 


(f*g)* h =fx*(g* h), 
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assuming that the supports of two of the three functionals involved are 
bounded on both sides or that all three are bounded on the same side. 

We now wish to prove the following formula for the derivative of the 
convolution: 


D(f * g) = Df xg =f » Dg. (5) 


This is a formula which will be found quite useful in the future. 
We have 
(D(f * 8), p) = (f * g, D*¢), 


where, for instance, D* = (—1)’D if D is a homogeneous differential 
operator of order v. Further, by definition of the convolution we have 


(f* 8, D*p) = 8O), U), D*pl + y) 
= (80), (Pf), pl + ¥))) = (Df * & p), 


from which it follows that D( f * g) = Df » g. The rest follows from 
commutativity: 

D(f * g) = D(g * f) = Dg * f = f * Dg, 
which establishes the desired result. 


We wish further to prove a useful lemma on the continuity of the 
convolution. 


Lemma. If f,— f, then f, x g — f * g if any one of the following 
conditions is fulfilled: 


(a) All of the f, are concentrated on a single bounded region. 

(b) g is concentrated on a bounded region. 

(c) The supports of the f, and g are bounded on the same side 
by a constant independent of v. 


Proof. By definition of the convolution, for any g in K we have 


C * 8 p) = CO) el) el +y). (6) 


In case (a) we may replace (g(x), p(x + y)) by some ¢(y) in K which 
vanishes outside the region in which all the f,(y) are concentrated. Thus 


A «8 p) = FO) YO) —> FY =U * 8, p), 
so that 


Í * g —> fx & 
as asserted. 
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In case (b) the function (y) = (g(x), p(x + y)) is in K; proceeding 
then as in case (a) we obtain the desired result. 

For case (c), let us assume to be specific that the supports of the f, 
and g are bounded on the left. Then ¢(y) = (g(x), p(x + y)) has support 
bounded on the right. This function can be replaced by another in K 
which vanishes outside the region on which all the f,(y) are concentrated, 
and then proceeding as above we obtain the desired result. This proves 
the lemma. 


Corollary. If f = f; is a functional depending on a parameter t 
so that f,/@t exists, then 


ô _ fi 
ats) =a *E 


will hold under each of the following conditions: 


(a) All the f, are concentrated on a given bounded region. 
(b) g is concentrated on a bounded region. 


(c) The supports of the f, and g are bounded on the same side by a 
constant independent of 7. 


To prove this corollary reduce it to the lemma just proven by using 
the fact that 3f,/ðt is the limit as At > 0 of 


Svat Hh 


At 


5.3. Newtonian Gravitational Potential and Elementary Solutions 
of Differential Equations 


The classical (Newtonian) gravitational potential for a piecewise 
continuous mass density distribution p(x,, X» x3) in a bounded region 
is given by 

1 (Es, Ea) 3)dé, déa dég 
U(X, X2, %3) = — — meee e m ES (1 
a= a SS Jaate ad Go 





It is known that u(x,, Xə, x4) is a function having derivatives through 
the second order and that it satisfies Poisson’s equation 


Au(x,, X25 Xg) = (Xi, Xos X3). 


3 Differentiation with respect to a parameter is discussed in more detail in Appendix 2. 
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Now Eq. (1) can also be written as the convolution 


1 
u= px (- z) (r? = x? + x2 + x3). 
Here u may be any generalized function with bounded support. Then 
in general u will also be a generalized function. It turns out, in fact, 
that Poisson’s formula holds in general. Indeed, recalling that 
A(1/r) = —48 (Section 2.3) we may write 


du = d|a» (- 35) =pxd(— 7) =u*8 =n. 


Now let 
P(Dyu = p (2) 


be any linear differential equation with constant coefficients, and let 
u be any generalized function. We shall call a functional E(x) an elementary 
solution of Eq. (2) if 

P(D)E =8 


(to E may be added any solution of the homogeneous equation). When 
an elementary solution E is known, a solution of (2) can be written as 
the convolution 

u =px*E 


if, for instance, p is a generalized function with bounded support. Indeed, 
P(Dyu = p * P(D)E = p *8 = p. 


For example, the regular functional E = —1/4zr is an elementary 
solution for the Laplacian in three dimensions. In n > 2 dimensions 
an elementary solution for the Laplacian is the regular functional 
—[(n — 2) 2,])-'r?-", where 2, is the surface (hypersurface) area of 
the unit sphere; for n = 2 the regular functional —(27)—! In r—' will do. 

As an example, let us see how to construct an elementary solution of 
an ordinary differential equation with constant coefficients,* namely 


aE” + aE) 4... 4 a,E = 8x). (3) 


Let u,(x), ..., ,(x) be a fundamental set of solutions of the homogeneous 
equation 
au (x) + ayul™—) (x) + 2. + au(x) = 0. (4) 


* Actually the proof depends only on the existence of a fundamental set of solutions, 
which is true also for equations with variable coefficients so long as ap fails to vanish, 
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We write 


A(x) = au(x) + 2. + Xp_tly (x) for x >0 


E(x) = B(x) = p(x) +... + Byttn(*) for x <0 


and shall choose the «œ; and £; to satisfy Eq. (3). Since the delta function 
is the derivative of O(x), it is sufficient to require that at x = 0 we have 


A(0) = B(0), A'(0) = B'(0), ..., A'-2(0) = Bin-2Q), 


2 E (5) 
af A"—(0) — BY"-Y(0)] = 1. 


Setting œ; — 8, = y; (i = 1,...,), we obtain the following set of 
equations for the y;: 


yt (0) + ... + Ynttn(0) = 0, 


yi%@(0) + ~ + Ynttnl0) = 0, 
(6) 
y,uir-2(0) +... + yput”-2(0) = 0, 


1 
PDO) + on + naO) = E. 


This set always has a solution, for its determinant is the Wronskian of 
the fundamental set of solutions u,(x) and thus never vanishes. 

We see consequently that the elementary solution is quite arbitrary: 
only the y; the differences of the coefficients of the fundamental set, 
are uniquely determined. This arbitrariness is very easily explained 
when we recall that the fundamental solution is determined only up to 
an additive solution of the homogeneous equation. This fact is used to 
construct Green’s functions, which are elementary solutions satisfying 
particular boundary conditions.® 


Example. Consider the equation 
E” = (x). (7) 
For this case we may take u, = 1, u, = x so that 
A(x) = a + a, B(x) = By + Bex. 
5See, for instance, M. A. Naimark, “Linear differential operators” (in Russian) 


Gostekhizdat, 1954. German translation: M. A. Neumark, “Lineare Differential- 
operatoren.” Berlin, 1960. 


5.4 Convolutions of Generalized Functions 109 


Then the y; = a; — f; are 


yı = 0, ye = 1. 
Hence 
E = B, + Bx + *,. 
This could, of course, have been seen immediately by inspection of 
Eq. (7). 
In Section 6 and in Chapter III, Section 2, we shall construct elemen- 
tary solutions for a large class of partial differential equations. 


5.4. Poisson’s Integral and Elementary Solutions of Cauchy’s Problem 


Poisson’s classical formula in the theory of heat conduction is 





T2) Oa, a) 


u(x,t) = 


ma ES 
where we shall take (£) to be a summable function with bounded 
support. It is well known® that u(x, t) has a first derivative with respect 


to t and the first two derivatives with respect to x, and that it satisfies 
the heat equation 


ou Ou 
of T 2) 
with the initial condition 
u(x, 0) = pla). 6) 


The function u(x, t) is the temperature at any point x of an infinite 
conducting rod at any time ż if the initial temperature u(x) is known 
at £ = 0. Equation (1) can be written in the convolution form 


1 x? 
u(x, t) = w(x) + == exp (— =) (4) 


In this equation we may now take u to be any generalized function with 
bounded support. Then in general u(x, t) as given by (4) will, of course, 
be a generalized function depending on the parameter t. We shall prove 
that this generalized function is a solution of the heat equation (2) with 
initial condition (3). 


€ Smirnov, “Higher Math,” Vol. 2, p. 548. See also R. Courant and D. Hilbert, 
“Methods of Mathematical Physics,” Vol. II, p. 198. Interscience, New York, 1962. 


110 DEFINITION AND SIMPLEST PROPERTIES Ch. I 


Note first that for t > 0 differentiation of 


2 


u(x, t) = wee (— a) , 


in the sense of generalized functions, both with respect to x and with 
respect to the parameter ft, is equivalent to ordinary differentiation with 
respect to x or t. From the lemma we have proven on the continuity 
of the convolution (Section 5.2) we have 


Ž (ule) « o(a, 1) = wx) * 2 ox, 2) 


and from the formula for the derivative of the convolution in the same 


section we have 
2 


a re} 
ga (HF UL = Be ZU: 


Thus 
2 2 
(ar — aa) eroa (a a) h 


But 
ð a 1 x 
(or — aa) ayer (— ae) =O 
so that u * v is indeed a solution of the heat equation. 


On the other hand, since (2 Vrt)! exp (—x?/4t) converges in the 
sense of generalized functions to (x) as t— 0 (see Section 2.5, Example 2), 
it follows from the lemma on the continuity of the convolution that 


1 x? 
u(x, t) = p «exp (— Fr) +p *8 =p, 


Wat 
as asserted. 
Now let 
Ou f] 
aP la" 


be any differential equation with constant coefficients. We may now 
state Cauchy’s problem: To find the solution to this equation (i.e., 
a generalized function depending on the parameter t) which at t = 0 
is equal to a given generalized function u,(x). The particular solution of 
Cauchy’s problem which at t = 0 is equal to (x) will be called the 
elementary solution of this problem and will be denoted by E(x, t). For 
the case of the heat equation (2 V7t)-! exp (—x?/4t) is such a solution. 


5.4 Convolutions of Generalized Functions lil 
If the elementary solution is known, Cauchy’s problem with initial 


condition u(x) may be written, assuming that u(x) has bounded support, 
in the form of the convolution 


u(x, t) = E(x, t) x u(x). 


Indeed, for t > O we have, on the one hand, 


lar -e leo 


= Š [E (xt) x (0) — P(Ê) IEC, #) + u) 


LEG u uda) — (2) Bes D sa 
OE 


= 5 p? SJE] * u(x) = 0 * u(x) = 0, 


and, on the other hand, 


lim u(x, t) = [lim E(x, t)] * u(x) = 8(x) * u(x) = ula), 


as asserted. 
We may consider also the more general linear equation 


ô ô 
P|- > Gy) Met) = 0 (5) 
of, say, mth order with respect to ż, still with constant coefficients. 
For this case Cauchy’s problem is to find the solution u(x, t) of (5) 
which satisfies the initial conditions 


24S 0) 0) _ o™—lu(x, 0) 


u(x, 0) = u(x), U(X), es hia Um—(%). (6) 


We shall call an elementary solution of (5) a solution E(x, t) which 
satisfies the initial conditions 


= OE (x,0) _ om E(x,0) 
E(x, 0) = 0, a = 0, cory ~ gme =0, 
om—-1E(x, 0) 9 
2r TEl, 0) _ 8(x). 


ot™-1 
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If the generalized function u,,_,(x) has bounded support, the solution to 
Cauchy’s problem for Eq. (5) with initial conditions 


ôu (e O ia e ag A sis) 


u(x, 0) = 0, otm-2 et™-1 





can be written in the form 
u(x, t) = E(x, t) * Um_4(*). (9) 
This form is also valid for any u,,_,(x) if E(x, t) has bounded support. 
Indeed, our function u(x, t) is, on the one hand, a solution of (5), 


since the differential operator P(0/é@t, @/@x) can be applied to E(x, t). 


Further, as t > 0, we have 
u(x, t) > E(x, 0) * um_3(x) = 0, 

du (x,t)  @E(x,0 

ago EGO, ma 


a™—lu(x, t) a1 E(x, 0) 


ae Bema * Um—y(X) = Um_y(X). 


Example. Consider the vibrating-string equation 


Ou eu 
te (— œ% <x < %). (10) 
We wish to show that the elementary solution of Cauchy’s problem 
for this equation is 
4 for |x| <t 
ene ae , 
E= 0 for |x| >t. 


Indeed, for fixed t > 0 we have 


OE (x, t 
ZE (x, t ; A 


and for fixed x we may differentiate E(x, t) with respect to the para- 
meter #, obtaining 


He) = 18x + t) + 4ê(x — t), 

2E a 
x,t 7 , 

met) ) Z hse + t) — 48x — t), 


which then shows that (10) is satisfied. 
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Further, allowing £ to approach zero in (11), we obtain 


aE (x, t) 
ôt s = ô (x), 
so that the initial condition defining the elementary solution of Cauchy’s 
problem is also satisfied (it is obvious that as t > 0 the solution E(x, t) 
itself converges to zero). 
This leads us to a general formula for solving Cauchy’s problem for 
the vibrating string equation (10) with initial conditions 


a = u(x). 


u(x, 0) = 0, 
According to (9) we have [assuming u,(x) to be a locally summable 
function] 


u(x, t) = E(x, t) * u(x) = f° EE, tjat — £) dé 


=} f mle — Ode = $f" ulnar, 


The elementary solution E(x, t) we have obtained in this case has 
bounded support, so that E(x, t)» u(x) exists for any generalized 
function u(x). 

We may now go over to the most general case in which we are given 
the functions 

u(x, O o7-ly(x, 0 
u(x, 0) = mf), ZED = ayer, a MME) a ale), 

each of which has bounded support (although if E(x, t) has bounded 
support we may drop this last condition). First let v be a solution satis- 
fying the initial conditions 


aro(x, 0) 


m—1 
otk = 0 (k = 0, 1, 2, eo M — 2), on tv(x, 0) 


otm-1 TR Um—a(*), 





then u(x, t) = @v/@t satisfies the same equation but with initial con- 
ditions in which only 8"~*u,(x,0)/dt"-* and &”—1u,(x,0)/dt—-! are 
nonzero. If we subtract from u(x, t) the solution u,(x, t) of the same 
problem with the initial conditions 


u(x, 0) 
are 


am-lu(x, 0) _ "u(x, 0) 


0 (k = 0, 1, 2,...,m — 2), etm-1 orm : 
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we will obtain a third solution ug which at t = 0 will have only the 
(m — 2)nd partial derivative with respect to time not equal to zero; 
moreover, this derivative will be equal to the given function u,,_,(x). 
Similarly, for any k < m — 1 there exists a solution such that at t = 0 
of the first m — 1 partial derivatives with respect to £ only the kth 
will be nonzero, and moreover this one will be equal to the given 
function u,(x). The sum of such particular solutions will then give the 
solution to the general problem. 

Let us use this method to solve Cauchy’s problem for the vibrating- 
string equation (10) with the general initial conditions 


MaD 0) _ 


u(x, 0) = u(x), u(x). (12) 


We proceed as follows. First we find a solution u,(x, t) for the initial 
conditions 


o=o, ZEO 


= u(x). 
We have already seen that this solution is 
+1 
ort) = $f Ede. 


By differentiating v(x, t) with respect to t, we arrive at the new solution 


PED = uy x, t) = Fle + t) + le — t), 


which satisfies the initial conditions 


u(x, 0) = alae ») = u(x), 





Guy(x,0) _ } [Oug(x) ua) 
A eh a r =e 


From this we see that the solution corresponding to the initial conditions 


of Eq. (12) is 
u(x, t) = meto taeae +4 is u (édé. 


This is the celebrated formula of D’Alembert. 

Later (Section 6) we shall use similar methods to obtain elementary 
solutions of Cauchy’s problem for a wide class of partial differential 
equations. 


5.5 Convolutions of Generalized Functions 115 
5.5. Integrals and Derivatives of Higher Orders 


Cauchy’s well-known formula 


ste) = ff. ff ee ede ds 


ain J Oe- ore 


reduces the calculation of the n-fold primitive of a function g(x) defined 
for x > 0 to a single integral. This formula may also be written in’ 
the form 


sult) = a) * oy = 8) « Fe 


where for x < 0 both g(x) and x"— are replaced by zero. 

It would seem quite natural to generalize this formula to the case of 
arbitrary index A and arbitrary generalized function g concentrated on 
the half-line x > 0. We thus define the primitive of order of g as the 
convolution 


sie) = 0) « S. (1) 


This formula holds quite simply for Re A > 0. For other values of A 
we must understand x41/I(A) as the generalized function constructed 
in Section 3.5. Since it remains concentrated on the half-line x > 0, 
the definition in terms of the convolution remains consistent. We shall 
find it convenient to call this generalized function ®,, writing 


| gA) = E) * Dr (2) 
Recalling that 
P, = 8x)  (k=0, 1,2,...) 
(see Section 3.5), we may write 
&o(*) = g(x) * Py = g(x) * (x) = g(x), 
glx) = g(x) * Oy = g(x) » 8%) = g'(x), 


and similar expressions for other orders. Thus Eq. (2) with various A 
will give not only the integrals but also the derivatives of g(x). We shall 
thus henceforth say that the convolution 


g-a =g * D 
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is the derivative of order À of the generalized function g, writing 


dé 
8-1 = Ta E 
The ®, have the property that 
Dı * D, = Drw (3) 
or 
iol xt xitu- 


TO) * TH) TAFA a 


Let us first prove this formula for Re à > 0 and Rep > 0. Since 


wet gle gel (ge 





Ð, x Ø, = —t x = BR d 
euT T eT e S 
and 
hited 
Poe = TFA” 


we need only prove that 


T aa uage — TOL) var 
[ee-e t= ara t; 


We set ¢ = xt on the left-hand side, so that the integral becomes 
1 
whut f pI — byte, 
v . 


and what we wish to prove is seen to follow from the well-known 
relation 
PAT) 


BQ, p) = | ML yide = 


Equation (3) can now be proven for other values of A, u by analytic 
continuation. 

A further implication of (3) is that if g is any generalized function 
concentrated on the half-line x > 0, then 


(g* D1) * D, = g x (Dax O,) = 8 * Dj, (4) 


Setting u = —A we see that differentiation and integration of the same 


5.5 Convolutions of Generalized Functions 117 


order are mutually inverse processes. It follows further from (4) that 


dé d’g ) dbtvg 


dx8 \ day) T dxBty (5) 


for any 8 and y. 
Let us point out some other implications of (3). Replacing à by —A, 
we may write 


d? ae? _ xia 
dxt (Fa ~ (uw — a)’ (6) 
In particular, for u = 1 we have 
d? xz ; 
za 9) = ROF (6) 
Writing » = —k in (6), where k is a nonnegative integer, we find that 
d? x k-å-1 
ger ON) = TOKON) 7) 
If, on the other hand, » — A = —k, where k is a nonnegative integer, 
Eq. (6) implies that 
d? ay (k) 
dxt (ra = ») SAE) (8) 


Example 1. Consider Abel’s integral equation 


1 7 _féyaé 
O= E A 


Here g is given and f is the unknown function. 

In the classical theory’ « is assumed less than 1, which ensures the 
convergence of the integral on the right. We, however, need not make 
this assumption, since the right-hand side can be understood for any « 
as the integral of order à = —a + | of a generalized function f, that is, 
as the convolution 

a(x) = flx) * Da. (9" 


In order to obtain an expression for f in terms of g, we must obviously 
apply the differential operator of order À to the latter. We thus have 


7 See Fikhtengolts, “Calculus,” Vol. III, p. 290 (« = $). See also E. T. Whittaker 
and G. N. Watson, “A Course of Modern Analysis,” p. 229. Cambridge, Univ. Press, 
London and New York, 1943. Hereafter referred to as Whittaker and Watson, “Modern 
Analysis.” 
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f(*) = (@/dx") g(x). The solution is obtained by taking the convolution 
with ®_,, so that 


glx) * Da = (f(x) * D1) * Da = f(x) * (Dı * Da) 
= f(x) * è = f(a). 


Let us assume, in particular, that 0 < a < 1, so that ©, becomes 
the ordinary function [I(1 — a)ļj-'x7* and Eq. (9’) can be written in 
the form of (9). In this case —A = a — 1 and ®; is a singular functional 
so that in general the solution of (9) cannot be written in the classical 
form. If we assume further, however, that g(x) is differentiable, then it 
becomes possible to use the classical form. Explicitly, we have 


(10) 


or in other words 


1 z g'(Ẹ)jd 


This expression was in fact obtained by Abel in solving Eq. (9) with 
a = 4. 

Example 2. Many special functions can be written as derivatives of 
nonintegral order of elementary functions. There exist two such expres- 
sions for the hypergeometric function.’ This function, written F(a, B, y; x), 
is defined for Re y > Re 8B > 0 and for |x| < 1 by the integral 


ro) z s 2 
F(a, B, y; *) = t-11 — t)v-F-1( 1 — tx)-@ dt. 2 
(œ B yi 4) = rere A | to — BPA — ta) (12) 

For the remaining values of 8, y (y 4 0, —1, —2,...) and|*#| <1 
it is defined by analytic continuation or by regularizing the above 
integral (see Section 3.8). Let us write w = tx in this expression. We 
then obtain 


F(a, B, y; x) = Tere ae i wP-(1 — w(x — w)”-P-1 dw, (13) 


which we may write in the form 
x-1 . de» x81 — xt 
Toy eena = aes T) 


8 See Fikhtengofts, “Calculus,” Vol. II, p. 793. See also Whittaker and Watson, 
“Modern Analysis,” p. 293. 


(14) 
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Thus [x’-1/I(y)] F(a, B, y; x) is the derivative of order B — y of the 
function x8-(1 — x);*/I'(B). This may also be written in the convolution 
form 

ar- F( B . x) Le a * xf = x)" (15) 
a f(a, By y; = Som Sm 
Ty) ”? TO-A T® 


Another expression for the hypergeometric function as a derivative 
of nonintegral order can be obtained by writing w = «(1 — t)/(1 — tx) 
in the integrand of (12). This gives 
Py — x) -e 


Mo Pw) = Arg Ba 


| p wr-P-1(] — w)er(x — w)P-1 dw. (16) 


In other words, 


ill 0 eae ay dB ped — ayer 
Sg) = ae are ee (17) 


By comparing (14) and (17) we obtain the well-known relation 

F(a, P, y; %) = (1 — x)r-*- Fly — a, y — P, y; x). (18) 

An interesting relation for the hypergeometric function is implied 
by the previously derived Eq. (5) 

dé (45) = dP+yg 


at (de) get (19) 


Let us take the derivative or order —ô of both sides of (14). This gives 





5 ey roan] - 3 oe) 
= Fea he B,y + 85%). (20) 
In integral form this is 
Fla Bry + 8:3) = pee iy | WF B y; u) (x — wm) Ade 
= Tome waq — w)?-1F(a, B, y; xw) dw. (21) 


This formula will hold for all values of a, 8, y, ô, if we understand the 
integral on the right in the sense of its regularization (see Section 3.8). 
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The differential representations of the hypergeometric function in 
(14) and (17) may be used to establish the conditions under which the 
function is a polynomial or a polynomial multiplied by (1 — x)?. 

Let 8 = —k, where kis a nonnegative integer. Then x6-1/I'(B) = 5)(x). 
Thus (14) becomes 


x F(a, — k, y; x) do 


To) — dY ” ta Pa x-8 (x)]. (22) 


Now the expression? (1 — x)~*5)(x) is a linear combination of delta 
functions and its derivatives: 


a — ajaa) =F (— 1C; Ge. (23) 


According to (7) we have 


Js BG] = A: 


Insertirig (23) into (22), performing the required differentiation, and 
cancelling out x’-1/I(y), we arrive at 


k 
Fla, — k, y; x) = 2 (— yey r) ree m) xr (24) 


(where y need not be a negative integer or zero). The function 
F(a, —n, y; x) is called a Jacobi polynomial and is denoted by 
G(a, —n, y; x). It follows from (18) and (24) that if 8 — y =n is a 
nonnegative integer, the hypergeometric function becomes 


F(a, y + n, y; x) = (1 — x)-*-"G(y — a, — n, y; x). 


From the symmetry relation F(a, B, y; x) = F(B, a, y; x) we may 
obtain a similar relation for the cases in which « and y — a are negative 
integers or zero. 

Let us now treat the hypergeometric function as a function of y. 
From (14) we see that it may have a singularity if y is a negative integer 
or zero. At y = —n the I(y) function has a pole with residue (—1)"/n!. 
If « or $ is also a negative integer or zero, for instance if 8 = —m but 
with m < n, according to what we have said the hypergeometric function 


® This product is well defined, for since 8‘(x) is concentrated on the origin, we may 
replace (1 — x)-% by an infinitely differentiable function equal to (1 — x)-% in a neighbor- 
hood of the origin. 
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degenerates into a polynomial. If, however, this condition is not fulfilled, 
it has a pole (as a function of y) with residue 





(25) 





(= Ay" ge ee — 8)59) = (1) dY F(a B, 1; 2) 
nl axe \~ TB) n! iii l 


Let us now consider the Bessel functions!® and show that uP/2 J (Vu) 
can also be represented as the derivative of nonintegral order of an 
elementary function. Recall that for Re p > —4 we may write 


24.2)" 


TO + P) Va ii (1 —= t2)p-t cos zt dt. (26) 
3 mT 0 


J) = 


For other values of p we may understand this integral in the sense of 
its regularization. We now set zt = w, which gives 








= 2 Bs 2 — q2\p-t 
J,(2) = OTe 1 p Va f, (z w?)?-? cos w dw, (27) 
or 
h _ ct (u — v) cos Vu 
2-V/ uP? J (Vu) = sGD ve dv. (28) 
This may be written in the form 
> er d-?-t bcos Vu 
Dov wr] (Vu) = 7 | Ta le (29) 


Let us now take the derivative of order —q — 1 of both sides of 
this equation. Then 








d-r-4-ł pcos V/u 
Era 
= 2ptet+l Va ut p+e+) Joraa( Vu). (30) 


heyz we] (Vu)] = 


du-¢-1 u-r-a-Ẹ 


In integral form this equation reads 


2o+lytto+a+D J (Wu) = i Í vt? (Vv) tee Sh, dv. (31) 


10 See Smirnov, “Higher Math,” Vol. 3, Part 2, Chapter VI, Section 2. See also G. N. 
Watson, “Treatise on the Theory of Bessel Functions.” Cambridge Univ. Press, London 
and New York, 1922. 
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The substitution u = x?, v = x? sin @ transforms (31) to 


xal $a NeoN 
J oteti(*) => Tq + 12 f J sın 8) sin? +1 @ cos2¢+1 9 dé. (32) 
0 


This is called Sonin’s integral, since the expression was obtained by 
N. J. Sonin (Sonine) in 1880 for nonnegative integral p and g. 


6. Elementary Solutions of Differential Equations 
with Constant Coefficients 


6.1. Elementary Solutions of Elliptic Equations 


Consider a linear differential operator L(@/@x,, ..., 8/8x,) of order 2m 
and with constant coefficients. Let L, be its principal part, that is, the 
sum of terms which contain only derivatives of order 2m. We shall call L 
an elliptic operator if, when each partial derivative 0/8x, in L, is replaced 
by a number w; the polynomial L,(a,, ..., wn) obtained is nonzero for 
w = (a, e Wn) Æ 0. 

The equation to be solved is 


a a 
a ine Fm cat aeey Xp) = 8%) vay My) (1) 


We shall do this in the following way. 
1. Replace the 6 function on the right-hand side by 


a S 
QTA + $n)’ 


which according to Eq. (9) of Section 3.9 is equal to the delta function 
for A = —n. 
2. Expand 
2rå 
QTA + $n) 


in plane waves [i.e., write it according to Eq. (4) of Section 3.10]. It is 
then represented as the average over all directions w = (w1, ..., wp) of 
a function of the form C | wx +... + w,x%, |4% We then solve the 
much simpler differential equation which has | wx + ... + wy, |? on 
the right-hand side instead of the ô function. 
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Thus, proceeding, we write (1) in the form 
ð é 2r? 

Li, eo spu = — a, 2 

(ax a)" TAA + $n) @) 


which yields (1) when A = —n. 
Using Eq. (4) of Section 3.10 to represent the right-hand side of 
this, namely 


2r4 1 


Orain Qt rdaALb ve + ont lido. (3 
QIZA + $n) Qurt- (4A + p f wii +... + när |? dw. (3) 


If now we solve 


ð ð | wt +... + wad |? 
I A EA Ne Ee e E E 
(az i za)” Qyrt™-Y (4X + 4) (4) 


for v, a function depending only on £ = a,x, + ... + wpX,, We can 
write the solution of (2) in the form 


U(Xq, soes Xp) = if V(w4X1 +... + WyXp)dw. 


Now the solution of (4) reduces to solving an ordinary differential 
equation, for when applied to o(f) = v(x, + ... + w,X,_) the partial 
derivative operator may be written 


Oe ee 
ax, OF JE 


When this is done, the ordinary differential equation of order 2m for 
v(é) obtained from (4) is 


jd: Ayaan 3 
L(o ae wn z) = Orinda 4 p (5) 


The right-hand side of this equation depends on A in addition to é, 
while the coefficients on the left depend on the w; Consequently v 
depends on é, A, and w. We shall thus write 


v= Volé, à). 


Let G(é, w) be an elementary solution of (5), so that 


L(y a ars AG, w) = &(é). 
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Then 

vl) = 4 GE edintes O 

Q,nt-V TEA + $) 4-0 
and 
U(X, oes Xn) = Í Do(y%1 +- + Onn, A)dw. (7) 
Q 

To obtain the desired elementary solution of (1) we set A = —n in 
(6) and (7). 


A particularly simple result is obtained when the dimension is odd. 
For this case we have 


|7 É = C8) (n), 
TGA + P l-n 
so that 
a"-1G(E, 
vulë, — n) = CE) 8) 


Hence in the case of odd dimension the elementary solution of the 
elliptical equation (1) can be written in the form 


n—1 
us ny %) = Cy f Bet G(E, wdw. (9) 


Here £ = wx, + ... + wx, and G(&, w) is an elementary solution for 
the operator L(w, d/dé, ..., w, d/d&). It can be shown that 


ies (= 1)ee-v 
+ Q,(Qn)t-D +1 +3. (2 — 2) ° 





Speaking more rigorously, the existence of the convolution of Eq. (6) 
and the ability to integrate (7) has yet to be established. The simplest 
and most direct way to do this is to obtain an explicit expression for 
G(é, w). We shall, however, proceed differently. We shall avoid the 
existence problem and present a different method for obtaining v.(&), 
a method that leaves no doubt as to the possibility of integrating over 
the unit sphere. 

Note that if the generalized function v(€) depends continuously on 
several variables, so does its derivative of any order with respect to & 
(see Section 2). If, moreover, v() is a solution of L.v(é) = f(E) (where 
L; is a differential operator with constant coefficients), its derivative 
w(¢) = dv(é)/dé is a solution of Lzw(é) = df(é)/dé. We note also that 
if two generalized functions v,(é) and f,(é) depend continuously on a 
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parameter A and if for A # à (in a neighborhood of Aq) va( £) is a solution 
of Lv) = fa(g), then va (£) is a solution of Lva (£) = fa (£). 

Let us assume first that Re A > 0. Then the right-hand side of (5) 
is a continuous function of £, and that a solution exists is known from 
classical existence theorems. Further, for Re A > 0, the right-hand 
side depends continuously on A, so that v also depends continuously 
on A. Further, the coefficients on the left-hand side of (5) depend 
continuously on w (with Xw}= 1), and the leading coefficient 
Lwi- @,) has positive minimum modulus, for the operator is 
elliptic. Therefore v also depends continuously on w. In particular 
v depends on A and w continuously in the sense of generalized functions. 

We may now note that when A + 0 double differentiation with respect 
to £ of the right-hand side of Eq. (5) reproduces it (up to a factor of 2A) 
with index reduced by two. Then according to the preceding remarks 
we can obtain a solution of (5) depending continuously on w for all A 
by multiple differentiation of a solution v,(€, A) corresponding to Re A >0 
and, if necessary, by passing to the limit. 

For the case of odd n we start by differentiating v,(£, A) for A = I. 
Its second derivative is G(é,w) up to a factor, since the right-hand 
side of (5), up to a factor, becomes 6(€) when A = —1. Further differen- 
tiation yields Eq. (8). 

For even n the solution v,(&, A) is found for small positive À and 
then doubly differentiated with respect to and divided by A; then A 
is allowed to approach zero. The result yields a solution of (5) 
corresponding to A = —2. Further differentiation will give v,(&, A) for 
A= —4, —6,.... 

Let us consider in more detail the case of a homogeneous elliptic 
differential operator L = Lẹ The ordinary differential equation (5) in 
this case becomes 


lé |? 
(2m) = -r 
Lor u oO = Tora 4D 
so that 


Kik 
Q "YD T(E + 4)L(w, r.. Wn) . 





vem) = 


To find o(£), we need only integrate the right-hand side of this 
equation 2m times. As we have shown in Section 3.4, the result is 


nade 1 a ( | d [Aten = 
9 = Dr + DL, so) l AF Do AF am) + AO 
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where 
£2m—2k 


Qé) = 2, Gk i Gm IAI EH 


Thus the solution of Eq. (2) when L is a homogeneous elliptic operator 
is given by 
$ ee 
DITA LD 


U(X e Xp) = 


f Leos F oe F nity [MP dw 
xf ee at rim tlen) y do 
In particular, for A = —n this formula will give an elementary 


solution of a homogeneous elliptical differential equation of order 2m. 

Note that the integral over the unit sphere Q of each term in Q,(&) 
is a polynomial of degree less than 2m and therefore satisfies the equation 
L(x, ..., 8/8x,) u = 0, so that we need include in the elementary 
solution only that term in this expression which is required for the total 
function obtained, not to have a pole at A = —n; all other terms may 
be dropped. 

Let us analyze the form of the elementary solution in more detail. 
We shall consider separately the cases in which the order of the equation 
is no less than and less than the dimension, i.e., the case 2m > n and 
2m < n. Let us first treat the former. We shall need further to consider 
even and odd n separately. For odd n and 2m > n we may pass to the 
limit in (10), obtaining the expression 


(= Lyte | w% + ... + yXy [m-n dw 


Xn) = Ary Om— n) lo Loy, ce, @n) (11) 





U(%Hy, -o 


for the elementary solution. We have dropped the polynomial Q,(é), 
since in the limit it serves no purpose. 
For even n and 2m > n, to obtain a finite expression for A = —n 
we must add to 
|D one 


A+ 1)... A + 2m) 


[2 


that term of Q,(€) which contains the factor 1/(A + n), namely 


E2m—n 


(n — 1)! (2m — n)! (À + n) ` 
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Then as A —> —n, the sum 


| d | A+2m E-ntem 


OFI.. A+ 2m) '@—DiGm—mlarn 


approaches 


at I SE 
(n — 1)! (2m — n)!’ 


and the elementary solution is given by 


U(X1) sees Xp) (12) 


Rete (os 1)te-1 f (wt + o Wy Xp)?" In | wt + H Onn | do 
(2z)” (2m = n)! Q Lion, e. Wn) i 


Note that when the order of the equation is no less than the dimension 
of the space, the integral over the sphere converges and the Green’s 
function becomes an ordinary (not a generalized) function of the x; 
continuous at x, = 0 (i = I, 2, ..., n). 

Let us now consider the case in which the order of the equation is 
less than the dimension of the space (that is, 2m < n). 

In this case we have 


[lees fA Gol ala Les) ree 


Adit Dine” G me Ty 
for odd n, and 





| ld [a+2m = | d |[-2+2m 
IGA +b) li-n Tin) 


for even n. 
Consequently for the elementary solution for odd n and 2m < n, 
we obtain 


dw 


u(x ‘k= Iie) §(n—2m—1) 7 
19 28% n) = Hry Í, (wx + eve + WyXn) Llor, ae w ’ 
(13) 
and for even n and 2m < n, the expression 
U(xy, see Xn) 
_ (=1) (n— 2m — 1)! sam ae 
Se es [ler te + ent rm (14) 
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It can be shown that the elementary solution u(x, ..., x,) of Eqs. (11) 
to (14) is always an ordinary (not generalized) function with the following 
properties: at x Æ 0 it is analytic, and in the neighborhood of the origin 


z ei O(r?"-”), if m odd or ifn even and 2m < n, 
uiy ee An) = | O(P?"-" lnr),  ifnevenand2m > n, 


where r = VÈ x?; further, if 2m > n, then u(x, ..., x,) has continuous 
derivatives of all orders up to 2m — n — | at the origin. 


Example. Let L(0/8x,, ..., 0/Ox,) = (07/Ox} + ... + 07/8x2)"™ be the 
Laplacian operator raised to the mth power or iterated m times. Then 
on Q the polynomial L,(w, ..., wn) = (È œF)” is equal to one. The 
integrals in (10) and (11) can now be calculated by using Eq. (3), and 
for both 2m < n and odd n with 2m > n we obtain, up to a propor- 
tionality factor, 


ufa) = Cpp?" 


If 2m > n and n is even, we transform to spherical coordinates in (12), 
obtaining 


= 7 y2m-n tt y2m—n 
u(x) = Chr Inr + Ch mn, 


The second term may be dropped, as it is a solution of the homogeneous 
equation 4" = 0. 


6.2. Elementary Solutions of Regular Homogeneous Equations 


Consider the equation 


ð ô ð 
L’ Ox,” a a) U(Xi, oes Xn) = O(%, s Xp), (1) 


in which L is a differential operator such that if each @/0x, is replaced 
by w, we obtain a homogeneous polynomial of degree m.1 We shall 
assume that the cone L(w,, ...,w,) = O contains no singular points 
(except the origin), i.e., that for L(w, ...,w,) = 0 and Zw} 4 0 the 
gradient of L(w,, ..., w,) does not vanish. Then Eq. (1) and the operator 
L(é/@x) itself will be called regular. 

In Section 6.1 we treated the elliptic case, in which m is even and, 


1 Recall that in Section 6.1 we denoted the order of L by 2m. 
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most important, L(w,, ...,w,) Æ O for Eœ} #0. Formally, we may 
use the same procedure as in that section to arrive at 


Tan (> x.) dw 
ao La, ...,@,) ° 
where Q is the unit sphere (hypersphere) Ez w? = 1, dw is the element 


of area on this sphere, and the fmn are given as follows: for n even and 
m >n, 


(2) 


U(X, +65 X_) = 


Gi 
Sn(*) = Ory (m n) 


xm" In| x [5 (3) 


for n even and m < n, 
(— 1)" (n — m — 1)! 





Snn(*) = a anom, (4) 
for n odd and m È n, 
Ce a 
Jml”) = Hany" aa an (5) 
for n odd and m < n, 
(= 1)ben—» (n—m—1} 
Smn{*) = (2r) 8 (x). (6) 


But now the integral of (2) will in general diverge, since in general 
on Q there exists a manifold P on which L(a, ..., wp) = 0. 

If L is a regular operator, however, so that P contains no singular 
points, the integral of (2) can be regularized in the following way: 


fon (Eren) 


U(X, e Xn) = Dy eRe dw = lim U(X, e Xp), 


U(X, mae D E | fran (ses) der 


a, Lay, «1 wn) 


where 
(7) 


Here Q, denotes the set of points on the unit sphere such that 
| L(w,, ..., On) | > €. 

We must first show that the generalized function u, converges, that 
is that for any g in K the limit 


lim (te p(x sees Xn) ) = (u, p(x, sees Xn) ) 


exists. 
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Note that each of the definitions (3)-(6) of the f,,,,( © x,;;) implies 
that the (fmn, p) are infinitely differentiable functions of the w, This 
can be verified by a simple change of variables in the integral expression 
for the ( fan, p) Which transfers the w;-dependence to the argument of g. 

Let us denote ( fn( 2 xw), p) by 7(w, ..., wn); we wish to show that 
the limit 


7(04, <., Wn) dw 


lim = (u, p) 


<0 Jo, L(w, e.s wn) 
exists. To do this we write r = Eg r, where each of the 7,(wy, ..., wn) 
is an infinitely differentiable function and vanishes outside a sufficiently 
small region S;. We need consider the integral only for those 7; such that 
the closure of S; has nonempty intersection with P. We may thus assume 
that each r; for which we wish to establish the existence of 


f rdw 
lim f 
e0 Qe L 





will vanish outside a sufficiently small neighborhood of some point A 
belonging to P. Now on P, and therefore also at A, the gradient of L 
is nonzero. Consequently at least one of the derivatives L/w; fails to 
vanish at A. Further, since È w? = | at this point, at least one of the 
w; fails to vanish. To be specific let us write €2L/8w, 4 0 and w, # 0. 
Then at we may introduce the coordinate system L, wa ..., w,_,. In 
terms of these coordinates dw may be written 


dw = I(L, wp ..., Wy—1) ILdwy ... dwp, 


where I(L, way, ..., “na is a smooth function. We may now write 


ie Ti, ++) Wn) weey Wy) dw 
L (a4, «+, p) e.. Wy) 


oe dwn 


£ f f TAL, wa, +++) Wy) I (L, we, «+65 @n—1) dL dais 
ee ee 
Ne 





= J- Mas. TL, wo, +++) Wn-1) a Wg, v0) Wn) s E ae 


Since as e— 0 the integral fizj>.r,ldL/L approaches its Cauchy 
principal value, this expression has a limit. Then by taking the sum 
over 7 we finally prove the existence of 


lim rws +205 Wy) dw 


= li : 
«90 Ne Lw, e., wn) am (tes p) 
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This proves the existence of the Cauchy principal value regularization of 


$ 7(w4, e, Wy) dw (8) 


Lay, v5 n) 


But every regularization of (8) will in general define a different gener- 
alization of Eq. (2) by 
(Sms P) dw 


u, Xis sees Xy, a i 
( g 1 )) 2 L(,, ee., Wn) 


where the integral is understood as the particular regularization 
being used. 

For our purposes, any regularization will do, so long as it has the 
property that if r and 7, are infinitely differentiable functions such that 


7(04, e Wp) = L(wy, ..., @y)7y(Wy, o Wn)s 
then 
r(w, e., wn) dw pat 
I, ie aay f o T(n 9 n) do. (9) 


Two regularizations which satisfy this condition will differ from each 
other by 


| t(s san on) dp, (10) 
P 


where P is, as before, the set on the unit sphere 2 on which 
L(w,, - wn) = 0, and u is a measure on this set. 

Indeed, all regularizations of (8) that satisfy (9) will give the same 
result for any r which vanishes on P (since any such 7 can be written 
r=r,L). The difference between two regularizations cannot depend 
on the values of r off P or on the derivatives of r on P, so that it must 
be of the form of (10). 

Further, two different regularizations of (2) which satisfy condition (9) 
can be shown to differ only by a solution of the homogeneous equation 


L(g wen = 


)u=0. 


Indeed, the difference between two such generalized functions can be 
written, according to (10), in the form of the functional 


Sis a Xn) = [fmm (Erw) du. 
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Applying L to this expression, we have 


(2 a Fe) wen Ba) = f Loon ns coh fie( SY He.) du, 


OX, 


and since the integral is taken over P (where L = 0) it vanishes. 

We have yet to show that the integral of (2) is indeed a solution of (1). 
We proceed by applying the differential operator L(@/Ox,, ..., 8/0x,,) to 
Eq. (2). This gives 


Le, ws =] ulan 2) = ffm (Eyre) dos 


3 
ôx 


We now make use of Eqs. (3)-(6) for the fmn and the plane-wave expan- 
sion formulas for the ô function (Section 3). Then for n even we have 


Le a Z u(y, «+1, Xp) 


for n odd we have 
ð ð 
Lae sai ET U(X, «+, Xn) 


£ oO | i 5in1) (Er) dw = 8x, «5 Xn). 


Thus if the cone L(a, ..., w,) = 0 has no singular points, Eqs. (2)-(6) 
will in fact give a solution of L(@/dx) u = 8(x). 


6.3. Elementary Solutions of Cauchy’s Problem 
Consider the differential equation 


P+. oe m eux (1) 


of order m in the variable ż. 
Somewhat later we shall formulate the restrictions we wish to place 
upon this equation. Here we wish to find the elementary solution of 
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Cauchy’s problem for it (see Section 5.4). In other words, we wish to 
obtain a solution u(t, x) satisfying the initial conditions 


ou(O, x) __ 
a 


o"—1u(0, x) 


u(0, x) = 0, roe 


C0 ees = &(x). 

We shall solve Cauchy’s problem for Eq. (1) in an arbitrary number 
of independent variables by reducing it to Cauchy’s problem in two 
independent variables. We shall assume further that the differential 


operator 
f] f] f] f] 
Pa (ar> el =P n. ne wne) (2) 


is such that Cauchy’s problem for the equation 


ô ô 
Pa (ar> Gg) te =? ©) 
is well posed. 
We now proceed to obtain the elementary solution to the problem 
stated. 


Recall (Section 3.9) that 
2r4 
ô = m 
©) = Orga 4 Fa linn. 


and consider Eq. (1) with the initial conditions 








ku 
Goh =0 k = 0, 1,..., m — 2), 
otk 1=0 ( ) 
omy 2rł 
Z f 4 
a" lio QTA + Fn) 2 





As before, we write 


2r4 1 


QTE + $n) Qk VTE + F) ~e + entty deo. 
QATA + $n) Q,nt™-UT(4. + 4) J wt + o H Wy Xp, idw 


We shall solve (1) with the initial conditions of (4), except that the last 
condition will be replaced by 


1 
QOH 





| wxi wee H wnn |4 


Let us write the solution to this problem in the form 


u(t, é, à) = Uolt, w% + o + Wn¥n, A), 
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which leads us to the following two-dimensional problem: to obtain 
the solution u,(t, £, A) of (3) with the initial conditions 


Ou,(t, E, A) 


an =0 (k=0,1,...,m— 2), 


t=0 





alu g(t, £, A) 
arnt 


1 
t=0 z Q,rk OT (SA + 3) 





| € |. (5) 


Then the elementary solution of our initial Cauchy problem for 
Eq. (1) will be written in the form 


u(t, x) = f Uolt, kwy + ... + nwy — N) dw. (6) 
Q - 
We have set A = — n, since it is for this value of A that 
2r4 


2,03 + 9M) 


becomes the delta function. 
Now u,(t, £, A) can in turn be expressed in terms of the elementary 
solution G,(t, £) of Cauchy’s problem for Eq. (3), namely 


1 


u(t, £, À) = Omia Dr +) + D 


f Ce-i 0 


A particularly simple formula is obtained when the dimension is 
odd. For this case we have 


d™1 
u,(t, é —n) =C JET G,,(t, £). (8) 


In general the elementary solution u(t, x) of Cauchy’s problem for 
Eq. (1) is given in terms of G„(t, £) by 


For the case of odd dimension we obtain the simpler formula 


(= Din MGn — 9)! 


u(t, x) = Omia a = Di 


dr—1 
| ea Gelt, Ë) de. (10) 


The differentiation here is to be understood in the sense of generalized 
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functions, and the integration as the integral of a generalized function 
which depends continuously on a parameter. 

We emphasize that the above formulas will hold for all equations 
for which Cauchy’s problem is well posed, for instance, for any parabolic 
or hyperbolic equations. 

If one wishes to avoid the question of the existence of the convolution 
in Eq. (7) and to obtain u(t, é, —m) in a form which makes explicit 
the possibility of integrating it over the unit sphere, one may proceed 
by considerations similar to those brought forth in Section 6.1. We shall, 
however, not go into this here. 


THE SOLUTION oF CaUCHY’S PROBLEM FOR HOMOGENEOUS HYPERBOLIC 
EQUATIONS. THE HERGLOTZ-PETROVSKII FORMULAS 


Let us consider in more detail the hyperbolic case of an equation 
containing no derivatives of order less than m. 

A homogeneous operator P(0/ét, 2/Ox) = P(0/at, 8/Ax,, .... 8/Ax,) is 
called hyperbolic if for any values of w,,....w, such that Lew} = 1, 
the mth degree equation in v 


P(2, oy) ee, 0n) = 0 (11) 


has m real and distinct roots. 
For such an operator we again consider the problem 





ə ə 
, $ (ar a) =? (12) 
with the conditions 
aku 
Er = 0 (k =0, 1, ..., m — 2), 
t=0 (13) 
om—ly _ 2r4 
amt |, TGA + He) 





As we have said before, this problem reduces to solving the one- 
dimensional Cauchy problem 





f) f) f) f) f) 
P> zE) e= P 1 Be on Fe) He = 0 (14) 
with the conditions 
uy 
a |, =° (k = 0,1, .., m — 2), 
g (15) 
au |é |? 





orm-1 
t 


a  Qant OTA + 4) 
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It is easily shown that any function of the form f(X x,«; + vt) will 
satisfy (12), where v; is any root of the algebraic equation (11). Since 
(12) is hyperbolic, all these roots are real and distinct. It is seen that 
this solution represents a plane wave propagating at velocity —v,. 

We shall attempt to find a solution of Eqs. (14) and (15) in the form 
of the sum of similar plane waves 


u(t, > natr) = LZ, Xw + vt) (16) 


propagating at different speeds v,, The sum in (16) is taken over all the 
roots of (11). According to the initial conditions, the c, and f are given by 


È co =9, > ov = 0, «4, D, coz" * = 0, È eosl, 


1 
(m-—1) = 4 
pO) = Ferd h |! 


(17) 





This gives 
1 
(V; — V) e (V; — Vj) (V; — Vipi) - (U; — Um) 





(18) 


C; = 


To obtain f(€) we must integrate | é |? a total of m — 1 times. This 
gives 




















I | EJM (sgn gym! 
7 OD Üm D , (9 
© Qt TAN + 4) (A + 1) eee (A +m — 1) + Q£) ( ) 
where 
[$ (m-1)] gm—2k-1 
2x) = kai (Qk — 1)\(m — 2k — 1)(A — 2k) (20) 
(cf. Section 3.4). 
We thus obtain the explicit expression 
1 
k 
a(t > w x) Qt TSA + 3) 
atm) m-1 
x > c; | 5, OX, + Vit [sen( >, wr + v,t)] 
j=l (A + 1) (À +2)... (À+ m -— 1) 
(21) 


+ oF wX + ot) 
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for the solution of Cauchy’s problem stated in (14) and (15), where the 
c; are given by (18), and the Q,(€) are given by (20). 

The solution of the original Cauchy’s problem stated in (12) and (13) 
is obtained from (21) by integrating over the unit sphere Dw} = 1: 


u(t, Xis aae, Xp A) = f ` u(t, > con) dev. (22) 


By setting A = —n in this equation we obtain, as before, the elementary 
solution of Cauchy’s problem. 

Now it is just by chance that the integral in (22) is over the sphere. 
Some other surface would do as well. For this reason we shall change 
this expression to a form which is more closely related to the essential 
aspects of our problem. 

Equation (21) shows that the xa in (22) is the sum of m terms. 
Consider the jth of these, namely 


en [sen( >) XpWp~ + va) 


— + al Xr + vst) 





|E ween + oy! 
Cj 
(A+ 1) (A + 2)... (A + m — 1) 





In taking the integral over 2 of this term, let us make the change of 
variables w,/v; = ¢;. Our aim is to replace the integral over Q by an 
integral over the hypersurface P(1, é, ..., En) = H( £z, «... En) = 0. Now 
for each fixed set of w; the equation P(v, w,, ...,@,) = O has m distinct 
roots uv; Since these roots depend continuously on the w; we may 
follow the motion of one of the roots as we vary the w; As these are 
varied, the point they describe runs over 2, and the point (I, é, ..., En) 





Fic. 5. 
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runs over a component on the surface P(I, é, ..., én) = 0. Every such 
component is of one of two kinds: when the w, are changed into their 
negatives, the corresponding root v; either (1) is transformed into 
another root vy or (2) returns to its initial value. We shall call components 
of the first kind “ovals,” and components of the second kind “unpaired 
pieces.” It can be shown that if the equation is of even order 
P(1, £,- En) = 0 consists of m/2 ovals, while if m is odd it consists 
of (m — 1)/2 ovals and one unpaired piece. We shall restrict our con- 
siderations to the first case (Fig. 5); the second can be treated similarly. 

Thus we assume that when the w; run over Q, the point (1, &, ..., En) 
runs over an oval belonging to two different roots v; and v,. Consequently 
when we add up the integrals over 22 corresponding to different terms 
in (21), we obtain twice the integral over H(£,,...,&,) = 0. Let the 
element of (hyper-) surface area on H = 0 subtended by the same 
angle as dw be denoted by do, and let » be the angle between the 
normals to do and dw. Then clearly 


j | cos p | do | E EH | do 
w = —— = c. 
|é! | € [P | grad H | 


The c; are given by 


1 1 
(0; — Dy) oe (V3 — Viz) (Vi — Vipa) e (Os — Um) oP ` 
ov 


v= 05 


Gj = 


Since P(v, w,, ..., wn) is a homogeneous polynomial, we may write 


oP 
"1 oy 





oP 
+ > Or Boop = mP(v;, Wy seag wn) =0 


v=vj 
[for v; is a root of Eq. (11)]. Thus 


1 a v; 
z oP 
2, * Ow, 


Now replacing wp by v,£, and P(1, &, ..., En) by H(&, -> En), we have 





ĉi = JP 


dv 








v=vj v=v; 


rs (sgn v)" | g m 


Ér Hg, > & Ay, 








CG = — 


a] 
l 


M? |g 


1 
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Further, 


| > Xor + Ut pe [sen i> Xywr + 27) | 
Laiti enon (Side + ‘I 


m1 





= | v; |m- (sgn v)" 


and for any j we have 


(> x0, + ty, 


eo iene 


= ve tet (> x,€, +t 
(= Erte +t 
7 Ié] 


Now inserting the expressions for c}, dw, and the functions of 
È xp, + vt into (22), we arrive at 


m—2k~1 
(sgn v;)"™— 1 . 


2 
QDA + 4) 


DY me +t [oan (Ye +2) 


f ee 
Od aa A+lhA+t2).~A+tm—l) 


xr +t d 
a E 
| grad H | sgn (J, &xHe,) 
By passing to the limit A = —n, we obtain the Herglotz-Petrovskii 


formula for the elementary solution of Cauchy’s problem. For odd n, 
the formula we obtain is 


u(t, u a X,3 A) = 


m1 





a (= tem» 
U(X, sees Xp) = — Iry (m—n—D! 


x es (> Xb + yn [sen ps Xer + i)" w, (24) 


where w denotes 
do 


[grad H sgn ($, aHa) 


We shall analyze similar formulas in detail in Chapter III. 
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In the limit we may (and do) drop the polynomial Q,, since its integral 
vanishes. For even n we obtain 


E 2(— 1)?” 
U(X, -ees Xp) = Ony (m—n— 1) 
m—n-1 ini > Xr +t 


falaa) n Sa 


When the order m of the equation is less than n — 1, these formulas 
for the elementary solution of Cauchy’s problem simplify considerably: 
for odd n we have 


w. (25) 





ull a X_) = oe i §(n—m) (Sade + t) w (26) 


and for even n 


(— 1)» (n — m)! w 


U(X], ses Xn) = r)” N (> yee + aaa s 








(27) 


The affine invariant notation for the plane-wave expansion of the 
delta function [Section 3.11, Eqs. (4) and (5)] with the choice of the 
H = 0 surface as the region of integration could have been used to 
obtain Eqs. (24)-(27) more directly, without referring to the integration 
over the unit sphere. 


Appendix 1 


Local Properties of Generalized Functions 


We mentioned in Section 1.4 that generalized functions can be 
locally defined, that is, that they can be defined in terms of their operation 
on test functions with support in arbitrarily small given neighborhoods 
of every point. 

In this appendix we shall prove this as well as some other assertions 
concerning the local properties of generalized functions, results which 
are of great value for the theory. 

We shall first return to a study of the space K of test functions, and 
shall show that in K there exist functions which take on given constant 
values on given nonintersecting bounded closed sets.: These functions 
can then be used to study the local properties of generalized functions 
in the simplest way possible. 
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A1.1. Test Functions as Averages of Continuous Functions 


We shall show that given any continuous function f(x) (not necessarily 
with bounded support), there exists a sequence of infinitely differentiable 
functions f(x) such that as ê > 0, 


Sals) > f(x) 


uniformly in any bounded region. 
We shall choose the f,(x) to be the averages 


faa) = Ca | __ _ SEE — & Sag (1) 


(æ= &} 


of f(x), where (x, ô) is the function defined in Section 1.2, namely 


62 
Cen (= EET aad = =f g(x, daz. 
0 for|x|>5; ~? hee 


From. Eq. (1) we see that since (x, ô) is infinitely differentiable, so is 
fx). We have, further, 


f(a) — fox) 
=C, |  _ Se — é dé — Cof flow — &, 8) de 
læ—Ẹl <ô læ-4l Sô 
=C] O — Olle — & dye. 
læ—él Sô 


Now f(x) is a continuous function of x, so that for sufficiently small ô 
and for |x — ¿| <ô, the value of | f(x) — f(é)| is less than some 
given e. Thus by suitably choosing 5 we arrive at 


IID =S e Caf ole — 8 DE = 6, 


as asserted. 

In particular, if f(x) has bounded support, then so does f(x); in fact 
f(x) = O outside a 5-neighborhood of the support of f(x). 

If f(x) is constant in a ball of radius 5 with center at x, i.e., if 


Sœ) =f) for |x—x| <ô, 
then i 


fala) = flv) Ca | (e — £, Spd = flea). 
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Consequently if f(x) is constant in a region G, then f(x) is constant 
[and equal to f(x)] in Gs, the region consisting of those points x € G 
such that a ball of radius ô with center at x lies entirely in G. 

We remark also that if f(x) is bounded everywhere by one above 
and zero below, then so is f(x). 

We now show that if F is a bounded closed set and U is an open 
region containing it, there exists a p(x) in K equal to unity on F and zero 
outside of U, and bounded by one above and zero below at other 
points. 

Indeed, since F is bounded, it is contained in U together with its 
e-neighborhood for some e > 0. Let F; be the closure of the (e/3)- 
neighborhood of F, let U, be the (open) (2¢/3)-neighborhood of F, 
and let W be its (closed) complement in the whole of R,. The continuous 
function of x defined by 


p(x, W) = m p(x, y) 


[where p(x, y) is the Euclidean distance between x and y] is positive in 
U, and has a positive minimum p on F,. The new function 


J) = min | p(s, W), 1 


is also continuous, vanishes outside U,, is equal to one on F,, and is 
bounded by one above and zero below at other points. Now the desired 
function g(x) may be chosen as f,(x) with ô = ¢/3. 


A1.2. Partition of Unity 


Consider a given countable covering of R, by open bounded regions 
or neighborhoods Uj, U» ..., Um, ..., and let this covering be locally 
finite in the sense that every point is covered by only a finite number 
of the U;. We wish to construct infinitely differentiable functions 
€1(x), €(X), .--, Cm(X), ... Such that 


(a) 0<e,(%) <1, 
(b) e,(x) = 0 outside of U, k=1,2,...; 
(c) ex) + ex) +... + enla) +... = 1. 


Because of (b), once x is chosen there is only a finite number of terms 
on the left-hand side of (c). The set {e,(x)} is called a partition of unity, 
or more accurately a partition of unity subordinated to the covering {U,}. 
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Such a partition can be constructed in the following way. First we 
note that there exist open neighborhoods V,, Va, ..., Viz, ... which form 
a covering of R, such that V, and its closure Ñ, are contained in U, 
for each k. Indeed, assume that V,, ..., V,_, have been found such that 
V,;CU;, j = 1,..,k—1, and such that V,,..., Vag, Up Upro ++ 
is a locally finite covering of R,. Then the complement to 


VU U Vr- U Urni Us 


is a closed set Fẹ, which is entirely covered by U,. We may choose 
V„ to be any open neighborhood containing Fẹ and contained in U, 
together with its closure; the rest follows by induction. 

Since P, is bounded, it follows from A1.1 that there exists an infinitely 
differentiable function h(x) whose values everywhere lie between 0 
and | and which is equal to | on V, and to 0 outside of U,. Let us write 


h(x) = > hda), 


which is a function that exists for all x and whose values are obviously 
no less than 1. 
We now need only write 





— ha) _ 
(x) = (ce) (k = 1, 2, ...) 
to obtain functions e,(x) satisfying the requirements we have set up. 


Remark. Let {e,(x)} be a partition of unity subordinated to the 
(locally finite) covering {U;} of R,. Then for any g(x) in K we have 


p) = py pa), (1) 
where 
pix) = p(x)e(x) 


is in K and vanishes outside of U;. Moreover, the number of terms 
on the right-hand side of (1) will be finite if we assume in addition 
that each ball | x| < n intersects only a finite number of the U;. We 
note further that if a sequence of functions »,(x) converges to zero in 
K as v — œ, so does every sequence 9,,(x) = p(x) e,(x). 

This result has already been used and will find much application in 
the sequel. i 
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A1.3. Local Properties of Generalized Functions 


In Section 1.4 we made the following definition: a generalized function 
f is equal to zero in the neighborhood of a given point if for every p 
in K with support within this neighborhood, we have ( f, p) = 0. 

In addition we said that the generalized function f vanishes on some 
open region G if it vanishes in a neighborhood of every point in this 
region. This is a typically local definition. 

It is possible to give also another, nonlocal definition of the same 
property as follows. The generalized function f vanishes in a region G 
if ( f, p) = 0 for any » in K with support in a set Q which, together 
with its closure, is contained in G. 

We indicate the proof of the equivalence of these two definitions. 
It is sufficient to verify that the nonlocal definition follows from the 
local one (the converse is obvious). Let us therefore assume that f 
vanishes in G in the sense of the local definition, and let g(x) in K fail 
to vanish only on some set Q whose closure Q is contained in G. For 
every point x€Q there exists, by assumption, a neighborhood U in which 
f vanishes. We may assume without loss of generality that this neighbor- 
hood is bounded. The set of these neighborhoods forms a covering of Ọ, 
and then according to the Heine-Borel theorem there exists a countable 
covering U,, U» ..., Um .... such that every closed ball | x| < n inter- 
sects only a finite number of the neighborhoods U;. According to the 
remark at the end of Al.2, we may write g(x) as a (finite) sum of the form 


P(x) = pi(2) + + Pala) + 


where each ¢,(x) is in K and vanishes outside of U,. Then by assumption 
(J, pu) = 0, so that (f, p) = E(f, gx) = 0. This proves the equiva- 
lence. 

An obvious but very important consequence of this proposition is that 
a generalized function f vanishing in the neighborhood of every point 
is the null generalized function, which means that for any g in K we have 


(f, p) = 0. 


The following consequence may also be noted. If g(x) in K 
vanishes in a neighborhood U of the support F of the generalized 
function f, then (f, ~) = 0. Indeed, according to the local definition 
f = 0 outside of F, and the rest follows from the equivalent nonlocal 
definition. 

We have said that two generalized functions f and g coincide in a 
neighborhood of x, if their difference f — g vanishes in such a neighbor- 
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hood. The proposition we have proven above shows that generalized 
functions which coincide in a neighborhood of every point are equal to 
each other. Thus every generalized function is uniquely determined 
by its local properties. 

This fact can be used to construct a generalized function in its entirety 
when it is defined everywhere only locally. In fact let us assume that for 
every point x, there exists a neighborhood U(x,) such that for every (x) 
in K with support in U(x) the numbers (f, p) exist and are known, and 
that these numbers depend linearly and continuously on g. Let us assume 
further that ( f, p) depends only on ø itself, but not on the particular 
choice of the point x, outside of whose neighborhood U(x,) the function 
g(x) vanishes. Then we may assert that there exists a unique functional 
on K which coincides with f for those y(x) on which the latter is defined. 

We proceed to the proof in the following way. 

Neighborhoods U(x,) of the type described exist, by assumption, at 
every point, and therefore form a covering of R,. Without loss of 
generality we may consider these neighborhoods bounded. As above, 
we make use of the Heine-Borel theorem to choose from this covering 
a countable one Uj, ..., Um» ... which has the property that every closed 
ball | «| < m intersects only a finite number of the U;. According to 
the remark at the end of A1.2, every (x) in K can be written in the form 


ols) = So) 0) 


where each »,(x) is in K and vanishes outside of U,, such that there 
actually appear only a finite number of terms in the sum. The functional 
f is defined for each term of the sum. We now define in general 


(0) =È hod: (2) 


We have clearly obtained a linear functional defined on all of K. 
It is moreover a continuous functional. Indeed, if a sequence of functions 
p, converges to zero in K, so does each p,m(x) for each fixed m (as was 
remarked in Al.2). The sum on the right-hand side of (1) contains 
a fixed number of terms, since the supports of the p, are contained in a 
fixed ball. Therefore it follows that ( f, p,) > 0. 

Obviously, when acting on some œ in K which vanishes outside of 
Um the functional we have constructed coincides with the one defined 
originally, for in this case all the ọ; on the right-hand side of (1) vanish 
outside of U. 
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This implies that the definition of f does not depend on the choice 
of covering {U;} with the required properties. In fact let {V,} be some 
other covering with these properties, and let g be the functional obtained 
from this new covering; then f = g locally, and therefore also nonlocally. 


A1.4. Differentiation as a Local Operation 


We have said that the generalized function f vanishes in a neighbor- 
hood of x, if it vanishes when applied to any function in K whose 
support is in this neighborhood. We shall now show that all the deriva- 
tives of f also vanish in this neighborhood. Indeed, if p in K fails to 
vanish only within the neighborhood U(x,), all its derivatives also fail 
to vanish only in this neighborhood. Thus for any such function we have 


(17) = (Fe) =o 


Ox; 





as asserted. 

This implies that two functionals which coincide in a region G have 
derivatives of all orders which also coincide in this region. 

For instance let f coincide in a region G with a regular functional 
corresponding to a differentiable function f(x). Then af/@x; coincides 
in G with the regular functional corresponding to @f(x)/éx,;. It thus 
follows even for singular generalized functions that when it is possible 
to take the derivative in the ordinary way, the ordinary derivative is 
what we obtain. 

Another consequence is that any functional f concentrated on a set 
F has derivatives af/0x;, 8%f/0x;0x,, etc., also concentrated on F. 

For instance, the derivatives of 8(x — x ) are concentrated on xo (as 
is quite obvious anyway). Given a continuous function which vanishes 
outside a closed set F, its derivatives of any order are concentrated on F. 


It is remarkable that the above propositions can be inverted: 


l. Every generalized function concentrated at a single point x) can 
be represented as a (finite) linear combination of 8x — x) and its 
derivatives. 

2. Every generalized function concentrated on a bounded closed set 
F can be represented for any e > 0 as a (finite) linear combination of 
derivatives of continuous functions which vanish outside the e-neighbor- 
hood of F. 


These theorems will be proven in Volume II (Chapter II, Section 4). 
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Appendix 2 
Generalized Functions Depending on a Parameter 


In this appendix we shall study the properties of generalized functions 
depending on a parameter, particularly when this dependence is analytic. 
These properties are in many ways analogous to those of ordinary 
functions, and many of the proofs are obtained essentially by reducing 
the statements to statements about ordinary functions. Of special impor- 
tance is the theorem on the completeness of the space of generalized 
functions: given a sequence fis fy, ..., f,, ... of generalized functions such 
that every number sequence (f, p) converges, then the equation 
lim, ,.. (fi. p) = (f, p) defines a generalized function. This theorem 
is proven in the Appendix at the end of the present volume. 


A2.1. Continuous Functions 


Let A be a real or complex parameter taking on values in a certain 
region A of the complex plane, and assume that for each A there exists 
a generalized function fı. In accordance with the definition of Section 1.8, 
we shall call f the limit of fı as A — A, if the ordinary function ( fa, ¢) 
approaches ( f, p) for every ọ in K. Then fa is called continuous in À 
throughout A if for every A, € A we have hh, = lim, a, fa 

Let us now turn to the very important question of using continuity 
in À to extend the definition of a generalized function fı. Consider such 
a generalized function f, continuous on a set A and let A, be a limit 
point of A at which f; is not initially defined. We wish to establish the 
possibility of extending fı to A, so as to obtain a generalized function 
continuous on A + Aj. 

An obvious necessary condition is that it must be possible to extend 
the definition of each of the numerical functions ( fa, p) by continuity 
to Ay. This is also a sufficient condition. Indeed, if for any » in K and 
for any sequence A, — Ag, A, E A, the sequence ( fi,, p) converges, then 
the completeness of K’ implies that there exists a generalized function 
f = fa, which is the limit of the sequence fa,. It can be proven in the 
usual way that this newly defined generalized function is independent 
of the choice of the sequence A, — Ap. 

Note further that if fa is a pencralized function that depends con- 
tinuously on A, then its derivatives (with respect to x) are also continuous 
in A. Indeed, as we have seen in Section 2.4, fa, > fa, implies that 


rs) ð 
E —> Gx, fe 
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If a generalized function is continuous in a parameter, then it can be 
integrated with respect to this parameter (cf. Section 3.10). For instance, 
let fı be continuous in A on the rectifiable curve l. We construct the sum 


n 
Sn = J, SrA, 
j=1 


where we have cut I’ into n parts at the points Ao, Àp .... A, and have 
chosen arbitrary points A; in the intervals [Ai Ay]- Now let p be any 
function in K and let max | 4A, | — 0; since ( fa, p) is continuous, the 
expression 


(Sn p) = > (fa, p)4a, 
j=1 


converges to the integral of ( f}, p) independent of the choice of the 
à; or the à; This limit defines a continuous linear functional on K, 
and this functional is called the integral of fı along T. 

It is clearly possible to integrate not only along a curve but also 
over a region of any dimension. 


A2.2. Differentiable Functions 


In Section 3.1 we make the following definition: the generalized 
function g is called the derivative of the generalized function f, with 
respect to X at X = As, if 

tig fai 
£ Aang ÀA — Ao 





For the existence of @f,/8A at A = A, it is necessary and sufficient 
that all the ordinary functions ( fa, p) be differentiable in A at A = Ag. 
The necessity is obvious. The proof of the sufficiency follows. By 
assumption, for every p in K and for any sequences A, — à the limit of 


(fa p) = Sao, p) — fa — fi 
X=, =") 





exists. But then, as was pointed out above, the generalized function 
(fi Ja DACA — Ag), defined for A A Ag, can be defined by continuity 
also at X = ào: In other words, there exists a generalized function which 
is the limit of (fa — fa DICA — Ao) as A— Ag, as asserted. 
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If the derivative of fı with respect to A exists for all à e A, we say 
that fı is differentiable with respect to À in A. 

The higher derivatives and higher order differentiability are defined 
similarly. 

It is easily seen that if f, is differentiable with respect to throughout 
A, so are all the derivatives of fı with respect to x, and further that 


AA Ox, P = 3x, al (1) 


Indeed, for any » in K the ordinary function 


E fo P) ( a e) 


is differentiable with respect to A, and its derivative is 


aÀ z (f E 3) - 


This means that the functional of,/@x, is differentiable with respect to A 
and that Eq. (1) is satisfied, as asserted. 








(Ss a) = (Ge alos) 


A2.3. Analytic Functions 


If À is a complex parameter taking on values in the open region A, 
a generalized function f; differentiable in A is called an analytic function 
of à. Then all the (fi, p) are ordinary analytic functions of A 
throughout A. Conversely, if for a generalized function f, all the 
ordinary functions (fj, p) are analytic functions of A in some region 
A, then fı is also an analytic function of A (cf. Section 3.1). Then 
all the derivatives af/0A, d*f/8A", ... exist at every point A of A, and in 
the neighborhood of A, € A we have the Taylor’s series expansion 


o2 
ke +40— ye eis (2) 





fa =Sfa + A — do) 3 


Indeed, af,/@A exists, since by assumption all the derivatives of the 
ordinary functions ( fa, p) exist at A = Ay. Similar reasoning demon- 
strates the existence of the higher derivatives 0%f,/0)?, .... Further, 
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for every y(x) in K we may form the Taylor’s series of the ordinary 
analytic function ( fa, p): 


God = D HAWD, RAA + 


= (fi 9) + A — Wo) +40 — 298 Eo) +. 








= (fa +R — A B+ ga — ap Ze 4.4 9), 


and this implies the validity of (2). 

Consider two analytic functions fı and g, defined on a region A and 
assume that they coincide on some set in A that has a limit point also 
in A. Then they will coincide for all àe A. This is because for any 
(x) in K the functions ( fa ¢) and (g,, p) coincide in A by the uniqueness 
of analytic continuation. 

This property is the one on which we base the important method 
of analytic continuation in À of a functional f}. Assume that f; is analytic 
in some region A and further that all the ordinary functions ( fi, p) 
can be analytically continued to a larger region A,. Then for any A, C A, 
the function (fa, p) also defines a continuous linear functional on K. 
For the proof, recall that the analytic continuation to any point of A, 
can always be obtained by a finite number of Taylor’s series expansions. 
But every Taylor’s series 


(fv 9) = (fig 9) +0 — a) (E29) +40 — ay (G2 9) +. 


converges for every p in K with a radius of convergence which depends 
only on the configuration of A and A,, but not on gy. This means that 
for each A within the radius of convergence this series represents a 
continuous linear functional, which is what we wish to prove. 

Obviously the derivatives with respect to x of an analytic generalized 
function fı are also generalized functions analytic in A. We may note 
also that analytic continuation preserves many properties of f,. For 
instance, if fı is invariant in A under some operation u, so that 
faux) = f(x), so is its analytic continuation into A,. In fact, if the 
equation 


(alua), (2) = fal), Ax) = Aale), pu") 


holds in A, the uniqueness of the analytic continuation implies that it 
holds also in A,. 
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Thus, for instance, spherically symmetric analytic functionals have 
spherically symmetric analytic continuations. 

In conclusion, we remark that analytic continuation of a generalized 
function depending on a parameter may lead, as is the case for analytic 
continuation of ordinary functions, to a functions with isolated singulari- 
ties (poles or essential singularities) or to multiple-valued functions. 

In the neighborhood of an isolated singularity A, an analytic generalized 
function f can be expanded in a Laurent series in the classical form 


fr =D eal — Ay’ 


where the c, (n = 0, +1, +2, ...) are fixed functionals independent of A. 
This is because the Laurent expansion can be formed for every g in K 
according to 


(fu p) = > cal) (A — A), 


where the c,(~) are given by the Cauchy integral formulas 


al) =a f eR aot) O 





where I'is a contour lying entirely within the region of analyticity of 
fı with the singularity A, lying in its interior. The nth integral in (3) 
can be written in the form 


Ini =f. esas Agere? p) dà = 57 Í. (2a p) dÀ, sa = ey oes ’ 


which is seen from earlier considerations to be a continuous linear 
functional of A. We can thus write c,(p) = (cn, p), where c, is a con- 


tinuous linear functional. Then fy = ES, c,(A — Ag)”, as asserted. 


CHAPTER II 


FOURIER TRANSFORMS 
OF GENERALIZED FUNCTIONS 


1. Fourier Transforms of Test Functions 


1.1. Fourier Transforms of Functions in K 


Henceforth we shall deal with the space K of complex test functions 
(Chapter I, Section 1.9) and the corresponding complex generalized- 
function space K’. 

Let us first consider the case of a single variable. 

Let p(x) be in K. We construct its Fourier transform according to 


Ho) = | o(e) et ds (1) 


On occasion we shall denote p(o) by g(x) or by F[p(x)]. 

Since g(x) has bounded support, the integral in (1) is in actual fact 
taken only over a finite region, say —a < x < a. Therefore ¢(c) can 
be defined also for complex values of its argument s = o + ir by 


uo + ir) = f g g(x) ee de = f p g(x) eft eT dry, (2) 


Now the integral in (2) can be differentiated with respect to the com- 
plex parameter s, so that ¢(o + ir) is an entire analytic function. If we 
take the derivative of g(x), we multiply ẹ(s) by — zs: 





[oo et de = gaet — f? isla) eft de = inf). 


Continuing to differentiate, we find that for any q = 0, 1, 2, ..., 


Flp'(x)] = (—1)*F[p(*)] (3) 
153 
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and more generally 
F[P (4) a] = Pi) Flo), (4) 


where P(t) is any polynomial with constant coefficients. Moreover, we 
obtain the inequality 


Is |e] gs) | = iy p(x) e's dac | < C, etl, 
—~a 


Thus the Fourier transform (s) of any g(x) in K which vanishes for 
| «| > a is*an entire analytic function of its argument s = o + tr, and 
for every q = 0, 1, 2, ... it satisfies the inequality 


| (s) | < Cy eti, : (5) 


We maintain that the converse also is true: every entire function 
p(s) that satisfies (5) for every q is the Fourier transform of some 
infinitely differentiable function (x) which vanishes for |x| > a. 


Proof. We start the proof with the usual expression for g(x), namely 


g(x) = Ł i K (a) e do. 


The Cauchy integral theorem can be used to replace this integral 
along the real axis by an integral along a line parallel to it, so that 


g(x) = Sf. p(o + ir) eotie do 
Ez et Í i Yo + ir) e° do, 
and since (5) is assumed fulfilled this integral converges absolutely. In 


fact it remains absolutely convergent even after formal differentiation of 
the integrand with respect to x. Thus g(x) is infinitely differentiable, and 


Poa) = a f (EN) eH do. 
Let |x | > a; given some £t > 0 we choose 7 such that xr = — t | x |. 


We now make use of (5) with g = 0 and q = 2, obtaining 


galr galt! 


< etltl mi ac eS jet 
| P(s) | < e7! min i+ pF < 1+ fo/?’ 





C 
aee 
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so that 


£ eril 'o—tlæzj+at — ÇC'etla~iz 
| ox) < tef CeT -do = C'etleitat — C’eta-teb 
Now C” is independent of t, so that by letting ¢ approach infinity we 
find that g(x) = 0. Thus g(x) vanishes for | x | >a. Hence g(x) has 
all the asserted properties. The well-known theorem on the Fourier 
integral! then implies that its Fourier transform coincides with ¢(c), 
which completes the proof. 

Before proceeding we make note of one more useful formula: for 
any g(x) in K we have 


FF g(x)] = 2ng(— 2). (6) 
Indeed, if F[{x)] = %(c), then 


F- [y(o)] = = | Wo) ee do = gla), 
which implies 
| Ho) £= do = Fiy(o)] = 2rg(—3), 


as asserted. 


1.2. The Space Z 


The study of the Fourier transforms of functions in K, on which we 
have entered above, leads us naturally to define of the new space Z of 
slowly increasing functions, namely, of all entire functions p(s) satisfying 
the inequalities 


Is|t| g(s) | < Cer"! (q = 0,1, 2, ...) (1) 


(where the constants a and C, may depend on ¥), with the obvious 
definition of the fundamental linear operations of addition and multi- 
plication by a number. 

As has been shown in Section 1.1, the Fourier transform establishes a 
one-to-one mapping between K and Z. This mapping obviously preserves 
these linear operations. 


1 Smirnov, “Higher Math,” Vol. 2, p. 424. See also E. C. Titchmarsh, “Introduction 
to the Theory of Fourier Integrals,” p. 48. Oxford Univ. Press (Clarendon), London 
and New York, 1948. 
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This implies that the every linear operator defined on K there corre- 
sponds a dual operator defined on Z. For example, it is seen from Eq. (3) 
of Section 1.1 that to differentiation on K corresponds multiplication 
by —is on Z. Similarly, the formula 


shows that to multiplication by ix on K corresponds differentiation on Z. 
Repeating this operation, we find that for any q = 0, I, 2, ..., 


L Fig] = Fli) o]. 2) 


The existence of the right-hand side implies the existence of the left, 
so that a function ẹ(s) in Z can be differentiated an arbitrary number 
of times to yield a function in Z. We may, in fact, write the more general 
formula 


P(-Ż-) Fig] = FIPG) g0), 6) 


where P(t) is any polynomial with constant coefficients. 
The translation operation g(x)—> (x — h) in K corresponds to 
multiplication by e** in Z. This can be seen immediately by writing 


Flo — A) = f ie eise ox — h) dx 


= f e0 (y) dy = Fiola]. 


Conversely, multiplication by et*? in K (for arbitrary, even complex, h) 
corresponds to translation in Z: 


Fie o(x)] = f © iheist (x) dx 
= [ Etha g(x) dx = Ys + h). 


We see consequently that all possible translations are allowed on the 
functions in Z. 

The definition of convergence in Z can also be carried over from K. 
That is, the sequence of functions %,(s) converges to zero in Z if the 
sequence of their inverse images (inverse Fourier transforms) ¢,(x) 
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converges to zero in K. Convergence in Z can also be defined entirely 


intrinsically. We shall say that a sequence %,(s) converges to zero in Z 
if for each function in this sequence we have 


| saas) | < Cer"! 
with C, and a independent of v, and if the functions converge to zero 


uniformly on every interval of the (real) o axis. 
Note that the Taylor’s series expansion 


yy) S = ve +h) 


for any fixed (complex) A is valid in the sense of convergence in Z. 
This follows from the dual formula 


> ey E g(a) = e pla) 


in the sense of convergence in K. 


1.3. The Case of Several Variables 
The above considerations can be carried over almost without change 


to the case of n independent variables. The Fourier transform of a 
function g(x) = (xı, --- Xn) in K is defined by 


pla) = P(r, -s On) 
= T ae fi Pll --- Xn) exp [2(xo, +... + %,0,)] dx, ... dan 
or, more briefly, by 


Ho) = f ofa) et dex, (1) 


where (x, a) denotes xo; + ... + XnOp- 
The bounded support of g(x) makes it possible for % to be continued to 
complex values of its argument s = (Sys ..., Sp) = (a1 + 174, 3 Oy + !,): 


H) =f ofa) oe? ds. (2) 
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Our new function y¥(s), defined in C,, the space of n complex dimen- 
sions, is continuous and analytic in each of its variables s,. If (x) 
vanishes for | x, | > ap, k = 1, 2, ..., n, then ẹ(s) satisfies the inequality 


| s8... s87 h(a, + ity, -os On + ttn) | < Cy exp (a, | 71] + +. + an | Tn l) (3) 


Conversely, every entire function ¢(s,, ..., Sn) satisfying (3) is the Fou- 
rier transform of some (x, ..., Xn) in K which vanishes for | x, | > ap 
k = l, 2, ..., n. (The proof is the same as for a single variable.) Further, 
we may obtain equations similar to Eq. (4) of Section 1.1 and Eq. (3) 
of Section 1.2: 


P( so Feo) Fle] = FIP Gs itm) OC) @) 





ree m =) o()] = P(—is, ... is) Fle) (5) 


where P is any polynomial with constant coefficients. 

The space of all slowly increasing entire functions (s) satisfying 
inequalities such as (3) with the natural definitions of the linear opera- 
tions (addition and multiplication by a number) will be called Z as 
before. The Fourier transform establishes a one-to-one mapping 
between K and Z which conserves the linear operations. We define 
convergence in Z in the following way: a sequence ¥,(s), v = 1, 2, ..., is 
said to converge to zero in Z if the sequence of inverse Fourier trans- 
forms converges to zero in K. This convergence can also be defined 
intrinsically: we require that the inequalities 


| s%p,(s) | < Cy exp (a, | 71 | +. + an | Ta |) 


be fulfilled with C, and a independent of v, and that the %,(c) converge 
uniformly to zero on every bounded set in the real space R,. 


1.4. Functionals on Z 


We may construct generalized functions, i.e., continuous linear function- 
als, on Z as well as on K. Consider again the case of a single independent 
variable. We shall call a regular functional any functional which is given 
by an expression of the form 


(4) = | EO) Ho) do. (1) 
We shall call functionals of the form 


(2,4) = f ROH) ds, 2) 
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where J" is some contour, analytic functionals. Thus, the delta function 
given by (ê(s — so), Y) = (so) (where sy is any complex number) is 
not a regular, but an analytic functional, since according to the 
Cauchy integral formula we have 


1 (s) ds 
Ue) = zl, =a: 


where T'is any contour enclosing sọ- Thus 8(s — sọ) is an analytic function- 
al corresponding to the function (271)-1 (s — sọ). 

We shall denote by Z’ the set of all generalized functions on Z. in Z’ 
we may introduce operations similar to those in K’. The linear opera- 
tions are defined in the obvious way, for neither addition, multiplication 
by a number, nor convergence present anything new. Multiplication 
by a function A(s), formally defined by 


(A(s) & 4) = (g, hy), (3) 


is, however, now possible only for a much smaller class of functions A(s). 
In fact the consistency of this definition requires that the product of 
h(s) with some (s) in Z should again give a function in Z. Those func- 
tions h(s) which have this property will be called multipliers in Z. A 
function A(s) is a multiplier in Z if it is an entire analytic function and 
satisfies an inequality of the form | A(s) | < Ce" (1 + |s|)* for some 
b, q, and C. 
The derivative of a functional g e Z’ will be defined by 


(a) = ea: 


it could also have been defined as the limit of (1/h) [g(s + h) — g(s)]. 

As is true for K’, the generalized functions in Z’ have derivatives of 
all orders. There is a difference, however, in that the generalized func- 
tions of Z’ are not only infinitely differentiable, but also expandable or 
analyzable in the sense that for every g € Z’ 





> ooi = = g(s +h), (4) 


a=0 


where the series on the left converges in Z’, and g(s + h) is the general- 
ized function obtained from g(s) by translation through h. Indeed, for 
any (s) € Z we have 


leo FH) = 0 EE yor) 
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and, as we have already noted, È [(— 1)? A%/q!]¥'® (s) converges in Z 
to f(s — h). Thus 


(De) a WO) = (89), He — H) = (els + A), (9), 


as asserted. 
We note in particular that the series expansion 


œ he 
E (5) 


è(s +h) = X 55) 


will hold for every (complex) h, where the translated delta function 
5(s + h) is defined by 


(èls + A), H(5)) = (5), A(s — +) = o(—A). (6) 


When we are dealing with several independent variables, Z’ is con- 
structed similarly. Addition, multiplication by a number, convergence, 
and multiplication by a function A(s) = A(s,, ..., s,) are defined in 
complete analogy with the above. A function A(s) will be a multiplier in 
Z if it is continuous, analytic (that is, analytic in each s; for fixed sp 
i Æ k) and if 


| A(s) | < Cexp (by | 71] ++. + bn | Tn D (L H I si De -a + | Sn De- 


The partial derivatives of the functionals g € Z’ are also defined in 
analogy with the above. Every functional in Z’ is then not only infinitely 
differentiable, but also analyzable, which means that it can be expanded 
in a Taylor’s series which converges in Z’. 


1.5. Analytic Functionals?. 


We have called a functional g on Z analytic if it can be represented 
in the form 


GH = f 2990 as, 


where g(s) is a function and I’ is some contour in the complex plane 
(we shall start by considering the case of a single independent variable). 


2 These analytic functionals associated with integration along a contour should not 
be confused with analytic generalized functions of a complex variable, which are discussed 
in Appendix B at the end of this volume. The latter are associated with integration over 
the entire complex space. 
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From the theory of analytic functions we know that if g(s) is an analytic 
function, I can be deformed continuously without changing (g, %) so 
long as in this deformation the end points of [ remain fixed and 
the contour does not pass through any singular points of g(s). For in- 
stance, the unit functional 


(=f 14a 


can be defined not only by integration along the real axis, but equi- 
valently by integration on any line going from — œ to + œ and lying 
within some strip | Im s| < C. An allowable contour is, for example, 
any straight line parallel to the real axis. We shall call two lines equivalent 
if for any % in Z the integrals along these lines are equal. The integral 
of 1 along some other, nonequivalent contour I will give a different 
result. For instance, if I is a closed contour lying within the strip 
| Ims | < C and starting and ending at — œ (or at + ©), the functional 
we obtain is clearly zero. Such contours, i.e., contours such that the 
integral of any % in Z along them vanishes, will be called null or general- 
ized closed contours. 

Consider the function g(s) = 1/s. We may use it to construct two 
different analytic functionals, namely, 


©+ai 
+044 aa ds 


—2+ai 


a >0), 


eop) = f 


¢.w=[ Ma @>o 


—2—ai 


In both cases we take the integral along a straight line parallel to the real 
axis and lying either above it (in the first case) or below it (in the second). 
These functionals both satisfy the equation 


jg = 1. 


The difference between them can be reduced to the form 


(g. — 8- #) =Í HS) gs 


ls|ļ=1 s 


in which the integral is taken, for instance, clockwise along the boundary 
of the unit circle. Cauchy’s residue theorem gives 


(g. — 8- $) = —2mrih(0), 
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so that 
8, — 8- = —2m8(s). 
The new functional g = g, — g_ obviously satisfies the equation 
5g9 = 0. 
Consider a general rational fractional function 


_ PO) 
eae 





Let the distinct roots of O(s) be denoted by s,, ...,s,. Integrating along 
any contour I" equivalent to the real axis, we obtain the functional 


BY) = f evo ds, 


which depends in general on I. Every such functional satisfies the 
equation 


Qg =P. 


Integrating along any null contour Ip, we obtain the functional 
(o) = f 8) Hs) ds, 
To 


which also depends on Te. All of these new functionals satisfy the 
equation 


Og, = 0. 


For instance, if I% is a contour which encircles the simple root s, in the 
positive direction, we have 


(Bo) = f, 8O) He) ds = 2ri res O H = CH), 
so that g, = Cd(s — s,). If I, encircles a k-fold root s}, we have 
(Go, Y) = 2nd res [2(6) HO] 


=k a am [(s — s1) (5) H(5)],_5- 
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Consider the analytic functionals associated with 


g(s) = exp s*. 
The fact that 


| exp s” | = exp (Re s") = exp (| s |" cos n8), where @ = args, 


implies that the s plane can be divided into 2n equal sectors subtending 
an angle of m/n each such that | exps” | alternately increases or decreases 
exponentially in each of these sectors. We shall call the sectors in which 
it increases “ridges” and those in which it decreases “valleys.” Consider 
an arbitrary path I, starting at œ in the first valley and ending at œ in 
the kth (with k = 2, ..., n). We form the obviously convergent integral 


Fed) = f exp (y) ds 


along this path. [That this integral converges follows from the exponen- 
tial decrease of | exp s” | in both valleys and from the slowly increasing 
nature of y(s).] 

In this way we obtain n — 1 different functionals which we shall 
denote by exp,(s”), ..., exp,_,(s”). They all satisfy a certain first-order 
differential equation. This equation is easily obtained by differentiating 
exp,(s”), obtaining 


(imiy) = (ape) = -f ono Za 


Integrating by parts (the resulting integrated term vanishes due to the 
exponential damping of exp s” in the valleys), we obtain 


d vere 
(Ge Pr 0"), y) = f ns exp (5") g(s) ds = (n exp (6"), y). 
Thus the exp,(s”) satisfy the equation 


d A 
Ty P s” = ns”! exp, s". 
We see thus that a first-order homogeneous differential equation for 
a functional on Z may have any number of linearly independent solutions. 
Of great interest also are analytic functionals defined on functions of 
several complex variables s}, ..., Sp- For this case they are defined by 


(4) = f ROHO as, 
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where I" is some (2m — 1)-dimensional hypersurface in the 2n-dimen- 
sional real space of the n complex s;. 

Poincaré’s generalization? of Cauchy’s integral theorem to analytic 
functions of several variables implies that I can also be deformed 
arbitrarily (without changing the result) so long as its boundary is fixed 
and so long as it is not allowed to pass through any singularities of g(s). 

We shall call a hypersurface I" equivalent to the real hyperplane if for 
any % in Z we have 


[ vod = f” podo 


(where the integral on the right-hand side is over all the real variables). 
An example of such a surface is what we shall call “Hérmander’s 
staircase,” the locus of all the s; such that sq, ..., s, are real, and for each 
choice of the s;, i 4 1, the remaining variable s, traces out a contour 
equivalent (in the sı plane) to the real axis. A functional g defined by 


E= f pgri 


where T'is a Hörmander’s staircase on, which the polynomial (or entire 
function) P(s) fails to vanish, satisfies the equation 


Pg = 1. (1) 


In Volume II (Chapter II, Section 3.3) we shall show that such a stair- 
case can be constructed for every polynomial P(s) and therefore that 
Eq. (1) always has a solution in Z’. We shall call I’ a mull surface or 
generalized closed if for every (s) in Z we have 


[Ho as =0. 


An example of such a null surface is the product of a null contour 
in the s, plane by any surface in the space of the remaining variables. 

Let P(s) be any polynomial whose inverse 1/P(s) is bounded on the 
null surface I’. Then the functional 


Oh =| aiot 


3 B. A. Fuks, “Theory of Analytic Functions of Several Complex Variables” (in 
Russian), p. 299. Moscow-Leningrad, 1948. See also H. Behnke and P. Thullen, “Theorie 
der Funktionen mehrerer komplexer Veranderlichen.”’ Springer, Berlin, 1934. In this 
connection see also M. E. Martinelli, “Colloque sur les Fonctions de Plusieurs Variables,” 
p- 109. George Thone, Liége, 1953. 
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is a solution of 
Pg = 0. (2) 


Remark. By taking the Fourier transforms of Eqs. (1) and (2) (see 
Section 2) we obtain solutions of the equations 


P(i 2) f= ae) (3) 
and 
P(iZ)\f=0, (4) 


where i 8/@x denotes (i 8/0x,, ...,7 8/8x,). In this way we shall be able to 
prove in Volume II that every partial differential equation with constant 
coefficients possesses an elementary solution. 

Later we shall use these simple considerations to obtain explicit 
solutions for such equations. 


1.6. Fourier Transforms of Functions in S 


Toward the end of Chapter I, Section 1, we defined the space S of 
infinitely differentiable functions g(x) satisfying inequalities of the form 


| **Dep(x) | < Cre- (1) 


Let us obtain the class of functions which are the Fourier transforms 
of these.* Every g(x) € S has, of course, a classical Fourier transform 
given by 


vo) = | of) et dx, 
where (oc) is infinitely differentiable, for the integral 
Doo) = | (ix)! px) 0 dx 


is absolutely convergent. Now (ix)%(x), as well as (x), is infinitely 
differentiable, and all its derivatives are absolutely integrable. Thus 
D%{(c) converges to zero more rapidly than any power of 1/| ø |. Con- 


* The present material will be treated in more detail in Volume II, Chapter III, 
Section 1. 
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sequently #5(c) possesses all the same properties as a function of ¢ = (c, 
.++) €p) AS p(x) possesses as a function of x. We may thus deduce that the 
Fourier transform maps S into itself. Moreover, since the same consider- 
ations hold for the inverse Fourier transform, this must be a mapping 
of S onto itself, which means that every ¥(c) € S has an inverse image under 
the mapping. It can be shown that every sequence ¢,(x) that converges 
in S is mapped by the Fourier transform into a sequence %,(¢) which 
also converges in S. 

All this implies, in particular, that every %(c) in Z is an element of S. 
(This result can also be obtained more directly: the definition of Z 
implies that every ¥(c) € Z is infinitely differentiable and that as | o | > œ 
it converges to zero more rapidly than any power of 1/| o | . The Cauchy 
integral formula can be used to deduce this same property also for any 
of its derivatives.) It implies in addition that any sequence %,(c) which 
converges in Z converges also in S. Further, since K is dense in S, its 
image, namely Z, is also dense in S, so that any p(o) € S can be obtained 
as the limit (in the sense of convergence in S) of a sequence ¢%,(c) € Z. 


2. Fourier Transforms of Generalized Functions. 
A Single Variable 


2.1. Definition 


We have seen that there exists a one-to-one mapping between K and Z 
which preserves the linear operations and convergence. A similar 
mapping can be established now between the continuous linear function- 
als on these spaces. We shall set up this mapping so that when applied 
to a regular functional corresponding to an absolutely integrable function 
it induces a mapping of this function into its classical Fourier transform. 

We shall start again with the case of a single independent variable. 

Let f(x) be an absolutely integrable function whose Fourier transform 
is g(a). Then for any (x) in K and its Fourier transform (e) we have 


(9) = [Fe ote) de = 5 [FR] [ oo) etm dol ds 
= Ł k #(c) | F gza dz do = ~ f zwo) do = + (ev) 


a relation which is sometimes called Parseval’s theorem and remains 
valid also if f(x) and (x), and therefore also their Fourier transforms 
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g(a) and %(c), are square-integrable on the real line. Parseval’s theorem 
shows that g(c) is the generalized function defined by 


(g, 4) = 2x(f, p). (1) 


We may use this equation to define a generalized function g in Z’ 
for every generalized function fin K’. Then we shall call g as defined by 
(1) the Fourier transform of f and shall denote it by F[f] or by f. 

We emphasize that F[f] is a functional not on K, but on Z. 

The formulas for the derivatives of the Fourier transforms are pre- 
served also for generalized functions: 


P(£) Ff] = FIP) f), (2) 


FIP ER f| = Peis FI. (3) 


In particular, multiplication by ix in K’ corresponds to differentiation in 
Z', and differentiation in K’ corresponds to multiplication by —is in Z. 

To prove these statements we need only set P(d/dx) = d/dx. For this 
case we have 


(Flixf], Flpl) = 2x(éxf, 9) = 2n(f, —ixp) 
= (FIf], Fl—ixgl) = (FL, —-4-Fiel) = (4-FI/1 Fle); 


which will then give Eq. (2). Equation (3) can be verified similarly. 
The inverse operator F-! defined on Z’ maps g into f again according 
to Eq. (1) (which we may now read from right to left) so that 


FHF =f, FF “ell =g, 


, (4) 
(Fg), o) = z- 8 Fle). 


The formula FF[9(x)] = 27 ẹ(— x) [Section 1.1, Eq. (6)] is also 
easily translated into one for generalized functions. Indeed, for p in S 
we have 


(FF[S], FFlp(x)]) = 2=(FLP], Fle) = 27) U, p). 


But we may replace FF[p(x)] on the left by 27g(— x). Dividing by 27 
and replacing x by — x, we arrive at 


(FFL, 9(x)) = (27f, p(—2)), 
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that is, 
FF[f(x)] = 2xf(—x), (5) 


as asserted. 


2.2. Examples 


Example 1. To find F[8]. By definition we have 


(5,6) = 2n(3, 9) = 2p(0) = [7 po) do = (1,4), 
whence 2 
Fi]=85=1, Fpl] = 8. (1) 


Example 2. To find F[1]. This is not very different; in fact, 


(1,6) = 2n(1, p) = 2r f B p(x) de = 2r Í i p(x) e~ dæ 


= 2rẹ(0) = 27(8, 4), 
whence 
FU] =Ï = 278, Fos] = +. (2) 


Example 3. Fourier transform of a polynomial. From Eqs. (2) and (3) 
of Section 2.1, we have 


F[P(x)] = F[P(x) - 1] 
=P (i) i = InP (—i +) (s), 3) 
F |P A (x)] = P(—is) 5 = P(—is)-1 = P(—is). (4) 
In particular, 


Fysem(x)] = (—1)nem, 


. (5) 
FB+) = (— Lyris, 


Example 4. Differential equation of order n — 1. Consider the differen- 


tial equation 
ny"-D(x) = xy(x), (6) 


which, after Fourier transformation, becomes the first-order equation 


n(—io)' u(c) = -i #0) (u = 9). (7) 
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Since Eq. (6), of order n — 1, has n — 1 linearly independent (ordinary) 
solutions, so has the first-order equation (7), but its solutions are 
generalized functions in Z’. We have already treated this problem in 
Section 1.5. 


Example 5. Fourier transform of the exponential è. We may use the 
fact that 
er = ba bx" 


n=0 n! 


converges in K’ to calculate the Fourier transform of the exponential 
by applying F to this series term by term. This leads to [see Eqs. (5) 
and (6) of Section 1.4] 


ny 


— 5 
ee E an a 


With this equation we can easily obtain the Fourier transforms of the 
sine, the cosine, the hyperbolic sine, and the hyperbolic cosine: 


EES S(s) = Indie — ib). (8) 


F[sinbx] =F A = in[8(s — b) — 8(s + b)], (9) 
Ffeosbx] =F [EET] = e b) +8540), (10) 
Flsinh bx] =F =] = n[8(s — ib) — 8(s UD 
Fleosh bx] = F pete) = nfX(s— i) +8040). 03 


Example 6. Fourier transforms of generalized functions extended to S. 
Consider a functional f defined on K which can be extended by continuity 
to S (see Chapter I, Section 1.10). We shall show that its Fourier trans- 
form g = f can also be extended (from Z) to a functional on S. 

Indeed, the equation 


(g,¥) = 2f p) YY =%, (13) 


defines the functional g immediately for any % which is the Fourier 
transform of some g, and since p may be any function in S, so may ¢. 
Now convergence of a sequence ¢,(c) to zero in S implies convergence 
of the inverse image sequence p,(x) also to zero in S. This means that g 
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as defined by (13) is continuous on S. Indeed, if %,(o) — 0, then (g, ¢,) = 
2r(f, pr) > 0. 

Thus (13) defines a continuous functional g on S. It is clear, however, 
that for % €e Z this functional coincides with f, a functional defined on K. 
This demonstrates that f can be extended from Z to S, as asserted. 

In particular, the Fourier transforms of periodic functions, generalized 
functions with bounded support, and all ordinary functions increasing 
at infinity no faster than some power of their argument, as well as the 
Fourier transforms of their derivatives, can be considered functionals 
on S. Such, for instance, are the generalized functions F[x?], F[x*], 
F[ | x [4], and F[ | x |4 sgn x], which we shall study in detail in Section 2.3. 


Example 7. Fourier transforms of periodic functions. Every periodic 
locally summable function f(x) (with period 27), as we have seen in 
Chapter I, Section 2.4, can be written in the form of the Fourier series 


I =D aes, (14) 


which always converges in the sense of generalized functions (even in S’). 

Taking the Fourier transform of (14) term by term (which we are 
permitted to do by continuity) and using the result of example 5, we 
arrive at 


f® =D ade + n). (15) 


Thus f(x) is a generalized function in S’ concentrated on the countable 
set of points s = 0, +1, +2,.... 


2.3. The Fourier Transforms of x4, x4, |x |4, | x |ê sgn x 


Let us calculate the Fourier transform of x4. We shall first restrict 
our considerations to values of A such that — 1 < Re A < 0. 
Consider the expression 


foo) foo) 
Fixte] = | xretore-te dy = i wets dix, (1) 
0 0 
where r = Im s > 0, so that 0 < args < m. The integral obviously 
converges. As r — + 0, it is seen that xte? converges to x1 in the 
sense of generalized functions, so that its Fourier transform converges 
to the desired Fourier transform of x‘. 
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We shall calculate the integral in (1) by making the change of variables 
£ dë 


isx = —€, isdx = —dé, x= — > dx = — —. 
£ £ is” is 
Then we obtain 

PEJE] 





Fete] = (SY pet dg, 


s 
where the contour L of integration is a ray from the origin to infinity 
whose angle with respect to the real axis is given by arg £ = arg s — 7/2. 
It follows that 


mT 


<ar <2 
5 arg 5° 


This represents the right half of the € plane, where the e~* is exponen- 
tially damped. Then by Cauchy’s theorem the integral is equal to the 
integral along the positive real axis, namely, 


f etag = ra +0) 
so that we obtain 
Fx et] = ieta o 4 irj? TA + 1). 
Note that because — 1 < Re à < 0, we have 
—1 <Re(-A—1) < 0. 


We now pass to the limit r — + 0, arriving at (see Chapter I, Section 
3.6) 
Flot] = ieM*/ TA + 1)(o + i074. (2) 


Now by analytic continuation! this formula will be valid for allA  — 1, 


1 Here (and often in the future) we make use of the following simple considerations. 
Let fı and g} be generalized functions depending analytically on à in a region G, and 
assume that in some smaller region G, C G we know that g} is the Fourier transform 
of f}, i.e., that g} = fj. Analyticity means that the ordinary functions of A 


(fa P) and (ga, $), (*) 
where ¢ and 4 are test functions (for instance, in K and Z, respectively), are analytic 
in G. The Fourier transform relation means that in G, and for % = ¢ the functions of 
(*) are related by 

(ga, $) = 2al fa 9). (**) 
Uniqueness of analytic continuation then leads to the result that (**) is true also in G, 
and therefore that in G the generalized function g} is again the Fourier transform of f}. 
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— 2, .... By dividing both sides of the equation by I(A + 1), we obtain 
entire functions of A on both sides of the equation, so that for all A we 
may write 
A 
X+ — joid(n/2) :0)-4-1 
rlar] jiao 4 i0), (3) 
We may insert the explicit expression for (o + i0)~*—! from Chapter I, 
Section 3. Then for A 4 0, +1, +2, ... we obtain 


FAJ = iTA + 1) [Mod — eg) ; (4) 
for A = n (where n is a nonnegative integer) we obtain 
Fst] = i" [nlo +. (—1)+ 50). (5) 
In particular, 
Fla] = Fl6(x)] = io~! + 18(0), (6) 
Fir] = F[x,] = —o-? — indo), (7) 


and similar expressions for higher powers. 

The Fourier transform of x? is calculated similarly. We start by 
assuming that — 1 < Re A < 0, and calculate F[x‘e-™] for 7 < 0. We 
then go to the limit as 7 > — 0. In this way we arrive at 


0 
Fixte] = f | x4 | efoze-t™ dx 
© ,\ Atl 
ees Ap~ist —, RA 
=f r dt =(- 4) ra+1). 
This means that for A 4 — 1, — 2, ... we have 
Flt] = ieii F(A + 1) (o — 10)" (8) 


and that for all A we have 
ol = —ie M2) (o — i0). (9) 
Again inserting the explicit expression for (e — i0)~*~', we find that 
for A #0, +1, +2, ... 
Flat] = iDO + 1) [e879 ght — ett gH], (10) 
For à = n (with n a nonnegative integer) we have 


F[x"] = iP {(—1)4nlo-™1 — i 8(0)]. (11) 
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Let us now proceed to | x |? and |x |4sgn x. Adding and subtracting Eqs. 
(4) and (10), we find that for à 40, + 1, +2,... 


FI « |4] = Ff] + Fit] = —2F( + 1) sin |o |77, (12) 


F[] x |? sgn x] = F[x*] — F[x4] = 2i (à + 1) cos a o|-*-1 sgnc. (13) 
o : A+1 : 
We now divide both sides of (12) by r=) and use the duplica- 


tion formula for the I function.? We then obtain an elegant formula for 
the Fourier transform of the entire function 








— 3-ġå l x | 
orm 
namely, 
hast —ì-1 
FI = V FA 
r(-s 
E ? (12) 
= V2nf_1-1(0). 
Performing similar operations on (13) and setting 
2-44 | x [i sgn x 
. 2 
we obtain 
— , 244) —à-1 — 
Flea = Vmi E = Viae) 03) 
ry) 


Similarly, for A = n (with n a nonnegative integer) Eqs. (5) and (11) 
give 
FI] x [P] =F [xt] + Flee] = AE + (—1)4} ol 
+ {(—1)"* — Fmd), (14) 
FT| x |" sgn x] = Flx") — Flat] = PARI — (—1)"}0-*1 a! 
+{(—1* + 13 ird ™(o)] (15) 


2 Fikhtengolts, ‘‘Calculus,’’ Vol. 2, p. 784. See also Whittaker and Watson, “Modern 
Analysis,” p. 240. 
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In particular, for n = 2k even, we have 
F[x®*] = (—1)* 27820), (16) 
FI| x |2* sgn x] = 2i(—1)* (2h)! 0-2-1 , (17) 

while for n = 2k + 1 odd, we have 

Flx?*+1] = 2Qnt(—1)*+1 824+) (0), (18) 
FI | x [?*+4] = 2(—1)1Q2k + 1)! 07-2, (19) 
The generalized functions | x |è and |x |4sgn x remain continuous 
also for certain negative integral A, the former for even AX = — 2k — 2, 
and the latter for odd A = — 2k — 1,k = Q, 1, 2, .... Their Fourier 
transforms are obtained directly from (12) and (13) by reapplying the 
operator F and making use of the formula FF[f(x)] = 2af(— x) [Eq. (5) 


of Section 2.1]. Finally replacing x by o and vice versa, we arrive in 
this way at 


Fe = (1) op ile (20) 
Peas] = OF |o sgno. (21) 


It can be seen that these expressions are obtained from (12) and (13) 
simply by writing A = — 2k — 2 and A = — 2k — l, respectively. 

Proceeding in the same way, we apply F again to Eqs. (3) and (9) 
and replace — A — | by A. This gives the Fourier transforms of (x + 10)? 
and (x — 20)’, namely, 


tA( 2/2) 
Prehn A 


Fi(x + i0}] = TCN et (22) 
Pe E ie seo 
[x — 70)"] = Tey F (23) 


The formulas we have here obtained will be found in the table at 
the end of the book. 
2.4. Fourier Transforms of x‘ In x, and Similar Generalized Functions? 


By differentiating the Fourier transforms of the preceding section 
with respect to À, we obtain new Fourier transform formulas. For instance, 


3 On first reading this section may be omitted. The results we obtain here are presented 
in the table of Fourier transforms at the back of the book. 
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the derivative of Eq. (2) leads to the result that for A 4 — 1, — 2, ... 


Fix? In x ] = ie) jra + 1) (ø + i0) 


—I(A + 1) (e +20)-*1 In (o + 70) + iz TA + 1) (e + i0)! (1) 


= ieam [TA + 1) +F TA + 1) (6 + 0y 


— TA + 1) (e + i0)» In (0 + io)| . 


Similarly, differentiating Eq. (8) of Section 2.3 gives the result that for 


AA — 1, —-2,... 

Flext Inx_] = ieia | [rra +1)— i5 rA + 1)| (e — i0) 

TA + 1) (ø — i0} In (ø — i0)}. 

In particular, setting A = 0 gives 

Fila x,] = i}(r'a) +i 5) (© + i074 —(@ + i0) 1n (0 + i0)} ; 

Flinx] = —i | (r'o) = is) (e — i0) — (e — 10) In(o — 10) . 
Adding and subtracting Eqs. (1) and (2), we arrive at 

F[| x |3 1n | x [] = ie [ra +1) +i5 TA + 1)| (o +10)-*1 

— ie~i/2) [ra +1)— iz TA + 1)| (e — i0) 


— ie7/) P(A + 1) (o + 10)-*1 In (o + i0) 
+ ie) P(X + 1) (o — i0)-*1 In (o — 10), 


Fİ] «|4In| x | sgn x] = ze) [ra +I) +65 TA + D] (o + 10)-*4 


4 ie #M/2) [ra Eee ee i5 TA + D] (e —i0)- ~ 


— iian T(A 4 1) (o + i0)? In (o + 10) 
— iesita P(A + 1) (o — 10)-*1 In (o — i0). 


(2) 


(3) 


(4) 


(5) 


(6) 
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In particular, for A = 0 we have 


Flln| x |] =i [ro + i5] (o + 10) — i [ra —i5| (e — 10) 

—i(o + i0) In (o + i0) + i(o — 10) In (e —i0), (1) 
Ffin | «| sgn x] = i[r'a) + i3] (o + i0) + [ra z i3] (o — i0) 

— i(ø + i0) In(o + 10) —i(o — i0) In (e — ¿0). (8) 


If we take the limit as à — — 2k in Eq. (5) and as A > — 2k — 1 
in Eq. (6), we obtain expressions for F[x~** In | x |] and F[x-?#-1 In | x |]. 
These expressions can also be obtained in a somewhat different fashion, 
as we shall show below. 

The Fourier transforms of x7”, x=”, x7” ln x}, and xZ” ln x_ can be 
obtained from the Laurent series for x1 and x? about A = — n. 
Recall that the Laurent series of x? about such a pole is 


N 


A (—1)-! §(n-1) (x) 


T =e MAr e TAOTE F o 


Taking the Fourier transform term by term, we have 


i = (-1)"? §(n—1) (x) 
Fle] =F | a — iA Fn) 


If we now expand 


| + Foxe") + A+ n) Fiz ine Jp. (9) 


Flot] = ie FQ + 1) (0 + i0)-*1 (10) 


in powers of A + n and compare Coefficients with (9), we will obtain 
expressions for the Fourier transforms of the desired functions. Note 
that e472) and (e + 10)-*1 are entire functions, while IÇA + 1) 
has a simple pole at A = — 1. Thus the desired expansion of (10) in 
powers of A + n can be obtained by multiplying the Taylor’s series for 
(o + 10)-*-! by the Laurent series for 


A(A) = ie F(A + 1). 
The first of these series is 
(o + 10)-+1 = o"™-1 — (A + n) 0? In (o + 10) 
+E +n) o ln? (o +10) +., (11) 
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and we write the second in the form 
a”) 


aa a a 





+ am) + a”) (A + n) F see (12) 


The a‘, a)”, ... can be calculated explicitly, and we shall present them 
without derivation somewhat later. The product of (11) and (12) yields 


ie'Mn/2) F(A + 1) (0 + i0) 


(n) 
= F gmt 4 faim) grt — aM o” In (o + 10)] 


A+n 
+ (A + n) [a o1 — ai” a" In (o + i0) 
+ $a or- In? (o + i0)] +... (13) 
We now compare coefficients of (9) and (13), arriving at 
Flx*] = alo" — al™o"-1 In (o + 10), (14) 
F[xz In x,] = ao" — aor- In (o + 10) + Fao" In? (o +10). (15) 
Similar calculations will give the Fourier transforms of generalized 


functions such as x2”, x_" ln x_, etc. Again we start with the Laurent 


series 
5("-D(x) 


xh "a= Weta ee + ons 


and take the Fourier transform term by term: 


Fit] =F [yh] HF +O + aR cto] +o. (16) 


Again we use the fact that 
Fx] = —1e-#7/) P(A + 1) (o — 10)-*9 


to obtain the desired formulas by expanding in powers of A + n and 
equating coefficients with (16). In this way we arrive at 


(o —i0)-*1 = o1 — (À + n) o” In(o — i0) 
+ HA + n)? 0-1 nYo — i0) +..., (17) 
and 
bT 


—ie M772) PA + 1) = BA) = A+n 





4 bin) a bim (A +n) +. (18) 
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which yields 


(n) 
Fixe] = oh ont 4 [bM an1 — bm an In(o — i0)] 


+ (A + n) [b an1 — b™ o” In (o — i0)] 
+ $5 or In? (o — i0) + .... (19) 
We now equate coefficients as planned, arriving at 
Fix] = 8 or — b™ or In (a — i0), (20) 
Flez* In x_] = bP o” — bmo" In (a — i0) 
+ famon ln? (o — 10). (21) 
Let us now obtain the Fourier transforms of the generalized functions 
[x , [x[ "sgn x, |x["ln|x|, and |x| 1n ]|x]|sgnx. We expand 
| « |4in a Taylor’s series about A = — 2k: 
|x [4 = a 2* 4 (À + 2k) xk In | x | +... 
The term-by-term Fourier transform is 
F {| x [4] = Fi] + (A + 2k) Fl? In | x |] +... (22) 
On the other hand, we have already found that 
FI| x|] = —2 sin ra + 1) | o [. 


Let us write 


CA) = —2 sin Z rA +1). (23) 
At A = — 2k this function is analytic, so that we may write 
C(A) = of) + (AF 2h) ct) p nnn (24) 
Moreover, in the neighborhood of A = — 2k we have 
| o [1 = | o PHT — (A + 2k) | o PRIN o | a... (25) 


We now multiply (24) by (25) and compare the results with (22), ob- 
taining 
F[x-2*] = efek) | o [2-4 (26) 
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[cf. Eq. (20) of Section 2.3] and 
| Fie Pela | x |] = 4 | o [21 — of |r [PAI o |. (27) 


The higher order terms of (22), (24), and (25) can be used to find 
F[x-?* In? | x |], ete. 

We now proceed similarly with |x | sgn x, expanding it about 
A = — 2k — | to obtain 


| x |ê sgn x = x14 (À + 2k + 1) x71 ln |x| +... 
Again we take the Fourier transform term by term: 
FI] x [4 sgn x] = Flx-2*2] + (A + 2k + 1) Fle? In | x |] + -o (28) 
On the other hand, we have previously calculated 
FT| x |* sgn x] = iD(A)| o |- sgn o, 


where 
DA) =2 cos %7 TA +1). (29) 
Proceeding according to the same method, we expand D(A) and 
|o |74! sgn o in powers of A + 2k + 1. We have 
D(A) = d+) 4. (A 4 2k + 1) dD 4 ..,, (30) 
| o |1 sgno = | o |?* sgno —(A+ 2k + 1)[o[?* ln | o|sgno+... (31) 
Multiplication of (30) by (31) and comparison with (28) gives 
F[x-2=] = id@*+D | o [2 sgn o (32) 
[cf. Eq. (21) of Section 2.3] and 
Fix In | x |] = id?) | o [* sgn o — id?) | o |In |o |sgno. (33) 
We wish now to calculate the Fourier transforms of | x |-" and 
|x|” In | «| for odd z, and of | x |” sgn x and | x | In | x | sgn x for 
even n. To do this we shall proceed as above, except that instead of 


Taylor’s series we shall use Laurent series. 
First we expand | x |4in a Laurent series about A = — 2k — 1. This is 


§(24)(x) 1 
A 
aes ad 


—2k-1 


+ (A + 2k + 1)| x | In| «| +... 
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Taking the Fourier transform term by term we have 


F[8°2)(x)] 1 


Fls = 2a oe + Alle 
+A+42k+41)Fllx|%Infx i]t... GA 
We now multiply the expansion 
ea 
CO) = 7p oR ET TOY + A+ 2k + Dg +... (35) 


by 
|o |t = o% — (A + 2k + 1) 0% In| o| 
+4 A 42k + 1)20%1n?] o| +... (36) 


to arrive at 


cee gt 
Fle] = Sag t eh ot — eae) o% In | o |] 


+ (A + 2k + 1) [ah otk — caD o2* In | o | 


+4 c2E+D g@k In? | o |] +... (37) 

Therefore 
FI x a: pos cake — peer In | o l (38) 
F[| x -1 In | x |] = (2a — k+ In | o | + $ cl2k+ligtk ln? |o |. (39) 


We now proceed similarly to expand the Fourier transform of | x |4 sgn x 
about A = — 2k: 


oe) 1 
(2k — Il A + Qk 


x| sgnx = 2 + | x |-?* sgn x 
g } g 


+ (A + 2k) | x | In | x | sgn x + ..., 


F(x) 1 
(Qk—1)l A+ 2k 


+ (A + 2k) FI x |- In| x | sgn x] +... (40) 


Fi| x |? sgn x] = 2 





+ F[| x |- sgn x] 


In this case the series to be multiplied are 


| a [51 sgn o = ot- — (A + 2k) o?t-1 In | o | 
HEA + 2ko- n?o], (41) 
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and 
de® 
DA) = ag EA + A+ 28) AM ta, (42) 
which gives 
(27) 
D(Q)| o |-a-1 sgn o = ca aR? g2k-1 + [dP o2k-1 ws (2k) gtk-1 In | o ] 


+ (A + 2k) [dh o2k-1 — dkak- In | o | 
+ $d@Pot4 Int | o |] 4 on. (43) 
Comparison of (40) and (43) leads to 
F[] x |- sgn x] = ida- — jd@ha?k-1 In | o |, 
F[| x |-?* In | x | sgn x] 


i 
— 772k) p2k—-1 riik) 7p2k-1 2 k- 
= ideo?! — idMo%1 In | a | 4- 5 dOa In? | o |, 


In the above calculations we have introduced the new functions 
(n) 
—1 

A+n 


(n) 
aa + Bm) +4 BMA + n) + 


A(A) = ie) TA 4- 1) = 








BQ) = iaa POA + 1) = 5 


. Ad (A 
EA Aik a SL: (n) in) 
C(à) 2sin> TA + 1) aT em (A +n) + 0, 


(n) 
dy 





D(A) = 2cos Z ra +1) = z + (À + n). 

Note that B(A) = AÇA) for real A, so that B(A) is obtained from A(A) 
by replacing ¢ by — i. Further, CA) = A(A) + B(A), which means that 
C(A) = 2 Re A(A) for real A. Similarly, <D(A) = A(A) — B(A), so that 
D(A) = 21m A(A) for real A. We here present a“), af”, and aj” 
without derivation: 


qn-1 
a™ = 
-i Sa? 
qn-l 








a = re yl +3 tonto ri]; 
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Bes ee ys li 
1 (n—1)L4 7k 8 
idee l ra+ ra 
+ (1+3 + +r) TO + O) 
PETER deg ee sa tral 
bm =a; ol =2Rea™; dM —2 Ima”, 


In particular, 








wi = ey = coon - 05; 
2-1)". T 
din) = a 5 sin (n 1)5- 


2.5. Fourier Transform of the Generalized Function (ax? + bx + c} 


Consider the function (ax? + bx + c}, which is equal to (ax? + 
bx + c}? for those values of x for which ax? + bx + c > 0, and to zero 
for all others. 

The corresponding generalized function is defined by 


(ax? + bx + oA, ox) = f (ax? + bx + c}? g(x) dx (1) 


ax?+bæ+c >0 


for those À for which the integral exists and by its analytic continuation 
for other À. 

The region in which ax? + bx + c > 0, if it exists, may be of one 
of the following forms: 


(1) An open interval a < x < B; 

(2) The entire line; 

(3) Two half-lines x < a and x > B (with a < £); 
(4) The entire line except for a point x = a. 


It is always possible to perform a linear transformation on x (a trans- 
lation and a change of scale) such that (ax? + bx + c) is transformed 
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to one of the following forms corresponding, respectively, to the four 
cases above: 


(1) (1 — 2}; 
(2) (1 + xh = (1 + 2°) 
(3) (è — I}; 
(4) x7. 
We shall not be interested in this last case, since x 


transform have been treated already. 
In Case | the integral 


2A 


*” and its Fourier 


f | (1 — 28) g(x) de 


converges for Re A > — 1, and for other values of A it can be regularized 
(analytically continued) in accordance with the expressions given in 
Chapter I, Section 3. It is then clear that (1 — x?)4 is a generalized 
function which is analytic everywhere except at A = — k, where k 
is any positive integer, at which points it has poles with residues 


(—1)18-D(1 = x?) 
-I 


Here 8*-1)(] — x?) is the generalized function 


(DYT gu-n — 1) — 8-0% 4 1)]. 


SUED] — x?) = me 





Similarly, (1 + x?) is the generalized function defined by the integral 
[0 +9) ox) dx, 


which converges for Re A < — gand is analytic for all A, while (x? — 1} 
is the generalized function defined by the sum of the integrals 


is (1 — x?) p(x) dx + | j (1 — x?) p(x) dx, 


which converge for — 1 < Re A < — 4. This generalized function is 
analytic except at à = — k, where k is any positive integer, where it has 
poles with residues 
(—1)*-18 (42 2. 1) 
(k — 1)! 
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Here 5'*-1)(x? — 1) is the generalized function 
SUD (x? a 1) = (—1)18%-D(1 pe x?) 
1 


2kyk-1 





SED xe — 1) — 8-1% + 1)]. 

In connection with the above, it would perhaps be valuable as an 
aside to give the general definitions of 5(f(x)) and 5“)(f(x)). 

Let us first assume that f(x) is an infinitely differentiable function 


having the single simple root x = x9, and that f'(x) > 0. Consider 
the integral 


f 82) ol) dt = 90), ©) 
in which we make the substitution t = f(x). Equation (I) then becomes 
| ELED AIDS E) dx = (0) 


in which we may write (f(x))f’(x) = ¢(x) to obtain 


¥(%o) 
f'(%) ° 


If f'(x) were negative, we would have had to take the negative of the 
integral on the left-hand side if by the integral we mean integration in 
the direction of increasing x. Consequently, in general we must write 


1%) 
| f'(%o) |” 


These preliminary considerations lead in a natural way to the following 
definition. Let f(x) be a differentiable function having the single simple 
root x = x». We define 8(f(x)) by Eq. (II), where (x) is any function 
in K. 

Assume now that f(x) has any number of simple roots. Then it is 
natural to define 8(f(x)) by 





[EENH ade = 





| END HE) dx = (1) 


[ey oe) dx = He, (I) 


where the sum is taken over all the solutions of the f(x) = 0. This 
definition can be written in the form 


af) = Tet (x — wn). (Iv) 
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For instance, 


(sin x) = > s(x — mn). 


It is quite simple to obtain a definition of 8&™®( f(x)) from (IV) by formal 
differentiation. Taking the first derivative, we obtain 


; ay tyes 1 d 
S'ES) = DFT ae — Xn). 
Since f'(x) does not vanish at x = x,, we may divide by it to obtain 


; 1 ld 
Ue) = Dire] Peas — 





Proceeding in the same way, we arrive at 


SH f(x)) = > hy) F ai S(x — xn). (V) 


Let us now find the Fourier transforms of (1 — «?)4, (1 + æ}, 
and (x? — 1)4. For those A for which the corresponding integrals 
converge, these Fourier transforms can be given in terms of Bessel 
functions. It follows from the uniqueness of analytic continuation that 
these expressions will hold for all À. It is interesting that for integral À 
these Fourier transforms can be given in terms of elementary functions 
and derivatives of the ô function, which then establishes relations 
between the Bessel functions and the derivatives of the 5 function. 

Let us start with (1 — x)i. For Re A > — 1 we may write? 





1 = ~A-$ 
i (1 — x2} ets dx = Var + 1) (5) Figg (2) 


The function on the right-hand side, and therefore also that on the 
left, is analytic everywhere except at àA = — n, with n a positive integer, 
where it has simple poles. 

Thus the Fourier transform of (1 — «?)4 is given by 


; s\ 74- i 
FI = }]= Va rA +D (5) al) (2') 
and exists for all A A — 1, — 2,.... 


* Ryshik and Gradstein, ‘“‘Tables,” p. 312, Eq. (6.413,3). See also P, M. Morse and 
H. Feshbach, “Methods of Mathematical Physics,” Part I, p. 619. McGraw-Hill, New 
York, 1953. 
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The residue at à = — n is 


(1) —~/§ n-t 
(n — 1)! Va (3) Jnl). (3) 
This residue can also be written in a different way. To do this we 
divide both sides of (2) by F(A + 1) and go to the limit as A> — n. 
Since 
(1 =a), S-I] — x2 
jim Ta 1) TA+) (ba), 


we have 


Va (SY Lena = [78-701 x od (4) 


The integral in this expression is easily shown to be 


DMs agg Qe cos $ 
2n-1 = (s ds)r—1 ( s ) (5) 
This is the second expression we wanted to obtain for the residue at 
à= n. 

For integral A = n > 0, we may easily obtain the formula 

— y2y\n pixs — Jn+1 yl —]\n sins 
fa x2) eies de = 21 pli 1 age ( a ) (6) 

To derive this, note first that it is true for n = 0. Now assume it to be 
true for some n > 0 and proceed by induction. In particular, we apply 
the differential operator 2s-! d/ds to both sides and integrate by parts 
on the left, which then proves the assertion for n + 1. 

From the above formulas, we may easily obtain an expression for the 
Bessel functions of half-odd integral order in terms of elementary 
functions. From Eqs. (3), (4), and (5) we have 


Tena) ae ort Soa (4). (7) 


This expression is valid for negative orders. For positive orders we set 
A = n in Eq. (2), obtaining 


Í F (1 — xy" etes dx = nl Va ar Tail’). (8) 
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Comparing this with (6), we arrive at 


Jaa) = (— 1p a y! : war CE) (7' 


We have thus shown that for both negative and positive half odd 
integers r the Bessel function J,(x) can be expressed in terms of elemen- 


tary functions. 
We now turn to (1 + x)4. The Fourier transform of this function 


for Re A < 0 isë 


æ% n T: -a-4 
[od +a eras = FYE IS lsd, O) 


This equation holds for all A. For positive integral A = n the Fourier 
transform is easily obtained more directly. For this case (1 + x?) is the 
polynomial (1 + x)", while | s |-4-#K_1_4( s |) is singular (has a pole). 
Indeed, we already know that the Fourier transform of (1 + x?)” is 
(1 — d*/ds?)"8(s). 
This implies 
: 1 jsp d? \” 
iola] Kalls) = Vz (1-5) 80. (10) 
Finally, let us turn to the Fourier transform of (x? — 1)4. This is 
given by 


ai © 
f (x? — 1) etse dx + f (x? — 1} ete dx 
-0 1 
=2[" (x? — 1) coss dr. (11) 
1 
But for — 1 < Re A < 0 we may write? 
IA +1) Vr 


|; à+ 


2 


i x2 — 1)4 cos sx dx = 
) 


Na(l $). (12) 





5 Ryshik and Gradstein, “Tables,” p. 251, Eq. (5.116,1). See also W. Magnus and 
F. Oberhettinger, “Formulas and Theorems for the Functions of Mathematical Physics,” 
p. 118. Chelsea, New York, 1954. 

ë Ryshik and Gradstein, “Tables,” p. 314, Eq. (6.422). See also W. Magnus and F. 
Oberhettinger, loc. cit., p. 27. 
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This means that for all A 4 — n, where n is a positive integer, the 
Fourier transform of the generalized function (x? —— 1} is 


2 | (x? — 1} cos sx dx 
1 


-a4 
= ra + D Va |i was) 


= TA +1) V7 | 5 i 


sin 7(A + 4) (13) 


Particularly simple is the Fourier transform of (x? — 1)”, where n is a 
nonnegative integer, for which the above expression becomes 


2 | (x2 — 1)" cos sx dx 
1 
© 1 
= f (x? = 1% és dx + (1y f (1 = xy és dy 
~% -1 


-—n— 


= 2n(—1)" (1 + z J" a9 + D va (5) Tae (14) 





2.6. Fourier Transforms of Analytic Functionals 


Consider the analytic functional on Z defined by 
(8%) = | 8O) Ws) as. (1) 
r 


We shall assume I to be either a finite or infinite contour, but in any 
case, one along which g(s)e™ is absolutely integrable for any real b. We 
then assert that the functional g is the Fourier transform of the regular 
functional on K corresponding to the function 


1 


fe) = z; [ay em ds (2) 


T 


Before proceeding we point out that f(x) is defined by (2) for all x 
by our assumption about I’. Let p(x) be a function in K whose Fourier 
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transform is ¥(s). Then in (1) we replace ẹ(s) by its expression in terms 
of g(x), obtaining 


5, = Ñ iss d 
(ev = f |f edy 

= f p(x) If gls) ef ds| dx 

-%0 r 

= 2r | JÆ 9x) dx = (f, 9) 

where f(x) is defined by. (2). This completes the proof of the assertion. 
Assume, for instance, that I" is a finite closed contour in the interior 

of which g(s) has a single isolated singular point sọ Then according to 
the residue theorem, f(x) may be written 


FE) = J als) oF ds = Ini + res [g(s) et] 


Example. Consider the analytic functional 
BOWS) =f oe ~) vs) ds (3) 


in which the integral is taken along the imaginary axis (or any equivalent 
contour). By the above proof g is the Fourier transform of the function 
f defined by 


F(x) == ~ in exp (>) etss ds, 


This integral is easily calculated. If we replace s by iz, it becomes 





de oss F i oe! Ba: 
>Í exp -3 — rx) dr = z= exp 5 T exp |- 46 + x)?) dr 
i xz) e T? T x? 
=z (7) exp (- 5) & = Fe exp (J). 
Thus the analytic functional of Eq. (3) is the Fourier transform of 
x2 

o (2) 

Inverting this result, we find that the Fourier transform of exp(x?/2) 


is the analytic functional corresponding to the function iV 2m exp (s?/2) 
and the contour (— iœ, i œ), 


== 
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3. Fourier Transforms of Generalized Functions. Several Variables 
3.1. Definitions 


The Fourier transform of a functional f acting on the space K of test 
functions g(x) of several independent variables x = (x, ..., Xp) is 
defined as the functional g acting on the space Z of functions ¢(s), with 
s = (5), = Sn), according to 


(£, $) = 27)" (f, p), (1) 


where % = ọ is the Fourier transform of (x). The functional g is both 
linear and continuous, and we shall denote it by f or by F[f]. The results 
of Section 2 can be applied here with hardly any changes. Equations 
(2) and (3) of Section 2.1 now become the following: if P is a polynomial 
with constant coefficients in m variables, then 


Ho EVAN FAs @ 


FeZ, of =) cay; er ee Y y (3) 


Ox, 


The inverse operator F-1 acts on Z’ and maps it into K’ according to 
1 
‘1 = 
Fep) = ae Fe) (4) 


If f(x) is a function that has a Fourier transform in the classical sense, 
then f is the regular functional corresponding to the Fourier transform 
of f(x). 

Of the singular functionals the simplest, as usual, is the delta function. 
It satisfies the two formulas 


Sx) = 1, I = (2m 8), (5) 


which are the analogs of Eqs. (2) of Section 2.2. 
The Fourier transform of a polynomial is obtained by combining 
Eqs. (2) and (5) to give 


FIP(*, es Xn)] = FIP(%, e Xn) 1] 


= (27 P( iz aon iz ) 860). (6) 
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Let us study the behavior of the Fourier transform of some general- 
ized function f when this latter is subjected to some linear operator u 
(see Chapter I, Section 1.6). For any g(x) in K we have, writing 
ux = y, x = uy, and dx = |u| dy, 


` 


Fly(u-tx)] = | vama) eoa dx — |u| f ply) ef") dy 


= |u | | oy) eon dy = | u | (u'o), 


so that the u~ operating on the x variables induces the transpose w’ on 
the o variables, and the result is multiplied by | u |. For a generalized 
function f we have, writing (e) = F[ẹ(x)] as always, 


(FUf(ux)], Flp()]) = (27) (fux), p(x)) 
= (27)"(f(*), pu) = (FL)], Flee) 
= (FF), | u | Huo) = | u (FIZ), Flp(u’e))). 
Now putting g(c) = F[f(*)], g,(o) = F[f(ux)], we obtain 


(g.(2), #(2)) = | u |(g(0), #(u'e)) = | u |(g(u’0), #(2)), 


whence 
&,(9) = | u | g(u’te). 


Thus the transformation f(x) > f(ux) in K’ induces the transformation 
glo) > | u | g(u’—e) in Z’. 

If, in particular, f is invariant under u, so that f(ux) = f(x), its Fourier 
transform is invariant under u’— followed by multiplication by | u|, 
so that | u | g(u' 710) = g(a). For instance, if f is spherically symmetric, 
that is, if it is invariant under any rotation u, its Fourier transform is also 
spherically symmetric, since every rotation has the two properties 
w= u and |u| = 1. 


3.2. Fourier Transform of the Direct Product 


Let f(x) and g(y) be given generalized functions of the variables 


x = (xy, on 2p) and y = (Yo 5 Ym) and let ÑE) and (ny) be their 
Fourier transforms. Then the Fourier transform of the direct product 


f(x) x g(y) is given by 
Ff x 8] = ÑE x 0). 
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In other words, the Fourier transform of the direct product is the direct 
product of the Fourier transforms. To prove this one need only verify 
the equation for functions g(x,y) of the form Lj_, »,(x)¥;(y) (see 
Chapter I, Section 5.1). For such functions we have 


(FXE, eats) = Oxy (f x g, D prh) 
= (m E U, o) (B45) = D FF) (GH) 
= (7 x > os) = (f x È D oh), 


as asserted. 


Example 1. For f(x) = ô(x), our formula becomes 


F(=) x gv) = 18) x 8). 
In particular, 
F(x) x 1(y)] = E) x (277)"8(). 


In other words, the Fourier transform of the characteristic function of 
the subspace R, is the characteristic function of the subspace R; multi- 
plied by (27). 


Example 2. Consider the function f(x, y) of two real variables which 
is equal to 1 for x > 0, y > 0, and to zero for other x and y; let us find 
its Fourier transform. Since the function we are dealing with is the 
product (and therefore also the direct product) of 0(x) and 0(y), we may 
use Eq. (6) of Section 2.3 to obtain 


Fly) = f) x Oy) = SE + iE X [r8(n) + i. 


3.3. Fourier Transform of r4 


In Chapter I, Section 3.9 the spherically symmetric generalized 
function r? is defined for A 4 — n, — n — 2, .... Therefore its 
Fourier transform g,(c) is also a spherically symmetric generalized 
function. The Fourier integral 


glo) = | pet.) dy 
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converges for — n < Re A < 0, and is a spherically symmetric function, 
or a function of p = VÈ o. Further, for any t > 0 we may write 


galto) = | perea dx = | Perom dx. 
We now write 
tx =y, x=ty, dx=t"dy, r=|x|=t"|y| 


which leads to the result 


gi(te) = f |y |4 minen dy = t-*"g,(a). 


This means that g,(c) is a homogeneous generalized function of degree 
— à— n. It can therefore be written in the form g,(c) = Cip”. 
Let us calculate Cı. For this purpose we use the general formula 
(ga) = (27)"(r4, p) in which we set! (x) = exp (— 77/2) = 
exp (— x1/2) ... exp (— x3/2). Then 


Yo) = [VE co -F VE a (E = ch ao 
and we arrive at 
C,(27)*" | exp (- 2) p-"-4 da = (2r)” | r? exp (~5) dx. 


Both integrals can be calculated by going over to spherical coordinates. 
We divide both sides by the area of the unit sphere and replace the 
multiple integral by a single one, substituting p”~!dp for do, and r°~1dr 
for dx. Expressed in terms of the gamma function, the results are 


free (F) = 2a r(—5), 


0 
Then we arrive at 


C, ne 2ng àtn—2)+$4+1 ptn 


(1) 


1 We make use of the fact that F[exp (—x?/2)] = VIr exp (— 97/2) for n = 1. See 
Ryshik and Gradstein, ‘‘Tables,” p. 251, Eq. 5.119. See also R. Courant, “Differential 
and Integral Calculus,” Vol. II, p.320. Interscience, New York, 1950. 
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so that 


FẸ] = ngt pn, (2) 


This equation, which we have derived for — n < Re A < 0 remains 
valid throughout the region in which the analytic function rê exists, 
that is, for all values of A except A = — n, — n — 2, ..., at which points 
it has poles. 
Ka À +n ; : ; 
If we divide Eq. (2) by r=} we obtain the following simple 
formula for the Fourier transform of the entire generalized function 





A 
LO im ore 
+n 
re) 
FIJAN = On)» 240+ A nyo f sal) 2) 


r(-3) 
[cf. Section 2.3, Eq. (12’)]. 
The Taylor’s and Laurent series expansions of r+ give formulas for 
Fourier transforms of other generalized functions. 
We know from Chapter I, Section 4.6 that in the neighborhood of the 
regular point A, we may write 


rå = rho 4 (A — Ag) ro lnr +3 (À — Ag)? ra In? +... 
This implies that 
j = Po 4 (A — Ag) Flr In r] + 4 (A — Ag)? Fro In? r] 4... (3) 


On the other hand, we can also expand 74 = Cyp~4-* in a Taylor’s 
series about of Aj, obtaining 


Cp = Cy pon + (A — Ap) [C po” + Cy p-2o- In p] 
+3 (A — Ag)? [Cea + 2G; pom Inp + C, pe" In?p] +... (4) 
By comparing coefficients in (4) and (3), we arrive at 
Firs In r] = Ci p= + C, p->" In p, (5) 
F[r% In? r] = Cpo +. 2C; p- In p + C, p7% In? p (6) 


and similar expressions for the higher orders. 
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In the neighborhood of the singular point à = — n — 2m we may 
write 
We a, 
r =y pn pam T% H aA +n + 2m) +.., (7) 


where @_,, a, a, ... are given by [see Chapter I, Section 4.6 and the 
comment following Eq. (3) of that section] 


6207) ge Ose = Qr -ninr (8) 
1 " (2m)! 0 “in , QA = n goera 


We take the Fourier transform of (7) term by term, which gives 


~ Q, F[82(7)] 


A —2m—n 
(2m)! AX + n + 2m Fel ] 





7 == 


+ Q(X + + 2m) Fie- In] ton. (9) 
On the other hand, in the neighborhood of this same point we may write 


cintam) 


a ore re 


Cp” = J eint) 4 entm (A g- n 4 2m) + A 


x [p + (À +n + 2m) p” lnp +...] 


(n+2m) 2m 
C1 P 


= Para wars + (ct gam In P + ear p=) 


+A +n + 2m) (Lelms2mp2m In? p 4 cht+Bmp2™ In p 4 ln+2m) 2m) 4 (10) 


As before, we compare coefficients of (10) and (8), to obtain 


Gyr F[S2™(y)] = citm pm, 

QyF rtm] = etym pm In p + qnem pam, 
QyF lr 2° In r] = $tmp? In? p 4 clmt2Mp2m In p 4. cin+Bmp2m, (11) 
Here the c%4+2m, ¢in+2m)  ... are the coefficients of the Laurent series 


for C, of Eq. (1) about A = — n — 2m. 
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3.4. Fourier Transform of a Generalized Function with Bounded Support 


We wish to prove that the Fourier transform of any generalized 
function f with bounded support is a regular functional that corre- 
sponds to a function of o of the form 


(f(x), ef(2.9)), 


This expression is to be understood in the following way. By e*?- we 
mean any function pọ(x) in K which is equal to e*-) on the support 
of f and vanishes outside a sufficiently large region; then the functional f 
is applied to this function to give 


C eo) = (C, P). 


The number obtained in this way is independent of what particular 
function we choose for p(x) so long as it has the above properties (see 
Appendix 1.3 to Chapter I). In order to prove our assertion we must 
verify that 


[T,= Yo) do = (2n)"(f, g) 


for any g(x) in K with Fourier transform ¥(c). But we know that 


(fi) = (fry [ We) eto do), 


If we can now move the functional f under the integral sign, our assertion 
will be proven, for we will have 


1 —ila,x as 1 FDA ilox 
H o) = Tape | oo) hte) do = Te | F odo 0) 
We must thus verify the validity of moving f into the integrand. 


We first show that this is a proper procedure if the integral is taken over 
a bounded region G, that is, that we may write 


(7, I. Wo) eio) do) a ie Wo) (f, e02) do. 


The integral over G is the limit of the Riemann sums 


N 
sy(2) = > Hos) etosa Ao, 


j=1 
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The s,({«) converge to the integral over G uniformly for every bounded 
region of the variable x, as do all their derivatives with respect to x. 
We can therefore transform them by the usual trick to functions in K 
(that is, by multiplying them by a fixed function in K which is equal to 
one in a neighborhood of the support f), obtaining a sequence converging 
in K. This means that 


Uf, sw) = > Hos) (f, ote) Ao; 


converges to 
(7. fi (0) e-t(o.a) do). 


On the other hand, the (f, sy) are seen to be the Riemann sums for the 
function (of øo) 
Wo) (f, e2), 


which converge to the integral of this function. This establishes the 
validity of (1) for a bounded region G. 

Now the integral over the entire space is the limit of integrals over 
bounded regions: 


Ju) elo) dg — jim | f(a) ee do, 


lols N 


The sequence of functions of x whose limit we are taking converges 
(namely, to the integral on the left) again uniformly together with all 
derivatives in every bounded region of the variable x, which means that 
by the familiar trick we may convert this to convergence in K. Com- 
bining these results we have 


(s. ly p(o) e700 do) = Jim (7, evens (co) e702 do) 


= lim Po) (f, e02) do = f plo) (f, e-#22)do, 
N Ry 


N>% 
lol< 


which completes the proof. 

As an example let us obtain the Fourier transform of the singular 
generalized function ê(r — a), which corresponds to a uniform mass 
distribution of unit density on the sphere U, of radius a centered at the 
origin. In other words, 


Or — 4), p) = | oe) dx. 
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Now ê(r — a) has bounded support, so that according to the preceding 
considerations its Fourier transform is 


F[8(r — a)] = (8(r — a), ef) = | gile.o) dy, 


Ua 





In spherical coordinates (r = | x | = a, p = | o |, and @ is the angle 
between the x and o vectors) this becomes 


Fèr — a)] = f eiapcos® qn-1 sinn-2 9 dO dw 
= a Qaa ie e?@pCos® sinn-2 9 dO, 
0 


where dw is the element of area on the unit (hyper) sphere in the (n — 1)- 
dimensional subspace orthogonal to p. 

It is known that the integral on the right-hand side can be expressed 
in terms of Bessel functions,? so that we obtain 


NF [Sr —a)| = an} Q (ap) J zin- (2P) (2) 
= Qa, ain prin i rear (a). 


Here N,, is given by jd 


aE 


For n= 2m + 3 odd, the Bessel functions can be written in terms of 
trigonometric functions [see Eq. (7’) of Section 2.5] : 


“2 
J2) = Ke sin 2, 
d 1 


haa = CE) (R) 





Thus for n = 2m + 3 we have 
N,F[8(r — a)] 


= Q, ab” pin (—1)™ (apyn+4 t ag (+ hl) 


zdz? \n/z (3) 





z=ap 


2 Ryshik and Gradstein, “Tables,” p. 148, Eq. 3.227,3 (set x = cos 0). See also 
Whittaker and Watson, “Modern Analysis,” p. 366. 
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In particular for m = 0, and therefore for n = 3, this becomes 
N,F[8(r — a)] = 2ra? p-4J,(ap) 

or 

sin pa 


F[8(r — a)] = 4ra (4) 


It is known, on the other hand, that for any n = 2m + 3 the Bessel 
functions satisfy the formula? 


Baz 


d y” - 2 

(=F) [amd Jm) = yz J2) _ “2 sin z. (5) 
We may replace ap in Eq. (2) by z. Then it becomes 
Ny p= E FUB(r — d] = Or Janaa) 4, 


and we may use (5) to write 


d 


z dz 





Nye? (y 1 Fls naea af Z ane 


Now returning to z = ap (and dz = pda), we have 


d \™1 7 J2 i 
Nap (ar) grr — a) = Rri = sin ap. 


Now the Fourier transform operator acts on the x variables, while the 
differentiation acts on the a variables, so that we may write 


d 
ada 








2 )" ire- a =F [( "ta — a). 


a da 


We then arrive at the interesting result 


Nt aaa! Ao e 


ada P 





3 Ryshik and Gradstein, “Tables,” p. 326, Eq. 6.482,3. See also Whittaker and Watson, 
“Modern Analysis,” p. 360; 17.211 (use J_,(z) = (—)*Jn(z)). 
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3.5. The Fourier Transform as the Limit of a Sequence of Functions 


The method described above also may be used to find the Fourier 
transforms of generalized functions without bounded support. 

Let f be any generalized function. As we have seen (Chapter I, 
Section 1.8), f can be written as the limit of a sequence of generalized 
functions f,, each of which has bounded support. The Fourier trans- 
forms of the f,, as we have proven, are functions g,(s). Since convergent 
sequences are carried into convergent sequences under Fourier trans- 
formation, the desired Fourier transform of f can be obtained as the 
limit (in the sense of convergence in Z’) of the sequence of the g,(s) as 
y —> ©, 

In particular, let f(x) be any ordinary function (which may increase 
arbitrarily rapidly). Its Fourier transform can be defined as the limit 
(in the sense of convergence in Z’) of the sequence of ordinary functions 


gc) = | KEEA de, (1) 
lal <a 

If f(x) increases no more rapidly than some power of its argument 
and therefore defines a functional on S, the integral of (1) converges to 
the Fourier transform of f(x) also in the sense of convergence in S’ 
[that is, when operating on any (o)€ S]. In particular, the g,(c) 
converge to a limit g(c) also when operating on infinitely differentiable 
functions with bounded support, or in K’. We have already discussed 

such phenomena in the examples of Chapter I, Section 2.5. 


4. Fourier Transforms and Differential Equations 


4.1. Introductory Remarks 


The Fourier transform in its classical form is one of the important 
tools used in solving differential equations and associated problems. 
But the applicability of Fourier transform methods is restricted essen- 
tially to functions which themselves, or whose powers, are integrable 
over the entire space (e.g., L! or L?). The use of Fourier transforms 
in the complex domain has made it possible to include also exponentially 
increasing functions, but with the requirement that these functions 
vanish for negative values of their argument. We refer to the Laplace 
transform,! a modification of the Fourier transform. The two-sided 


1 See, for example, H. S. Carslaw and J. C. Jaeger, “Operational Methods in Applied 
Mathematics.” Oxford Univ. Press, London and New York, 1943. 
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Laplace integral, on which van der Pol’s celebrated book? is based, 
allows the inclusion of functions which increase exponentially as 
x—> + œ and remain nonzero but must be exponentially damped for 
x < 0, which ensures the existence of a strip in the complex plane in 
which the Laplace transform exists. Another elegant method for develop- 
ing an operational calculus has been suggested by Mikusinski.? His 
method (as yet developed only for the case of a single variable) can be 
used to deal with functions which increase in an arbitrary way as 
x —> + © and vanish for negative x. 

The Fourier transform method for generalized functions as developed 
in the present book requires no assumptions concerning the growth 
of the functions treated, either as x —> + œ or as x —> — ~,and can be 
used for functions of any number of variables. It is thus evident that this 
method can be used to solve, in particular, all types of problems to which 
the classical Fourier transform, Laplace transform, and Mikusinski’s 
methods are applicable, as well as many other problems which will 
not yield to the earlier methods. _ 

We shall restrict our considerations in the present volume to some 
rather simple examples. 


4.2. The Iterated Laplace Equation 4™u = f 


This problem will be solved when we have obtained an elementary 
solution E and then form its convolution with f, namely u = f * E. An 
elementary solution, as we know, is a solution of the equation 


A™E = 8(x). (1) 


Let us attempt to find such a solution in K’. Taking the Fourier trans- 
form of (1), we have 


(—l)"e"V = 1, (p? = >, o}, (2) 


where V denotes the Fourier transform of E. The problem is now to 
solve Eq. (2). 

If 2m < n, we may take the (locally summable) function (— 1)™p-?™ 
as our solution. If, further, A = — 2m < 0 is not a pole of the analytic 
function på (see Chapter I, Section 3.9, and recall that the poles 


2 B, van der Pol and H. Bremmer, “Operational Calculus Based on the Two-Sided 
Laplace Integral.” Cambridge Univ. Press, London and New York, 1950. 
3 J. Mikusinski, “Operational Calculus.” Pergamon, New York, 1959. 
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lie at A = — n, — m — 2, ...), the functional (— 1)” p~?" is a solution, 
as is seen by passing to the limit A—> — 2m in the equation p?"p4 = p2™+4, 
Finally, let A = — 2m be a pole of p4, which we expand in a Laurent 


series about this point, obtaining 


> = eer + ao + aÀ + 2m) +... (3) 
where the a, are generalized functions (Chapter I, Section 4.6). 

We multiply this equation term by term by p?” and then go to the 
limit as à—> — 2m. As above, the left-hand side converges to unity. 
On the right-hand side all the terms higher than the second vanish in 
the limit, the second term p?”a, remains constant, and if we assume that 
p*"a_, 4 0, the first term increase without bound. But this would 
contradict the limit equation in which all the other terms are finite, so 
we conclude that p?”a_, = 0, and therefore that 


pay — 1. 


Thus for this case the solution of Eq. (2) is (— 1)™a), where ay is 
the regular part of the Laurent series at A = — 2m.* According to 
Eq. (2) of Section 3.3, the inverse Fourier transform and solution of 
(1) in the first and second cases is C,,,77"—". In the third case, according 
to Eq. (5) of Section 3.3, the solution is 


Are" jnr 4+ Breen, 


For our purposes, however, the second term may be dropped, since it 
is annihilated by the operator 4”. Therefore collecting the results we 
have 


E(x) = Cre" inr, if 2m>n and n is even, 
Cr2m—n otherwise. 


4.3. The Wave Equation in Space of Odd Dimension 


Particular solutions of the wave equation 
eu  &u au 


a — oa to + G8 (1) 


4 This coefficient is the generalized function 2,7-"-?™ when operating on S(r) (see 
Chapter I, Section 4.6). In any case, its explicit expression is of no concern here. 
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are the running waves 
e-illo.2) tpt] p=]|o|= Vo? + o, 


from which we can construct an arbitrary solution in the form 


u(x, t) = | P(o) etone dg 4 ——_ | P (0) eto-2)-tt do, 


TF )” Te ‘i 


The particular solution u(x, t) is determined by the initial conditions 
which we shall assume (cf. Chapter I, Section 5.4) to be 





u(x, 0) = 0, Ps, 0) _ s(x). (2) 


The first of these gives 
| EPA) + Palo] et do = 0 
which is satisfied if ¥,(c) = — ¥4(c)= (2i)-1 Ya), so that we may write 


u(x, t) = | Po) et) sin pt do = F P(o) sin pt]. (3) 


S 
(2r)” 
The second of the initial conditions can now be written 


u(x, 0) 
ôt = F 





[ Po) eoa p da = 8x) 
or 
Fp P(c)] = 8(x). 


Taking the Fourier transform we have 
p¥(a) = (x) = 1 
so that, according to (3), 


u(x,t) = FU [5#] 


But we have already encountered the inverse Fourier transform of 
sin (pt)/p. According to Eq. (6) of Section 3.4 for n = 2m + 3 we have 


po feet) — gg Gey 2. 
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From this we may obtain the solution of the Cauchy problem with the 
initial condition du (x, 0)/é = f(x). This is 








41) = vie Ps) 


where M,[f] is the mean value of oe — &) in the closed ball | £ | < ¢ 
In particular, for m = 0 and consequently n = 3, we have 


u(x,t) = tM [f]. 
The usual method of descent can be used to solve the wave equation 
in a space of even dimension.® 


4.4. The Relation between the Elementary Solution of an 
Equation and the Corresponding Cauchy Problem 


An elementary solution of the equation 


Ou . ô 
a- Pia () 
is by definition a generalized function E(x, t) in K’ which satisfies the 


equation 
OE(«, t) 


etl p (: 2) E(x, t) = 8(x, t). (2) 


The elementary solution of Cauchy’s problem for the equation 


Ou(x, t) 


21) _ p(iZ) u(x,t) =0 (3) 


is a generalized function u(x, t) in K’, depending on ¢ as a parameter and 
defined for £ > 0, which satisfies Eq. (2) and is equal to 6(x) at t = 0. 
If u(x, t) is known, E(x, t) can be found. Indeed, we assert the following: 


Theorem. Let u(x, t) be the elementary solution of Cauchy’s problem 
for Eq. (3). Let k ‘ j 
_{ or t<0,. 
EOD aed) for 450. (4) 
Then E(x, t) is an elementary solution of Eq. (1). 


ER. Courant and D. Hilbert, “Methods of Mathematical Physics,” Vol. II, p. 686. 
Interscience, New York, 1962. 
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Proof. The definition in Eq. (4) requires some additional explanations 
for t > 0. We wish, in fact, to define a generalized function acting on 
test functions of x and t, while u(x, t) is a generalized function acting 
on test functions of x and depends on ¢ only as a parameter. To make the 
definition complete, let (x, t) be a test function of x and t, and then 
u(x, t) will be defined by 


(ul, t), (#9) = J (ul 1), ol, 4) at 


In the integrand, u(x, t) is applied for fixed ¢ to the function g(x, t) which 
is treated as a function of x only with ż fixed. The result is then a function 
of t with bounded support, and the integration over £ can be performed. 

We now show that the generalized function E(x, t) is indeed a solution 
of (2). It is sufficient to show that it satisfies the dual equation [obtained 
from (2) by taking the Fourier transform in x and ¢]. Let x, (with: = 1, 
..) n) be associated through the Fourier transform with c, and let t 
be associated with o9. Then the dual equation may be written 


[—ioy — P(o)] V(e, co) = 1. (5) 


Now let us take the Fourier transform of E(x, t) as defined by (4), 
but at first only in the x variables, with fixed t. We shall call this prelimin- 
ary Fourier transform v(o, t). According to (3) we have 


voo,t)=0 (t <0), 
v(0,0)=1 (t=0), (6) 
Ê ot) — Po) e,t)=0  (t > 0). 
The derivative with respect to ¢ in the classical sense can be replaced by 
the derivative in the sense of generalized functions if we take account of 


the discontinuity in v(o, t) at £ = 0 (Chapter I, Section 2.2, Example 2). 
In this way we can replace Eq. (6) by 


ð 
J wa, t) — P(o) v(e, t) — 8(c) = 0, 


where @/8@t now operates in the sense of generalized functions on v(o, t). 
Proceeding to the Fourier transform in t, we arrive at 


—to, V(e, co) — P(e) V(e, oo) = 1, 


which is what we wished to prove. 
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4.5. Classical Operational Calculus 


In the classical operational calculus one considers differential 
equations and systems of differential equations of the form 


for t > 0 with some initial condition at t£ =Q and some boundary condi- 
tions for certain values of x. The Laplace transform in ¢ is applied to 
reduce the problem to a differential equation in x alone (or to an algebraic 
problem if the initial equation is an ordinary differential equation). 
Let us consider such problems from the point of view of generalized 
functions. Let U(x, t) be a generalized function in t which depends on 
x as a parameter, equal to u(x, t) for £ > 0 and to zero for £ < 0. Now 
at £ = 0 this function is discontinuous, undergoing a change from zero 
to the value u(x, 0) given by the initial condition. Thus we may write 


ƏU(x, t) _ u(x, t) 
ô — å 








+ u(x, 0) 8(t). 


Consequently U(x, t) satisfies the (system of) equations 


ð Ue Hp (2) U(x, t) + u(x, 0) 8(2). (1) 





Taking the Fourier transform in ¢ and calling the variable associated 
with it p = pı + ifa, we obtain 


—ipV(x, p) = P (2) V(x, p) + u(x, 0) - 1. (2) 


For a well-posed problem this equation with the given boundary condi- 
tions in x has a unique solution V(x, p) which is an analytic function of p 
(in the case of an ordinary differential equation, it is even a rational 
function of p) which may have singularities (and perhaps be multiple- 
valued). Having found V(x, p), we can construct a family of analytic 
functionals of the form 


(V4) = f V, P) Wo) dp, (3) 


where T is any fixed contour that avoids the singularities of V(x, p) 
and is equivalent to the real axis; this latter conditions means by definition 
that 


Í. Ws) ds = f [i (2) do 
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for any 4(s) in Z. In particular, may be any straight line parallel to 
the real s axis and avoiding all the singularities of V(x, p). 

Each such functional is a solution of Eq. (2), and the inverse Fourier 
transform of such a functional is a solution of (1). But such a solution 
will not in general vanish for t < 0. 

To find an analytic functional of the form of (3) whose Fourier trans- 
form will vanish for £ < 0 is in general quite difficult. We may, however, 
assert the following: 


Theorem. Assume that V(x, p) has the following special properties: 


(a) V(x, p) has no singularities above some straight line whose 
equation is Im p = p$; 
(b) There exists an integrable majorant W(p,) for V(x, p) in this 
region: 
[Vp < We), | Wr) dp, <>. 


Then the analytic functional 
00 +4 Do 

(Vin=f  " Vinpyed (2, >A) 
—O+ipe 


is the Fourier transform of a generalized (even ordinary) function u(x, t) 
which vanishes for t < 0 and satisfies the (system of) Eqs. (1). 


Proof. The conditions of this theorem are the usual conditions for the 
existence of the inverse Laplace transform of a function. The Fourier 
transform of V can be written, according to Eq. (2) of Section 2.6, 


EE a —ipt 
u(x, t) = z> Í aa, VOP) e dp. 
The fact that u(x, t) vanishes for t < 0 is implied by the inequality 


1 a0 
| u(x,t) | << emt f Wp) dp, 


in which we allow p, to approach + œ. 
Let us consider further, any function V,(x, p) that can be written 
in the form 


V(x, p) = Q(p) V(x, p), (4) 
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where V(x, p) has the properties described above, and Q(p) is some poly- 
nomial. The inverse Fourier transform of (4) is 


u(x,t) =O (4) u(x, t), 


where u(x, t) and u(x, t) are the inverse Fourier transforms of V(x, p) 
and V(x, p). We see that for this case also V,(x, p) is the Fourier transform 
of a functional with support on the semiaxis t > 0. 


CHAPTER III 


PARTICULAR TYPES 
OF GENERALIZED FUNCTIONS 


1. Generalized Functions Concentrated on Smooth Manifolds 
of Lower Dimension 


The simplest example of a generalized function concentrated on a 
manifold of dimension less than n is one defined by 


4.9) = | fe) g(a) do, (1) 


where S is the given manifold, do is the induced measure, or Euclidean 
element of area on S, f(x) is a fixed function, and g(x) is any function in 
K.1 A somewhat more complicated example is obtained by replacing 
the integrand by some differential expression in g(x). 

In this section we shall define and study important functionals 
concentrated on manifolds of dimension less than n imbedded in an 
n-dimensional space. We have seen for the case of n = 1 that 
functionals concentrated on a point are the delta function and its deriva- 
tives. Moreover, it shall be proven in the second volume that every 
functional concentrated on a point is a linear combination of the delta 
function and its derivatives. For n > 1, when S is (n — 1)-dimensional 
(we shall call such S hypersurfaces or simply surfaces) and is given by 
an equation of the form 


P(x) ce, £n) = 0, (2) 


we will find that an analogous role is played by generalized functions 
which we shall call 6(P), 8’(P), etc. It is with these that we shall be 
essentially concerned. 


1 In this chapter we shall assume all our test functions to be infinitely differentiable 
and of bounded support, i.e., in K. 
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If P = x, that is, if S is the hyperplane x, = 0, we naturally put? 
Clr), 9()) = | 8e) g(x) dx 
= | [f 80%) oan mn) dæ] dp... day 
= f 0, Xoy oey Xn) AXo ... AXy. 


In other words, it is natural to define the generalized function 8(x,) by 
the equation® 


J See) oe) de = f 000, as ons An) din». diy, (3) 
For the same reason, we shall define 6(x,) by 
f 8(x,) p(x) dx = (—1)* | PPOO, Xp -~ Xp) dg nd, (4) 


Now let P(x}, ..., Xp) be any sufficiently smooth function such that 
on P = Q we have 
grad P £ 0 (5) 


(which means that there are no singular points on P = 0). Then the 
generalized function 6(P) can be defined in the following way. 

In a sufficiently small neighborhood U of any point of the P = 0 
hypersurface we can introduce a new coordinate system such that 
P = 0 becomes one of the coordinate hypersurfaces. For this purpose 
we write P = u, and choose the remaining u; coordinates (with : = 2, 
..., n) arbitrarily except that the Jacobian of the x; with respect to the u; 
which we shall denote by D(%), fail to vanish (which is always possible 
so long as grad P Æ 0 on P = 0). We may assume without loss of gener- 
ality that g(x) is nonzero only in U.4 In the “integral” f 8(P)p dx whose 
definition we are trying to establish, we make a change of variables 
according to 


| P) ox) de = f SP) pitu) DÒ) du = | 8) Yu) du, 


2 We make use of the notational convention of Chapter I, Section 1.3. 

3 This definition means that 8(x,) is the direct product 8(x,) X 1(x3, ..., %n), where 
(x1) is the delta function on the x, line, and 1(xg, ..., Xn) is the function identically equal 
to unity (see Chapter I, Section 5.1). 

4 See Appendix 1.2 to Chapter I. 


1 Smooth Manifolds of Lower Dimension 211 


where 
Py (Ha, <-s Un) = OH, «+, Xn) and y = ¢,(u) pí"). (6) 


We thus see that the generalized function 6(P) is to be defined by 
(3(P), p) = | 8(P) p dæ = f YO, tay oe tin) diy dtp (7) 


This last integral, as is seen, is taken over the P = 0 surface, which is 
why 8(P) is said to be concentrated on this surface. 
Similarly, we shall put 


(8(P), p) = =] 80(P) @ dx 
= (-1)}* LAU gr es Up) dilg ooe du,, (8) 


where (u) is the function defined in (6), and the integral on the right- 
hand side is again taken over the P = 0 surface. 

In order for this equation to be consistent, all we need require is that 
P(x) have continuous derivatives up to and including the (k + 1)st. 

At first it would seem that the definitions in (6) and (7) depend on 
the choice of the coordinate system. In fact this is not so, however, and 
we may show that the generalized functions 8(P), 8’(P), and derivatives 
of higher order are uniquely determined by P. It is, in fact, most con- 
venient to define them in an invariant way, independent of the choice 
of u; we shall do this by introducing considerations from the theory 
of what are called differential forms. The reader wishing to avoid this 
theory may skip over to the resulting formulas we shall derive and list 
below. The techniques of differential forms are, however, extremely 
helpful, and we shall make systematic use of them in this section. The 
necessary minimum of information concerning differential forms will be 
dealt with in Section 1.1. 

We may return to the initial coordinates in the integrand of (7), 
which will then contain linear combinations of g(x) and its derivatives 
with x-dependent coefficients. We shall show in Section 1.7 that any 
functional f of the form 


= Sf anal) Gee? ae (9) 


ayt..tty<k 


can be expressed in terms of 6(P) and its derivatives by 


(fe) = > | (x) 8(P) p ae. (10) 
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Equation (10) contains only k + 1 derivatives, though (9) contains in 
general many more. Further, (10) has the additional advantage that it is 
unique: if f = 0, then 5,(x) = 0 for each j = 0, ..., k, which cannot be 
said of the a; ; (x). 

Now we shall present a list of the formulas that will be proven later. 
In these formulas P is assumed smoother than above, but in order not 
to go into irrelevancies at this point, let us simply assume P to be 
infinitely differentiable. 

Let O(P) be the characteristic function of the region P > 0: 


0 for P<0, 
oP) =} for P>O, 
(AP), 9) = J ox) ae (11) 
Then it follows that 
0'(P) = ê(P), (12) 


which is understood in the sense that 


oP) oP , 
a a A (12’) 





Further, a similar “chain rule” applies to differentiation of 5“(P) 


ô oP 
-L sie P) = & get = 
Fay DOP) = FMP), k= 0, 1,2, o (13) 
We shall also establish the following identities relating (P) to its 
derivatives: 


P3(P) = 0, (14) 

P8'(P) + &(P) = 0, (15) 
P8"(P) + 28'(P) = 0, (16) 
PSP) + B5*-1(P) = 0, (17) 


For two surfaces P = 0 and Q = 0 (where Q is a function with the 
same properties as P) that do not intersect, we have 


8(PQ) = P-18(Q) + Q-*8(P). (18) 
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In particular, if a(x) is a function nowhere equal to zero, we have 
d(aP) = a 8(P). (19) 
From this we may derive 
8(aP) = a-*+V 9 P). (20) 


The above applies to functions concentrated on a hypersurface, or an 
(n — 1)-dimensional manifold in an n-dimensional space. Assume now 
that S is a manifold of lower dimension given by the equations 


Py (xy, «, Xn) = 0, ..., Py(¥, 0, Mn) = 0, (21) 


where the P, are sufficiently smooth functions. Let the P,(x) = O sur- 
faces for 7 = 1, ..., k form a lattice such that in the neighborhood of 
every point of S we may take the P,(x) to be the first k coordinates u, 
w+) Up, let the remaining coordinates u;,,,, ..., Up be chosen arbitrarily 
except that the Jacobian D(Z) fail to vanish. Then we can define a gener- 
alized function 8(P,, ..., P,) and its derivatives 


oma(P,, ..., Py) 
OPA ... OPa 


in analogy with what we have done above. Specifically, if we wish to 
satisfy the identity 


i 8(P,, ..., P;) p dx = f Su, «++» Uz) pi(u) D{*) du 


= ce very Uy) P(t, ---, Un) Uy... dily, 
where 


pu) =g) and y(u) = pilu) DË), (22) 
we put 


f 8(P,, ..., P,) p dx = f P(O, 2, O, Utgr -+e Up) Tyg +. diiy: (23) 


Similar motivation leads to 


f O%t---+%% §(P,, = Pe) ox) dx = (—1)ate-ta 


oP% oes oP 
eT CHR T eee S, 
x f bua. u dug, <.. dup- (24) 
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In Section 1.9 we shall show that these definitions are independent 
of the choice of coordinate system. We shall find the following identities 
to hold: 


ô _ & (Pa, ..., Pa) OP; 
ZA 8(P,, e.s, P,) = 2 — aP Ox; (25) 
(the “chain rule”); 
P8(P,, ..., P) = 0, (26) 
P,P,6(P,, ..., P,) = 0, (27) 
P,P, ... P,S(P,, ..., P) = 0, (28) 


and additional identities obtained by formal differentiation of the above. 


1.1. Introductory Remarks on Differential Forms® 


A differential form of kth degree on an n-dimensional manifold with 
coordinates x,, ..., *, is an expression of the form 


> Gi ig-i,(%) AX, ... AX:,, 


where the sum is taken over all possible combinations of k indices. The 
coefficients a; | ; (x) are assumed to be infinitely differentiable functions 
of the coordinates. Two forms of degree k are considered equal if they 
are transformed into each other when products of differentials are trans- 
posed according to the anticommutation rule 


dx, dx; = —dx, dx, (1) 


and all similar terms are collected. 

This rule implies, among other things, that if aterm in a differential 
form has two differentials with the same index, it must vanish. It can 
be used also to put any differential form into “canonical form,” in which 
the indices in each term appear in increasing order. 


5 We shall have no need for the theory of differential forms in its greatest generality, 
and therefore in the interests of clarity we shall simplify wherever possible. The reader 
desiring a deeper understanding of the considerations touched on in this section may turn 
for instance, to P. K. Rashevskii, ‘‘Geometrical Theory of Partial Differential Equations” 
(in Russian). Gostekhizdat, 1947; or to J. de Rham, “Variétés Différentiables. Formes, 
Courants, Formes Harmoniques.”” Hermann, Paris, 1955. 
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We shall say that a differential form has bounded support if all of 
its coefficients are functions with bounded supports. 

The exterior product of two forms La; __, ,,(x) dx; ... dx, and 
2b, ... 3,,(*) dx; ... dx; is the form of degree K + m obtained by 
formal algebraic multiplication of the original two forms. The result of 
such multiplication can in general be further simplified by using Eq. (1) 
to put it in canonical form.® 

This definition of multiplication implies that the anticommutation 
rule will hold for any differential forms of first degree. Indeed, let 
a = La(x)dx, and 8 = Lb,(x)dx,; then 


aB = DY a(x) bala) ds de = — D, a(x) bila) dy dzz = —Bou 


Let us find how differential forms transform under an infinitely 
differentiable change of coordinates given by x, = x(x}, ..., Xn). We 
have 


dx, = OX ay! 
= Lay i 
and 
dx, d Oh ae! de! 
Gj,-i, UX; AR, = > > a- ig CA e g pe Us 
igde <i idee Cip I Ír 


In the sum we have obtained, terms in which the same differential 
occurs twice will vanish. Different terms containing the same combina- 
tion of differentials can be combined using the anticommutation rule, 
which holds also for the dx;. Then it is easily establish that for j, <j, ... 
< jx, the coefficient of dx; dx; is multiplied by the Jacobian 


Xii Xis wee vi, 
D . 
a aa X 
ji dg Tk 


We thus arrive at 


— , , , 
Gy i, AXi, oee AXi, = > Wig My wes dx, ; (2) 
id. <ty hy <ene <I 
where 
a= phi aa (3) 
irie , X x) te, 
iig <... <ty ji Jk 


s We are, of course, assuming that the coefficients commute with each other and with 
the differentials. 
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In particular, a form of degree n, which can always be reduced to 
a single term, has the property that 


a dx, ... dx, = aD("} = ei dx, ... dx; (4) 
a at 
Note now that this is the formula which describes the transformation 
of an integrand under a change of independent variables in a multiple 
integral. For this reason the techniques of differential forms can be used 
when performing such a change of variables. For instance, for the case 
of.a double integral, writing x = g(u, v) and y = ¢{u, v), we have 


dx = p, du + », dv; dy = 4, du +, dv, 


dx dy = (ph, — 9,yp,) du do. 
The exterior derivative of a differential form 


a= => liin AXi, oe dEi 
is defined as the (k + 1)st degree differential form 


0a;, 


= (y Bag de) bey dti» (5) 


which, of course, can be simplified by using the anticommutation rule (1). 

For instance, the exterior derivative of a form of degree zero, which 
is understood as a scalar function a(x), is essentially the ordinary deriva- 
tive, in fact is the first degree form X(@a/0x,) dx,; the coefficients of this 
form represent the gradient of a(x). The exterior derivative of the first 
degree form La,(x)dx, is the second degree form 





Ca; 


De = a) e dx; 


(if we associate with the coefficients of the first order form the vector 
a = {a;}, those of the exterior derivative will be associated with the 
curl of a). The derivative of the (n — 1)st degree form 








> a,(x) dx, ... dxj_1 dx;4, ... AX, 


is the mth degree form 


yc 


eas ZAE 4 es 
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It is easily shown that according to the anticommutation rule (1), 
any differential form « satisfies the equation 


dda =0. (6) 


Let us now turn to integration of differential forms over regions and 
manifolds. 

Let us start by assuming that the mth degree form « = a(x)dx, ... dx, 
is integrated over an n-dimensional region G of R, in the usual way 
according to the usual rules of multiple integration. 

We wish now to define the integral of a form of degree k over a 
k-dimensional manifold. Before proceeding we make some remarks 
about orientations of regions and manifolds. 

Let V be a neighborhood (of arbitrary dimension m) in which we are 
given a local coordinate system 4, ..., um. We shall say that this coordin- 
ate system defines the orientation of the neighborhood V. The same 
orientation is defined by any other local coordinate system v, .... Om 
so long as the transformation from the u, to the v, has positive Jacobian. 
It is possible, in addition, to give V the opposite orientation. This is 
defined by any local coordinate system w}, ..., Wm, such that the trans- 
formation from the uw, to the w, has a negative Jacobian. 

A region or manifold I’ (of m dimensions) is called orientable if in the 
neighborhood of every point of T it is possible to define the orientation 
consistently, that is so that the coordinates in intersecting neighborhoods 
define in the intersection the same orientation. We shall not concern 
ourselves with nonorientable manifolds (for instance, the Möbius strip). 

Let U be an m-dimensional neighborhood contained in an (m + 1)- 
dimensional neighborhood V, and let U divide V into two parts one of 
which we shall call the interior, and the other the exterior. Assume that 
the coordinate system w4, ..., Wm defined in U can be extended to a 
coordinate system wy, Wis --- Wm in V. Then we shall agree to say that 
the resulting orientation of V corresponds to the positive direction of 
the normal if w, increases in the exterior of U; in the opposite case we 
shall say that the orientation of V corresponds to the negative direction 
of the normal. 

We shall now proceed to define the integral of a kth degree differential 
form a over a k-dimensional (for k < n) orientable manifold I. We 
shall assume this manifold closed, bounded, and sufficiently smooth. 
We break up T into the submanifolds ['™, ..., [™, in each of which we 
can introduce a local coordinate system; we introduce such systems 
consistently, thereby choosing the orientation of I. We now express 
a in each of the I in the coordinate system u, ..., uy chosen locally. 
If a was defined on an n-dimensional region containing I, the local 
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coordinates u,, ..., u, should be chosen so that n — k of them, for 
instance u,44, ...) Un, vanish on I’. Then du,,, = 0, .... du, = O on T 
so that a becomes 


a = a(t, ..., Uy) diy ... duty. 


We now integrate « in the usual way over each of the and add up 
the results. It is not difficult to see that the integral So so defined is 
independent of the way I is broken up into manifolds and of the choice 
of local coordinates in each of these, assuming the orientation to be fixed. 
One need only recall that on transforming to some new coordinates 
uy, ».., Uy the differential form becomes 


Uy. U 
a = alte, (tij, ony UE), ony Uy tf, aeo A w) dul... du. 
r 


If, however, we transform to local coordinates corresponding to the 
opposite orientation in each of the I, our integral f a will change 
U, o. U r 

1 x) becomes negative. 
Ue vc hy 
Thus fc is defined uniquely up to sign, and the sign in turn is 


defined by the orientation of I. 


sign, since in this case the Jacobian D( 


THE GAUSS-OSTROGRADSKII FORMULA (Gauss’ THEOREM) 


Let a be a differential form of degree n — | defined on some bounded 
n-dimensional region G with a piecewise smooth boundary I’. We assume 
an orientation of G corresponding to the positive direction of the normal 
to I. By da we shall denote, as above, the exterior derivative of «. Then 


f a= f (7) 


which is called the Gauss-Ostrogradski formula. If the orientation of G 
corresponds to the negative direction of the normal, one of the integrals 
must be multiplied by minus one. 

As an example, consider a second degree form a in three dimensions. 
In terms of x,, X x, this differential form may be written 


a = a, dx, dx, + az dx, dx, + dg dx, dx», 
and its exterior derivative is 


0a, 
Ox, 


Od, Ody 
OX, A 





+ 








i= ( ) de, dx, dxa, 
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so that the Gauss-Ostrogradskii formula becomes 


i [a, dx, dxs + dy dxa dx, + ay dx, dx,] 
r 











ĉa gs ag 
= =f ( ôx + Bey + Oxy a | (8) 


in which form it is usually given in courses on analysis. 
A generalization of this formula is Stokes’ theorem.’ This theorem 
can be written in the same form, namely 


I. da = Í. a, 


except that now G is a k-dimensional bounded region (with k < n), 
while « is a differential form of degree k — 1. As before we assume the 
orientation of G to correspond to the positive direction of the normal 
of its boundary T. 

As an example, we present the classical form of Stokes’ theorem. 
In three-dimensions and the coordinates x4, X2, X3, a first degree differen- 
tial form a may be written 


a = a, dx, + a, dx, + dg dxg, 


and its exterior derivative in the form 














_ (ĉa ĉa 0ag az 
aS ce ~ Bite ) diy di + oe ais ) aig dx 
0a, ĉas 
( — dx, dx,. 
Ox, ae) oat 


Then Stokes’ theorem becomes 


f (ee z a =] dx, dx, + ( z = a ) dx, dxa 











ĉa Oday = 
( Bi oe, ) dx, dx] = Í. [a, dx, + az dx, + dg dxa], (9) 


where G is a two-dimensional bounded region and I is the curve 
bounding it. 


7 See J. de Rahm, loc. cit., who gives this formula in terms very similar to those used here. 
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1.2. The Form w 


Consider a hypersurface S given by P(x,, x, ..., Xn) = 0, where P 
is an infinitely differentiable function such that grad P = {@P/0x, ..., 
éP/éx,} does not vanish on S (which therefore has no singular points). 
We wish to turn our attention in this section to a certain particular 
differential form w of degree n — 1, which will be important in what 
follows. This form is intimately related to the P = 0 surface, or more 
accurately is uniquely determined by P on the P = 0 surface. 

The form is defined by 


dP - w = dv, (1) 


where dv = dx = dx, ... dx,, and dP is the differential of P. 

Before proceeding let us convince ourselves that under the above 
assumptions w does in fact exist in some n-dimensional region con- 
taining S. 

By assumption, in the neighborhood of any point of the surface we 
can introduce a local coordinate system u,, ..., u„ such that one of the 
coordinates, say u;, is P(x), and such that the transformation from the 
x, to the u; (with: = 1, ..., n) is given by infinitely differentiable func- 
tions with positive Jacobian D(Z). In this coordinate system we may 
write dv = D(%)du, ... du;_,dP du;,,...du,, and therefore we may set 


w =(-1) D(*) du... du;_, dij) ... dun. (2) 


Thus w is seen to exist. 
If, in particular, in the neighborhood of the given point éP/éx; 4 0, 
we may take the u, coordinates to be 


Uy, = %4,...,U; = P, ..., Un = Xp. 


tt) = PO) = ar" 


and the differential form w defined by (2) becomes 


Then 


_, AX, ... dX; dX; ... dx, 
= (— [y1 SSL ed ds in 
S= OP] Ox; à (3) 


Let us now study the uniqueness of w. In general Eq. (1) does not 
specify w uniquely, for it is clear that if w satisfies (1), so does w + y 
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where y is any differential form “orthogonal” to dP, that is, any form 
such that dP - y = 0. Now it can be shown that any differential form y 
of degree n — 1 orthogonal to dP can be written 


y=adP, 


where a is some differential form of degree n — 2. Indeed, in the coordi- 
nates u, = P, us, ..., Up We may write y (or for that matter any other 
form of degree n — 1) in the form 


y = 8; dug... dup, + 8z dP dug... dup + ... + 8n dP dug... dupi» 


where the g, are functions of the coordinates. Then dP - y = 0 implies 
that g, = 0. Factoring out the dP from the remaining terms, we obtain 
the desired result. 

Note (we shall make use of this somewhat later) that if y has bounded 
support, so does «. 

From the above result it follows, in particular, that on S itself y 
vanishes identically (since dP = 0) so that on the P = 0 surface the 
differential form y is uniquely determined by P. 

Let us establish the geometrical meaning of w. Consider the surfaces 
S and S,, the first of which is defined, as before, by P = 0, and the 
second of which is defined by P = h for some small h (Fig. 6). Con- 





Fic. 6. 


sider an element of area do on S and transfer it to S, along the coordi- 
nate lines w,, .... Uji Mjy1) ---) Un. We have then traced out the figure 
IT whose volume we shall call dv. Then by definition w is the ratio of 
dv to dP = h. Thus, w is the rate of change of the element of volume dv 
with respect to P. 
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This model serves to explain the invariance of this differential form 
w on S. If, in fact, we replace the 1, ..., Uji, 4j41) ++) Up Coordinates by 
new ones, we merely change the inclination of JZ with respect to S. 
Nervertheless its base and its height do not change, since the first is 
compensated for by the Jacobian and the second is determined by the 
distance to S,; therefore the volume does not change, and nor does 
w = dv/dP. 

Consequently w does not depend on the choice of the u, ..., tj i 
j4 +++) Uy Coordinates. 

However, w does of course depend on the function P by which we 
represent S through the equation P = 0. Let us see how w changes if 
the equation P = Qis replaced by P, = aP = 0 with some nonvanishing 
function a(x). At S we have the equation dP, = adP, from which it 
follows that the new differential form is given by 

dv l 


— W. 


=P, a 


wi 


Note also that if P(x) is the Euclidean distance of x from the P = 0 
surface (or differs from it by a quantity of higher order), the differential 
form w on S coincides with the Euclidean element of area do on S. 


1.3. The Generalized Function 8(P) 


We now proceed to the fundamental definition. With every g(x) in 
K we associate the number 


J _, 20) 


This will clearly give a continuous linear functional on K. We shall 
denote this functional by (P), i.e., we shall write 


((P),#) = [Pp de = | _ ole). (1) 


From the above it follows that 6(P) is independent of the choice 
of the differential form w, depending only on P(x). 

To check that this definition agrees with that at the beginning of the 
chapter, we need note only that according to Eq. (2) of Section 1.2, in 
the coordinate system u, = P, uo, ..., Up we have 


w = D(*) duty ... Ay. 
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Example 1. Let us return first to the generalized function 6(x,) 
from which we started the general discussion of 6(P). The equation 
x, = 0 defines one of the coordinate hypersurfaces. For this case we 


may write 
w = dx... dxy, 
so that 


Í 8(24) p(x) dx = (8(x1), p) = f P(O, xos ---, Xp) dxo -o Oy. (2) 


Example 2. Consider the generalized function 8(a,x%, + ... + o,%p), 
where Xo? = 1. The equation 


04%, +... + AnXn = 0 


determines a hypersurface which passes through the origin and is ortho- 
gonal to the unit vector a. In terms of the coordinates 


Uy = OX, +... + Xn, Uo, «00 Un, 


which we choose so as to make the transformation matrix orthogonal 
(so that we obtain a rotation), w can be written du, ... du,. We thus arrive 
at 


(lary +o Hanin) p) =f edge din =f pdo, (3) 
eg Ajt= 


where do is the Euclidean element of area on the hypersurface La,x, = 0. 


Example 3. Consider the generalized function 8(«y — c) in two dimen- 
sions. The equation xy — c = 0 defines a hyperbola. Using the 
coordinates u, = x, ug = xy — c, we find from Eq. (3) of Section 1.2 
that w = — (1/x)dx, so that 


(lay ~ 6), 0% 9)) = [ Say — ool y) dx dy =— fol). w 

Example 4. Consider the generalized function 6(r — c), where 
r? = Dx, and c > 0. The equation r — c = 0 defines the sphere O, 
of radius c. Since P = r — c is the Euclidean distance from the surface 
of the sphere, at r = c the differential form w coincides with the Eucli- 
dean element of area dO, on the sphere, so that we have® 


Gr — ohp) = | àr — e) pde = J p dO., (5) 


8 We assume that c + 0. For a discussion of the case c = 0, see Section 4.5. 
? See Example 4 in Section 1.5. 
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which means that 6(r — c) may be characterized as the functional 
corresponding to a uniform mass distribution of unit density over the 
surface of the sphere of radius r = c. 

The same sphere of radius c is given by the equation r? — c? = 0. 


Let us find also 8(r? — c?). We write u, = r? — cè, uy = A, ..., Un = 
6,-1. Where 6,, ..., 8,., are the same angles as those used in ordinary 
spherical coordinates. We then have 
1 1 
w = or dO, = %e dO, 

so that 

(0 — ee) = [0 -e)pde =f pdo (6) 

? 2c Jo, e: 


The generalized function ô(P) arises quite naturally on differentiating 
the characteristic function O(P) for the region P > 0, namely, the 
function equal to unity for P(x) > 0, and to zero for Pla) < 0, so that 


OP) p) = f poo 2) 


We thus assert that 





6'(P) = &(P), (7) 
in the sense that for each j = 1, 2, ..., n 

2AP) _ si , 

a T AP 7) 


To prove (7) let us verify first that for fixed j the functionals on the 
right and left-hand sides of (7’) coincide in the neighborhood of any 
point of P = 0 at which @P/dx, ¢ 0 (off this surface both functionals 
vanish). For this purpose we operate with both sides on some q(x) in 
K with support in a small neighborhood of such a point. 

The left-hand side becomes 


9) aE) = — Ja 


and the right-hand side becomes 





(Fe 8(P), *) = (5), 5 ) Gey Ox; =?) = J P=0 z ji 


Let us first assume that P > 0 defines a bounded region. Then we may 
apply the Gauss-Ostrogradskii formula to the integral over this region 








1.3 Smooth Manifolds of Lower Dimension 225 


and to the differential form of degree n — 1 in the integrand. We shall 
include P itself among the coordinates, and then using the fact that it 
increases into the interior of the region, we obtain 


pete le 


Now we have assumed g(x) to be nonzero only in a small neighborhood 
of some point of the P = 0 surface, so we may use the local coordinates 
u; = x; fori Æ j, and u; = P. As before, we obtain 





woe O51 A541 -dX 
OP/0x; 





w = apoyo 
so that 


eP a 
d G oe w) = = (—1)1 d(p diy ... dx, dj44 dan) = oe dx, ... d&n. 


Of course outside the region of interest this equation 


remains valid, since there g(x) = 0. We thus arrive at 


Op 
J P=0 i? E E. P>0 Ox; i 
The left-hand side of this equation is (6(P) @P/éx,;, p), while the right- 
hand side is (20(P)/0x,, p), so that (7’) is established for the case we have 
been considering. 

If P > 0 does not define a bounded region, we replace it by its inter- 
section Gp with a sufficiently large ball | x| < R outside of which 
g(x) is known to vanish. Let I'r be the boundary of Gp, so that the 
Gauss-Ostrogradskii formula gives 


2 
== dx. 
TR im? sa GR Ox; 
Now since g(x) vanishes outside of | x | < R, we arrive at 
oP op 
ba ee oe e er 
J Pao OX; rS P>o O%; 


which completes the first part of our proof. 
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Now let x be any point of the P = 0 surface. In its neighborhood 
we construct a new coordinate system é = Laj,%, (jf = 1, 2, ..., n) 
such that 0P/0£, 4 0 for all j. Then according to the above theorem, in 
the neighborhood of this point and for each j we have 


aP) _ oP 
oé; 


It is true, on the other hand, that 


oé 0 ô 
a =D Ox, Ox EA = oe EA ` 


j 


26, EN (8) 


If we now multiply (8) by ajy and sum over j, we find that in the neigh- 
borhood of this point 


20 ) = Sore Sap P (P) = E ap) 








Thus 00(P)/éx, and 6(P)@P/éx, coincide in the neighborhood of any 
point of P = 0. But this means that the functionals are equal, which 
completes our proof. 

It is sometimes convenient to deal with generalized vector functions 
(or generalized vectors), that is, vectors f = (fi, ..., fn), whose components 
fi are generalized functions. Two vector functions f and g are equal if 


fi = gp i1 = 1l, ..., n. If for any generalized function g we write 
ô, ô, 
gradg = (Fes es (9) 


Eq. (7') can be restated in the form 
grad (P) = 8(P) grad P. (7”) 


We shall now use this formula for a very simple derivation of Green’s 
theorem. 


1.4. Example: Derivation of Green’s Theorem 


A generalized vector function can be considered a functional on 
vector test functions. Let f be a generalized vector with components 
fi and let ẹ be a vector test function with components p; in K, i = 1, 
.., n. We shall put 


(4) = DU Wh). (1) 
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For instance, if g is a generalized function and % (not a vector) is in K, 
we can write the functional 4g (where 4 is the Laplacian) as 


(4g, #) = —(grad g, grad ¥), (2) 


where grad g is the generalized vector whose components are dg/0x,, 
and grad % is the vector whose components are 0%5/0x;. 
In the preceding section we showed that 


grad 0(P) = 8(P) grad P. (3) 


We shall now use this to give a simple derivation of Green’s theorem. 
We recall first that if g is a generalized function and A(x) is an infinitely 
differentiable function, then in the usual way we have 


grad(hg) = g grad h + h grad g. 


Now let u(x) be some infinitely differentiable function and let us 
consider the generalized function 4[u6(P)]. Using the vector notation 
described above, we may write this in the form 


(4[uO(P)], p) = —(grad[uO(P)], grad p) 
—(u grad 6(P), grad p) — (O(P) grad u, grad ¢) 
—(u6(P) grad P, grad g) — (@(P) grad u, grad g). 


II 


Now we use the definitions of 6(P) and 6(P) to obtain 
(A[u0(P)], p) = — | (grad u, grad p) dx — | u - (grad P, grad) w. (4) 
P>0 P=0 


This, in fact, is Green’s theorem in generalized-function notation. 
If P(x) is (up to terms of higher order) the distance from x to the P = 0 
surface, so that grad P is the unit normal, (grad P, grad ọ) will be the 
normal derivative of œ, while w will reduce to the Euclidean element of 
area do on P = 0. Then Eq. (4) takes on the usual form 


= op 
| oy Aur de = — f ppo Ed i grad p) dx — f pa on (5) 


We have given the proof for infinitely differentiable functions u and 9, 
but by passing to the appropriate limit we can extend it to functions 
having only those derivatives that appear in the final expression of the 
theorem. 
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1.5. The Differential Forms w,(p) and the Generalized Functions 5“ (P) 


We shall find important also the derivatives of 6(P) with respect to 
the argument P. To define these in an invariant manner we shall define, 
in addition to the differential form w, a set of differential forms of degree 
n — l, which we shall call w,(~), w,(¢), .... These forms depend both 
on P and on q(x), and are defined by 


wile) = po, (1) 
du(p) = dP - (9), (2) 
dwp) = dP - wp), (3) 


where d denotes the exterior derivative. 

The existence of these forms in a region containing the P = 0 surface 
is easily verified in the coordinate system u, = P, ug, ..., Up. Indeed, 
recalling that 


oz D(*) duty ... dy 
and setting g(x) = ¢,(u), we may write 

Z 

dwy = dey) = ggr [PPh] d = dun = AP olo), 
so that a possible solution is 
a 
w, (9) = Fa, (PC; )] duz ... duly. 
We may proceed in the same way, writing 
dw (p) = a [2h )] dP dus ... du, = dP - olo), 


so that a possible solution is 


wp) = aF leo] dug ... dun 


and so on. In general 


wlp) = n [e.D(™ )] du, we dün- (4) 
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Unlike w, these new differential forms are not uniquely determined 
by P(x) [and the choice of g(x) in K] even on the P = 0 surface. For 
our purposes, however, all that is important is that the integral of 
w;,(y~) over this surface be unique. To prove that it is, we show that if 
&,(@) satisfies the same equation as w,(¢), then 


wr —@, = da + dP, (5) 


where «œ and £ are differential forms with bounded support of degrees 
n — l and n — 2, respectively. Before going into the proof, however, 
we must explain how uniqueness of the integral will follow from this. 
First, note that on the P = 0 surface the second term vanishes, so that 
on this surface 


Wy — Wk = da. 


Now by Stokes’ theorem we have 


[6% = f.» 


where I" is the boundary of the P = 0 surface. But this surface is either 
closed, so that it has no boundary, or extends to infinity. In this second 
case f, « = 0 because « has bounded support. 

We shall give an inductive proof of Eq. (5). Recall that we have shown 
in Section 1.2 that if y is a differential form orthogonal to dP, then it can 


be written 
y=n4P, 


where y, has degree n — 2 and has bounded support if y has bounded 
support. Thus for k = 0 we immediately arrive at 


w — Gy = p AP, 


where 8 has bounded support since w and & contain the function œ 
as a factor. Let us now assume that Eq. (5) holds for suitable « and £, 
and then we take the inductive step from k to k + 1. For this purpose 
we differentiate (5), obtaining 


dw, — d&, = dp dP, 


where we have used the fact that the exterior derivative of an exterior 
derivative vanishes. Now by definition of wp,ı and @,,, this equation 
can be written 


dP: (441 — Õe — (—1)*"" dB) = 0. 
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We therefore have 

wry — Der, — (—1)"" dp = y dP, 
and we have only to establish that y has bounded support. But this 
follows from Eqs. (1)-(3), according to which both w,,, and &,,, have 
bounded support. 


Thus the integral over the P = 0 surface of any of the w,(q) is indeed 
uniquely determined by P(x). We now make the following definition: 


GAP) 9) = [SP ede =(—IF] o)  (R=0,12-) © 


That this definition of the 6“(P) coincides with the definition at the 
beginning of this chapter can be seen from Eq. (4). 


Example 1. For P(x) = x, = 0, Eq. (4) gives 





drg(a) 
wp) = Bark dx, ... dXy 
so that 
oF 0, 3 eeey Wn 
[epad = (iye | ERO te i ta) ay, ws AXp. (7) 
1 


Example 2. Let us calculate 5”(a,x, + ... + a,%,), where Lo; = 1. 
Performing the same rotation of coordinates as in Example 2 of Section 
1.3, we arrive at 


op 
w,(¢) = uk duz ene du, 
so that 


| 54 (5) aust) g(x) dx = (—1)* | mae (8) 


Lazag= 


where the derivative on the right-hand side is taken normal to the 
hypersurface 
> a,x, = 0 


(in the direction of increasing La,x,;), and do is the element of area on 
this hypersurface. 


Example 3. Let us find 8)(xy — c). As in Example 3 of Section 1.3, 
we transform to the coordinates u, = x, u, = xy — c. Since 


m4 


Uy Us, uy 
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we may write 


Up +e 
ae |? (a, a ) 
wp) = < \——_—_} du, 
oux uy 
so that 


[Ply — 0) ole, y) de dy = (pe [ SAE) E O) 





Example 4. Let us now construct 6(r — c), where r? = Èx?. Again 
we use the spherical coordinates u, = 7, u = Ôi, ..., Un = 6,_,. In 
these coordinates it is a simple matter to calculate 


w = r1 dQ, 


where dQ (previously dw) is the element of area on the unit sphere 
r = l. This gives 


ô 
wo = gr d, olp) = z (Pr) dQ 
and so on. In general, 


ok A 
olp) = oz (pr) do, 
so that 





[ome —¢)pdx = cy 2A r”-1) dO (10) 

cri o. ark \? o 
where O, is the sphere r — c = 0, and dO, is the Euclidean element of 
area of it. 


Example 5. Finally, we calculate 8%(r2 — c?) by transforming to the 
coordinates u, = r? — c*, uz = bi, -y Un = Oni- We obtain 


w = grt dQ 

and 
3 fa] k 

ol) = 2 (ag) na, 





which means that 








[ 90? — A) 9 de = ut f, (rae) orm) dO, (11) 
or that 
OH +... tat — et), 9) =F (Se) gems] do, aD 


r=¢ 
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1.6. Recurrence Relations for the 8*)(P) 


We shall show that the generalized function 6(P) can be differenti- 
ated by the chain rule, that is, that 


ô oP 
—— bth) — 2 §tk+1) a= 
Fg, OUP) = aye BMP), k= 0,1, 2, a (1) 


To prove this it is sufficient, as in Section 1.3, to verify that for 
fixed j the functionals on both sides of this equation coincide in a neigh- 
borhood of any point of the P = 0 surface such that @P/dx, Æ 0. 

As before, we apply both sides of the equation to a g(x) in K with 
support in a small neighborhood of such a point, and choose the coordi- 
nates u; = x; for i Æ j, and u, = P. In these coordinates 


= a ie oP 
and w, becomes 


oF p 
wp) => BPE (spas) dx, aoe dX; AX 544 oo dXn. 


Now the functional on the right-hand side of Eq. (1) operates according 
to 


oP oP 
LE gk — (ry py, S 
(a SPE p) (3 (?), Ox; p) 
oP 
— (—1])k+1 
( 1) i= onsale Ox; ) 
r+ 
= (—1)1 f a Ax, ... dX; dX; 4 1. AXp. 


The functional on the left-hand side operates according to 





= BP), p) = — (8P), $) =(=)" f e z ) 








a / aplax 
= (—1)tH i= BR ( sro ) diy. ..d2 54 AX, 1...d%q. 


Thus what we must prove is that 





(2) 


ePHH — Pk 





top œ ( p| Ox; ) 
OP/Ox, / ` 
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Now for k = 0 this is obviously true since p = 9(%*,, .... (P), -s Xp) 
and therefore 


6p 2s Op/ Ox; 
oP oP/0x; ` 





But then Eq. (2) follows without further ado for any k, since 


ortl = = | Op ) 
oP oP* \ oP l’ 

We have thus shown that Eq. (1) holds in the neighborhood of any 
point of the P = 0 surface when @P/éx; # 0. As we have already seen, 
from this the result follows. 

We shall now derive the following recurrence relations, identities 
between 8(P) and its derivatives: 


PP) = 0, (3) 
P8'(P) + &P) = 0, (4) 
P8"(P) + 28(P) = 0, (5) 
PSP) + kS*-(P) = 0, (6) 


The first of these is obvious, since the integral of Pp over the P = 0 
surface clearly vanishes. We now take the derivative with respect to 
x; and use Eq. (1), obtaining 


oP OP om 
Fa; UP) + Pag 8(P) = 0. 


But we know that for at least one j the derivative 0P/éx; # 0, so that 
the second of the identities follows immediately.'° 
The remaining recurrence relations are proven similarly. 


10In general we may assert the following: if a(x} f = 0,7 = 1,2,..., m and if the 
a,(x) have no common roots [common, that is, to all the a,(x)] in the support F of the 
functional f, then f = 0. The proof follows. Every point x) of F has a neighborhood U 
in which at least one of the | a;(x) |, say forj = 1, is greater than some positive constant. 
Now consider a g(x) in K with support contained in U. For this function we may write 
p(x) = a(x) p(x), where $(x) is some other function in K. Then we have ( f, pẹ) = (a, f, $) 
= 0, which means that f vanishes in the neighborhood of x». Thus f vanishes in the 
neighborhood of every point, and consequently f = 0. 
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Example. The generalized function 8*)(r? — t?) as the solution of the 
wave equation in a space of odd dimension. Let us apply operator 4 — 0?/ét? 
to the generalized function 6(r? — t?). We have 


B seg — 14) = 2a anys — 1, 
j 
o 
aa S(r? — 22) = DBM? — £2) 4 4280+22 — t2), 
$ 
P sae (e+1)(72 — 22 
za’ (r2 — t?) = 2nò*+D(r? — t?) 
X 
J A(r® — £2) BED (y2 — 13) + 4280272 — t2), 
which, according to Eq. (6), can be written 
34% S(r? — 22) = [2m — Ak + 2)] 8*+(72 — 22) + 4280+272 — 22), 
j 
Similarly, 
o ky? 2 (k+1)/72 2 25(K+2) (72 2 
JE? (r? — t?) = —28 (r? — t2) + 4t? (r? — t?), 


so that 








02 2 
Dag — i) — pie or? t?) = (2n — 4k — 6) 541/72 — £2), 


For k = 4(n — 3) this vanishes, so that if n is odd and k = 4 (n — 3), 
the generalized function 8*)(r? — t?) is a solution of the wave equation 


(4-2 )u=0. 


In particular, for n = 3 such a solution is 8(r? — t°). 
Let us see to what initial conditions this solution belongs. From Eq. 
(11) of Section 1.5, we have 


comet — 2 (0) = "STL [ged om] ae 


ret 





If we put 
n=2k + 3 
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the integrand becomes 





k 
) grær, 


( xs 


Each application of the operator r~10/@r reduces the power of r by two. 
After k such operations on gr**+!, we obtain a sum of terms each of 
which contains r at most in the first power. We now set r = t and allow 
t to approach zero, obtaining 


Lim 572 — 1%) = 0. (8) 
To obtain the second initial condition we study 


a(r? — 22) 


Fi — 205+ (72 — 22), 


which, when applied to yields 





a SEL aa) om] _ 


rst 


In this case the integrand contains a single term containing r to a nega- 
tive power. A simple calculation shows that this term is 


(2k + 1)! ox) 


2k+1 r 
Thus on setting r = t and allowing ¢ to approach zero, we obtain 


(iy EP 0,040) (9) 


where Q, is the area of the unit sphere in R,. Now as is known, 


Qkn ah (2k+8) 2k+2 


"TQ res) A 
CEEE a 


so that we arrive finally at 


857? — t?) 
ôt 





= (—1)* 2+ 8(x), (10) 


t=0 
which means that the solution 


u(x, t) = (r? — t?) 
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of the wave equation corresponds to the initial conditions 


u(x,0) = 0, 





Cul 9) _ (1) amt 8(2), (11) 
We see consequently that to within a numerical factor this function 


is an elementary solution of Cauchy’s problem for the wave equation 
(cf. Chapter I, Section. 5.4). 


1.7. Recurrence Relations for the 8‘*)(aP) 


Consider two functions P(x) and Q(x) such that the P = 0 andQ = 0 
hypersurfaces have, as before, no singular points. Assume further that 
these surfaces fail to intersect and that the PO = 0 surface also has no 
singular points. Then 


(PQ) = P= è(Q) + Q~ HP). (1) 


Proof. Let wp be the differential form corresponding to the P = 0 
surface, wọ be the differential form corresponding to the Q = 0 surface, 
and w be the differential form corresponding to the PQ = 0 surface. 
These differential forms have the following properties: 


wpdP=dv on P=0, (2) 
wo dQ = dv on Q =O, (3) 


w(PdQ +QdP)=dv  onboth P=0 and Q=0. (4) 
Now on the P = 0 surface Eq. (4) becomes . 
wQ dP = dv, 


which, when we compare it with (2), shows that on this surface o=Q71wp. 
Similarly, on the Q = 0 surface w = P-twọ. This leads directly to the 
desired result: 


(PQ) = f oot] eo =J] eter t J oP tao 


= (Q~ 8(P), p) + (P~ 8(Q), p). 
In particular, if a(x) is some nonvanishing function, this gives 


(aP) = a~! &(P). (5) 
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Further interesting formulas can be obtained by differentiating (5). 
In particular, the derivative with respect to x; gives 


A aaP),, ĉa i oP 
ee aa = OE ee + Gh) aa. 
ae OP o ôa 
= 4 EEN A "OE ae 
Now Eq. (4) of Section 1.6 can be used to replace 8’(aP)P in the first 
term in the right-hand side by — a—8(aP) = — a~*8(P), to give the 
result 
8(aP) = a~ 8'(P). 
In a similar way, for any k and any a(x) we have 
8(aP) = a~t 8H P), (6) 
Example. 


S(r? — e) = Sr + e) (r — c)] = (r + ce) 18 (r — e). (7) 


This formula means that for any œ in K 
i (r? — 68) g(x) dx = | (r + ey 6 (r — c) p(x) dx. 


This formula would, of course, have been quite difficult to discover 
if we had had only Eqs. (10) and (11) of Section 1.5. For k = 0 it becomes 


[ X — e) ga) de = = f ar — 0) ox) ds, 


which, on the other hand, it was difficult to overlook in Section 1.3 
[see Eqs. (5) and (6)]. 


1.8. Multiplet Layers 
A functional of the form p(x)d*-(P), or 
f EAP gfx) dx = | orlu), (1) 
P=0 


is called a k-fold layer or distribution on the P = O hypersurface. In 
particular, a singlet or simple layer (k = 1) is given by 


(u8(P), p) = im ppo = ie wo(up) (2) 
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while a doublet or double layer (k = 2) is given by 
(KP) p) = f oluo) (3) 
P=0 


The function u(x) in these expressions is called the density of the cor- 
responding layer. 

The definition we have given would not be consistent if it were to 
depend on the form in which the P = 0 equation is written. It is found, 
however, that the statement that some functional f is a k-fold layer is 
independent on the form of this equation, and that if it is transformed 
from P = 0 to a(x)P = 0, where a(x) is some nonvanishing function, 
only the expression for u(x) will change. This is seen by using Eq. (6) 
of Section 1.7, which gives 


p(x) 5*-Y(aP) = u(x) a(x) 5-M(P) = u(x) 80-H(P) . 


We wish to show that every functional f of the form 


p) = J Dae) Dé ox) do 


Olit otin ) 


(7 = Gu sja), D! = xh... Oxia 


can be written as the sum of multiplet layers. From what we have just 
said is follows that we may use any convenient form to specify the 
P = 0 surface. Let us assume that we have written it in a way in which 
P(x) is the distance from x to the surface, so that the associated differen- 
tial form coincides with the Euclidean element of area do. Then we have 


(fe) = | pag hy MA) Dila) o = fev ( Yate) Dig) 
= (&P), >) a(x) Dig) = $} (—1) (Dax) 8(P), p) 


=D (-1¥ (Yale) SPP), p) = (F; baa) 3(P), p), 
where ' ' 
bx) = > (—1)'aj{2). 
Hence 
f = Fb) 5(P), 
as asserted. ' 
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1.9. The Generalized Function 8(P;, ..., P) and Its Derivatives 


We have so far been dealing with generalized functions associated with 
hypersurfaces, or manifolds of dimension n — 1. We now wish to turn 
to new generalized functions associated with manifolds S of lower 
dimension defined by k equations of the form 


P,(%1, 15 Xn) = 0, Pal% ees Xa) = 0, o0, Pry, e03 Xn) = 0, (1) 


where k is in general greater than one. 

We shall make the following assumptions: 

(1) The P, are infinitely differentiable functions. 

(2) The P,(x,, ..., Xn) = é; hypersurfaces (¢ = 1, ..., k) form a lattice 
such that in the neighborhood of every point of S there exist a local 
coordinate system in which u, = P,x,, .... Xa) for 7 = 1, ..., k and the 
remaining Ug,» -= Un can be chosen so that the Jacobian D(Z) > 0. 

Consider the element of volume in R, 


dv = dx, ... dXq, 


a differential form of degree n, and let us write it as the product of the 
first-degree differential forms dP,, ..., dP, with an additional differential 
form w of degree n — k; in other words we write 


dv = dP,... dPyw. (2) 


Obviously if w exists, it cannot be unique. Indeed, if w is such a differen- 
tial form, we may add to it any form such as Ð, a,dP,; where the a, 
are any differential forms of degree n — k — 1, for then the sum 
w +. E$, «dP, will clearly satisfy Eq. (2) because dP,dP, vanishes. 
We shall prove the existence of w by exhibiting it in the variables 
X ©» Xn. In these variables dv = dx, ... dx,. The dP, are given by 


ôP, oP, 
dP; = ae, +... + On, 7 
and it is easily shown [cf. Eqs. (2) and (3) of Section 1.1] that 


dP, dP = >, p (f a ` +) dæ, o dey (3) 


ty <i <. ig si 
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Now by the conditions we have imposed on the P, functions, the matrix 














aP, oP, 
Ox,“ Ox, 
aP,  aP, 
Ox," OX_ 


has at least one minor of order k that fails to vanish identically. Let us 
assume it to be composed of the first k rows and columns, so that 


Dit) #0. 


By ave 
Then we may write 
w = Leg On ~ Si ; (4) 
ree Le 
ad 


Hy vee My 


since when we multiply this by (3) all the terms except 


D? i F ‘) dë, ... dër, 


Myce 


will be annihilated, since each will contain at least one differential 
twice. The sole remaining term gives 


pà { 2) dx, +» ee ey = dx, ... d&n = dv. 


E sie Me 
Similarly, if for some collection 1, < i, <<... < ip we have 


p(” woe Py 


Xi ove =) So 
we replace Eq. (4) by 


dx;, ee AK; 


Xi, nee Vix 


w =(-1 Jittik- 


(4) 


where ji <... <jn—z, and j, #j, for r Æ s. We have thus exhibited 
the existence of w. 

A more symmetric, but not always more convenient expression for w 
is obtained when the local coordinate system is chosen as u, = P,, ..., 
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u, = P,, and the remaining u,,,, ..., Un are sufficiently smooth and such 
that D(z) > 0. In this coordinate system the element of volume becomes 


dv = p(*) du, ... dün. 


Then the first degree forms dP, simply coincide with the differentials 
du, of the variables for i = 1, ..., k and for w we can then write 


as p(*) dy, ».. My. (5) 
We shall need a rather simple lemma from the theory of differential 


forms to define the generalized functions 6(P,, ..., P,). 


Lemma. If y is a differential form of degree n — k such that its product 
with k independent differentials dP, ...dP,, vanishes, there exist differential 
forms a, ..., «, such that 


y =a, dP, +... + ax aP,. 


Here by differentials we mean the exterior derivatives of zeroth- 
degree differential forms (or functions) P, i = 1, ..., k. Such differen- 
tials are independent if 


dP, ... dP, + 0. 


In terms of the x,, this differential form of degree k is 





eP, @P, oP > pf: 7 P, 


nee dx; cee dx; 
11 Ik 
Ox; Ox; Ox;, 


dx; ... dx; 
Sy Sone <p a) i is 
Thus the independence of the dP, implies that the matrix of the @P,/8x,, 
i= 1,..., k; j = 1, ..., n, is of rank k, or that the P; may be chosen as 


the first k (local) coordinates in R,. 


Proof. To prove the lemma we transform to the variables u, = P; 
(i = 1, ..., K), Ueya, --) Uy. Then in these coordinates y may in general 
consist of terms containing at least one of the first k of the du, and a single 
term of the form qdu,,, ... du, containing none of the first k. Now by 
assumption we have 


du, ... duyy = q du, ... du, =0 


and since the du, are all independent and their product cannot therefore 
vanish, it follows that q = 0. Thus y consists only of terms containing 
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at least one of the first k of the du; This means that in general y can 


be written 
y = % duy +... + Ar du, 


y = a, dP, +... + 0% dP, 


or 


which completes the proof of the lemma. 
We now define the generalized function 8(P,, ..., P) by the equation 


(8(Py, +++ Pus PCy +3 Xn) = fs PH, (6) 


where w is the differential form we have already discussed [see Eq. (2)] 
and S is the manifold defined in Eq. (1). 
Equation (5) shows that this definition coincides with that given at 
the beginning of the chapter. 
It is easily shown that this definition is independent of the particular 
choice of w. Let 
dv = dP, ... dP» = dP, ... dP. 


We shall show that f o(w — &) = 0 for any g(x) in K. According to the 
lemma, we have w — & = a, dP, + ... + «dP, so that in the entire 
space w and & can differ at most by a form which can be written a,dP, + 
... + a,d@P,, where the a, are differential forms of degree n — k — 1. 
Obviously, on the P; = 0 manifold this differential form vanishes so that 
the generalized function 8(P,, ..., P,) defined by the P, i = 1, ..., k, 


is unique. 
It should be emphasized that both the differential form w and the 
functional 6(P,, . P,) change when we change the equations 


describing S. In order to study the way w changes, let us transform from 
the equations P, = 0 to Q; = 0,7 = 1, ..., k, where 


Q(x) = » a(x) P(x). 


Here the «œ, (x) are assumed to be infinitely differentiable functions and 
the matrix they form is assumed nonsingular. (Obviously these equations 
describes the same manifold.) The defining equations for the initial 
differential form w and for the new one & are 


dP, dP, ... dP, = dv; 
dQ, ... dQ, & = (> oe dP) m (> oles dP) õ = do. 


By expanding the terms in parentheses and using the anticommutation 
rule dP,dP; = — dP,dP,, we may write 
det || a4; || dP, ... dP, & = do. 
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This means that 
1 


ð = ——— w. 

det || æ || 

This is the formula which gives the transformation of w. Then the 
generalized function 6(Q,, ..., Q,) is related to the original one by 





pw p 
(8(Q1, tery Qr), p) = det Tl Oi, i = (XP, tery P,), aaa e 


We now wish to define the derivatives of these newly defined general- 
ized functions with respect to their arguments P;, or the new general- 


ized functions 
@™8(P,, ..., P;) 


oP% ... OP%e 


These will be defined as the integrals over S (the same manifold as before) 
of certain differential forms wa ...«, which depend on the P, and on the 
particular function (x, ..., Xn) in K and its derivatives up to the mth 


order, inclusive. 

Let us denote pw by woo...o(p) [here w is the differential form defined 
in Eq. (2)]. We then define, for instance, the differential form 49. o(¢) 
(whose integral over S will give 08(P,, ..., P,)/@P,) as follows. We take 
the exterior derivative of the differential form of degree n — 1 


aP, ... AP 099... P)s 
and write it in the form 
d(dP, ... AP 099, o(P)) = AP, -.. AP 19, oP). 


That it is possible to do this is easily shown in the previously chosen 
local coordinate system in which the u, = P, for i = 1, ..., k. Let us 
denote 7(¥1(uy, ..., Un), e+) By (Uy, «5 Un) ) DY Guy, ..., Un) = Gu); we then 
obtain 


on [X 
woo...) = GD (*) Uys) + Uns 
opn [X 
dP, ... dPc... (p) = GD (") duz ... Up, 
(7) 
ô Fon [X 
d(dP, ... dP xem..(9)) = = [ED (")] dit, ... duly, 


m 


©% 


wo.. (P) = EN [p D ()] dys 1 o Uy. 
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Any of the k indices of wo). o(p) can be changed from zero to one in 
the same way. In general, assuming that we know wa a,...a,(p), We may 
raise its jth index by multiplying on the left by all the dP, with i + jf, 
taking the exterior derivative, and writing 


d(dP, ... dP;_, dP;,,... AP 4,+-a,(P)) 
a (—1¥ aP, se dP a. aiat aae (8) 


This defines the wa. ...« (p) for any nonnegative integral indices. 
Obviously, if woo...o(p) is not unique, neither are the wa.. .a (p). 
We wish to show, however, that the wa ...« (p) defined inductively 
by equations of the form of (8) can differ for any given a, ..., ay only by 
a differential form that can be written 


dr + P, dP, +... + By dPy, 


where dr is the exterior derivative of some differential form r of degree 

n — k — l, and the £; are arbitrary differential forms of degree n — k — 1. 

We may assert further that both 7 and the 8; have bounded support. 
We shall proceed by induction. According to our lemma, 


wo0...0 — oo...0 = Bi GP, + «.. + By dP, 


for any two forms defining 8(P,, ..., P,). Since each of the differential 
forms on the left-hand side has g(x) as a factor and since the dP, are 
linearly independent, all the 8, on the right-hand side of the equation 
must have bounded support. Let us now assume that given any two 
differential forms with indices a, ..., «, they can be written throughout 


our space in the form 


Dais ag De, EN ak — dr + By dP, +. + Pr dP, (9) 


where 7 and the 8; have bounded support. We shall show that in raising 
one of the indices (for simplicity we shall take the first) by one unit, 
this property is preserved. Proceeding, we multiply both sides of Eq. (9) 
by dP, ... dP, and differentiate. Since d(dP;) = d(dr) = 0, we obtain 


dla Pg... APi(wa,...ay — Bay...44)] 
= aP, dP, .. GP; * (CIRE = Õ a+, 09 weave a) 


= (—1)* dP, ... dP, dp. 
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This leads to 
dP, dP oo. APy* (Wattage ete — Darti azo — (1) dh) = 0 
and then by the lemma we may write 
Pat tdegrreete — Darthan = (—1)* dB, + yi dP, + -o + ve Pie 


Now since the two differential forms on the left-hand side of this equa- 
tion have bounded support, as does f,, the y; must also have bounded 
support. This completes the proof. 

Thus Eq. (9) is valid for any indices a, ..., œp; let us study it on S. 
On this manifold dP, = 0, and dr is equal to some differential form 
dr* (the exterior derivative of the scalar function r* of bounded support 
which is obtained from 7 by projecting it onto S). Thus on S we have 


_@ — dr* 
Der cas Oe Deere cy T dr*. 


O"5(Pr, wy Pa) p 


We now define the generalized function -EPa ... oP 





(Ga ; o) = (—1)” Í, Wag... aP) (10) 


It is seen from equations such as (7) that this definition agrees with 
the one given at the beginning of the chapter. Further, it is independent 
of the particular choice of Wa, Indeed, if Was, and dq 
are two differential forms obtained Pom woo...0 bY successively raising 
the indices, then as we have seen 


But according to Stokes’ theorem, 


[a = f 


where T'is the boundary of S. From what we have assumed concerning 
the P;, however, S is either closed or extends to infinity. In either case 
J.7* = 0, for 7* has bounded support. Therefore 


Way... =f Õ a... ag 
Í, 14+ 9 ðk gt 


aP), aa, Pp); 
apa opa is defined 


uniquely by the P, functions on the P, = 0 manifold (¢ = 1, ..., k). 


This proves that the generalized function 
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For the generalized functions we have been discussing we have the 
following theorems. 
8"8(P,, .. Px) 
Pa... OPa 








Theorem 1. The generalized functions (P, ..., Py) and 


can be differentiated according to the chain rule 


4 E (P), ..., Py) 2P; 
Jay NPr = Pa) = 2 aP, Ox,” 


Here the partial derivatives with respect to the x, are defined in the usual 
way, namely 





es (Py, os Pi), p) = —(B(P ys oo Pes =). 
Theorem 2. The generalized functions 8(P,, ..., P) and their deriva- 
tives satisfy the identities 
P (Py, «5 P4) = 0, 
P,P,S(Py, +. Px) = 0, 


P,P, ... PS(P;, «1 Py) = 0, 


as well as other identities that can be obtained from these by formal 
differentiation with respect to the P;. For instance, successive differen- 
tiation of the first identity leads to 


8(P,, ... Py) + Pidb(P,, s Px) = 0, 


i 


We may differentiate with respect to any of the P, For instance, the 
derivative of the second identity with respect to P, and P, yields 


(Pas 5 Px) + Pip Pa o Pr) + Pòp (Po ++) Pr) 
+ P,P, p (Po o Py) = 0. 


These two theorems can be proven in the same way as their analogs 
for 8(P); we shall omit these proofs. 
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In conclusion we remark that the analogs of the m-fold multiplet 
layers can be defined as functionals of the form 


f E, uala) (P, 5 Px) ox) d, 


la =m 


where 
a = (%, e Xp); |a| =o +... + Ar, 


al'8(P,, ..., Py) 


Py, -a Py) = ge Pa 
a... OPS 


In particular, a singlet or simple layer is given by 
(wB(Pyy ss Pi), p) = f M) Pa er Pa) la) dæ = J ooo., olap) 


Again it can be proven that every functional f of the form 


i y gu 
(69) = | RAD de, D = ara 


where do is the element of the area on S, can be written as the sum of 
multiplet layers. 


2. Generalized Functions Associated with a Quadratic Form 


In this section we shall consider certain types of generalized functions 
associated with nondegenerate quadratic forms. Sections 2.1 and 2.2 
are devoted to specific regularizations of certain integrals without 
extension to the complex domain. The rest of the section makes wide 
use of convergence from the complex domain. 

This complex extension method is the more simple, and we suggest 
that on first reading the reader merely skim over Sections 2.1 and 2.2, 
which contain some useful information on delta functions associated 
with quadratic forms, and start the careful study with Section 2.3. 


2.1. Definition of 8{*)(P) and 8&{(P) 


In Section | we defined 6)(P) for an infinitely differentiable function 
P(x,, ..., Xn) such that the P = 0 hypersurface has no singular points. 
But if 


2 
PR ag) ae eae Se Sa eg (1) 
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(with p + q = n), the P=O hypersurface is a hypercone with a 
singular point (the vertex) at the origin. 

For this case 6)(P) can be defined as follows. Since the only sin- 
gularity of the P = 0 surface is at the origin, we have in fact already 
defined (6)(P), p) for all p in K which vanish at the origin. This 
definition according to Section | is 


(BNP), p) = f SHP) p de =(—1F] op) (2) 


But if ọ is to be an arbitrary function in K, the integral in Eq. (2) 
may diverge. We shall then define (8%(P), p) by regularizing the 
integral. 

Let us proceed according to this plan, but in a relatively elementary 
way which does not involve the definition of fp.. wp(p) from Section 1. 

We thus start by assuming that p(x) vanishes in a neighborhood of 
the origin. Away from the origin, the P = 0 surface has no singularities, 
and in a small enough neighborhood of any such nonsingular point we 





may set up the coordinate system u, = P, up, ..., u, with Jacobian 
Dj) > 0. Then according to the definition of &(P) of Section 1, we 
have 
or x 
Ci = 
(8(P), p) = (—1 | Lae |”? (A) de die (3) 








where the integral is taken over P = 0. This definition is independent 
of the particular choice of u, coordinates. 

Indeed, as was shown in Section 1, the definition in Eq. (3) coincides 
with (— 1)* ipo w,(p) and is therefore coordinate-system independent. 

By choosing the u; in a special way, we can obtain an explicit expression 
for (6(P), p). 

Assume that both p > | and g > 1; we shall deal later with the case 
in which either q or p is 1. 

Let us transform to bipolar coordinates defined by 


Hy = Fah, e Xp = Tw, kiar = SWy gy oy ipag = SWpyqs (4) 
where 
r= Vx po 4 x? SSN J 4..4 2 (5) 
1 p? ptl ts pte 


In these coordinates the element of volume is given by 


dx = r?-! 59-1 dr ds AQ?) dQ, (6) 
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where dQ) and dQ are the elements of surface area on the unit sphere 
in R, and R,, respectively. Then Eq. (1) becomes 


P=r— e, 


Now let us choose the coordinates to be P, r, and the w,. In these 
coordinates Eq. (6) becomes 


dx = $ (r2 — Pyhte-®) y?-1 dP dr dQ™ dQ, 
Then we may rewrite the defining equation (3) in the form 


oF 
(E(P), p) = (—1} fI ape {4 g(r? — pem] r?-1 dr dQ dQ”, (7) 
Further, if we transform from P to s = Vr? — P and note that @/@P = 
— (2s)-1ə/əs, we may write this in the form 





k 
(8(P), p) = IES joe Sl r?-) dr dQ’) dQ . (8) 
Let us now write 
Hr, s) = Í p dQ”) dQ, (9) 
which transforms (8) to the form 
° ô \F , R 
(8*(P), p) = J, [( Oe ) fsa- au s) | S ro- dr. (10) 


We could equally well have interchanged the rules of r and s in these 
considerations. We would then have arrived at the equivalent expression 


GP), p) = (—1} f i ES] |p PDN sds, (10) 


Now we are still assuming that » vanishes in a neighborhood of the 
origin, so that these integrals will converge for any k. If, further, 
(p — 1) + (q — 2) È 2k, that is, if k < 4 (p + q — 2), these integrals 
will converge for any g(x) in K. Thus we may take (10) or (10^ to be 
the defining equations for 6(P) when k < 4(p + q — 2). If, on the 
other hand, k > 4(p + q — 2), we shall define (8{"(P), p) and (8\'(P), p) 
as the regularizations of (10) and (10’) in a sense to be described below. 
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Collecting the above considerations we shall say that for p > 1 and 
q > 1 the generalized functions 8{"(P) and 5(P) are defined by 





nese) f a fort? 





} r”-1 dr, (11) 





eea- f laa eA te an 


where ¢(r, s) is r'-?s!~2 multiplied by the integral of p over the surface 
xi p o $e = 2, xar + out Xag = 8%. The integrals converge 
and coincide for 


p+4-2 
< 2 
If, on the other hand, 
p+q—2 


these integrals must be understood in the sense of their regularizations. 

The regularization of (11) and (11’) we shall understand as follows. 
Note first that ẹ(r, s) as defined by (9) is an infinitely differentiable 
function of r? and s? with bounded support. Let us make the formal 
change of variables r? = u, s? = v in (11), writing 


Yr, s) = (u, v), 


and obtaining 
(8(P), p) = an = {oh (o-2) h (u, o») we du. 


Now (u, v) is an infinitely differentiable function of u and v with 
bounded support. But then we may write 


[se 


where Y(u) is again an infinitely differentiable function with bounded 
support. We thus have 





foe pafu, v)}] = ubit Pu), 


OPP) 9) = 5 f uao- Pu) du. (12) 
0 


Now such integrals have been regularized in Section 3 of Chapter I. 
The right-hand side of (12) can be written 4 (uf, ¢(u)) with 
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à = 4 (p + q) — 2 — k, where wu’ is, of course, the functional equal to 
u* for u > 0 and to zero for u < 0. Its regularization is the generalized 
function we have also denoted by uż, which is obtained for all A 4 — n, 
where n is a positive integer, by analytic continuation of ui from the 


region Re A > — 1. At A = — n this generalized analytic function has 
simple poles, and we have defined u7” as the constant term in the Laurent 
expansion for ui about A= — n. 


Thus if the dimension n = p + q of the space is odd, the regulariza- 
tion of (12) is defined as the analytic continuation of 


fa) =3f : ui Pu) du 


to à = 4 (p + q) — 2 — k (in accordance with the equations given in 
Section 3 of Chapter I), whereas if n is even it is defined as the constant 
term in the Laurent series for f(A) about A = 4(p + gq) — 2 — k. 

The regularization of (11’) is defined similarly. Now in general 
SP(P) and 8(P) may not be the same generalized function. In 
Section 2.3 we shall show that in a space of odd dimension these 
always coincide, while if the dimension n is even, for k > 4n— | 
the difference between them is a generalized function concentrated at 
the vertex of the P = 0 cone. In the same section we shall give a more 
natural definition of homogeneous functions concentrated on the surface 
of the P = 0 cone. 

Note that the definition of these generalized functions implies that 
in any case 

80(P) = (—1)* 8(—P). 


We have been assuming that p > l1 and g > 1. The case in which 
either p or q is equal to unity is a special case, since in this case the 
transition to bipolar coordinates loses its meaning. Let us, define 8{*)(P) 
and 8(P) for this special case. 

Assume first that p = q = 1, or that P = x? — y?. Then we may 
choose our local coordinates to be P and x, and proceeding as in deriving 
Eq. (10), we obtain 


eP- 9%), g) = f im ( 55 Mi a) | ds, 





where the integration is over the two lines given by x? — y? = 0. Thus 


(8P — 3°), p) 


Lia y 


2y 











(x, y) 
aye | dx. 











Jeet +S Mpa) 


ya 
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The integrals in this expression are understood in the sense of their 
regularizations (again there is no problem in using the results of Chapter I 
Section 3). 

In particular, for k = 0 we have 


(8:(22 — 3°), p) = ie } [ g(x, 2) 4 | g(x, y) | dx 








2y lye 2y dya) 
or 
i 1 1 
sila — 94) = 5 Ae =I) +E + 9). (13) 
Similarly, if p = 1 while q = n — 1 > 1, we arrive at the definitions 
+07, ð kg x, 
Po) =f aa te 





nah a E e 


KT T E ete on 


where x(x, s) is st- times the integral of p over the manifold x, = const, 
xe a + x2 = se 

If, on the other hand, q= 1 while p=2—1>1, we arrive at the 
definitions 














GHP) p) = (—D¥ f ~ (se) rns Kr ža) || fe (9 
(8(P), p) = Í f ( IE ) ; ( a )| ce rn—2 dr 
+ i [( ime ) (EE) ats r"? dr, (15) 


where #(r, x„) is r!-? times the integral of y over the manifold x? + ... + 
x2_,= 77, x, = const. All the integrals in these equations should 
be understood in the sense of their regularizations.! 


1 Note that it is sometimes possible to avoid averaging ọ over a sphere when p = 1 
or q = 1. Equations (14’) and (15’) can also be written in the following forms. If p = 1, 


(HP), p = (=D f (—) ( a ) da a din 


where the integral is over the surface of the P = O cone. If q = 1, 


orn = fi (rade 


where again the integral is over the P = 0 cone. 
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2.2. The Generalized Function P4 


Again consider 


P(x) = a + a H È o a? 


sa — Xe (1) 


with p + q = n. We define the generalized function P’, where À is a 
complex number, by 


(Pig) = J Pla) ola) dx, (2) 


where x = (x, ..., Xn) and dx = dx, ... dx,. For Re A > O, this integral 
converges and is an analytic function of A. Analytic continuation to 
Re A < 0 can be used to extend the definition of (P’, g). 

Let us find the singularities of (P}, p). For this purpose we transform 
to bipolar coordinates 


Hy = OI, e Xp = TW p Xpy = Spi ry Mppq = SWy tq (3) 


in Eq. (2), where? 


ra Vet +. 4 ot, s= V8 pot (4) 
Then Eq. (2) becomes 
(Pi, p) = f (r? — 2Y gr~! 52-1 dr ds dQ”) dQ, (5) 
P>0 
Now proceeding as in Section 2.1 to write 
Wr, s) = | p dam dae, (6) 
we obtain 
Pig) = | [0 — P Wr, s) 7-1 s ds dr. 7 
( 79) J, IK sY pir, s) rat s (7) 


Since (x) is in K, y(r, s) as defined in Eq. (6) is an infinitely differenti- 
able function of r? and s? with bounded support. We now make the 
change of variables u = r?, v = s? in the integrand of (7), writing 


Wr, s) = ya(u, v), (8) 


2 For simplicity we shall assume throughout what follows that p > 1! and q > 1. 
The results we shall obtain, however, are valid also for the special case p = 1 orq = 1. 
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to obtain 
(Pi, p) = 1 r f (u — v)* yp (u, v) ub?) ytO-2) dy du. (9) 
+ p 4 è P 1\*> 
Finally, we write v = ut, which transforms (9) to the form 
1p” 1 
(Pig) =] y yr+hin+a-1 du fa — 2) to-®) p (u, tu) dt. (10) 


This equation shows that (Pt, œ) has two sets of poles. The first of 
these consists of the poles of 


Dau =F f ; (1 — 2) 8 py(u, tu) dt. (11) 


Like the function (x1, p) studied in Chapter I, Section 3, this tunction 
is regular for all À except 


eee ee Yee 





where it has simple poles. At these poles we have 





RLS LN [sper (Yau, 14) a ~ 


Thus res,._, P(A, u) is a functional concentrated on the surface of 


the P = 0 cone. 
On the other hand, even at regular points of ®(A, u) the integral 


(Php) = [wishin BA, u) du (13) 
0 
may also have poles. This occurs at 


k, n., 





ER a x 
7 ae ea ae 
where n = p + q is the dimension of the underlying space. At these 
points 





à olp æ n 
pecan (2+) RB E ( 2 k “)| (ts) 
Thus the residue of (PÅ, p) at à = — 4u — k is a functional con- 


centrated on the vertex of the cone. 
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Consequently, (Pt, p) has two sets of singularities, namely 








See ore A (15) 

and 
n n n 1 
A = 5 D3 ban 3 — R a (15') 


The residue of (P’, p) at a singular À is a functional concentrated on 
the surface of the P = 0 cone if A is a point in the first set, and on the 
vertex of this cone if À is in the second set. When A is in both sets simul- 
taneously, the picture, of course, becomes rather more complicated. 

Let us now study each case separately. 


Case 1. The singular point A = — k belongs to the first set, but 
not to the second. This is always the case when the dimension n = p + q 
is odd, but is also true if n is even and A > — 4n. 





Let us write (11) in the neighborhood of A = — k in the form 
® 
Da, u) = SE + 0,0, u), (16) 
where ©,(u) = res,__, P(A, u), and ®,(à, u) is regular at A = — k. 


Inserting this into (13), we obtain 
1 oO oO 
Pi, p) = XTR J. ui+br+0-1 D (u) du + I, ui+tn+a-1 (À, u) du. (17) 


Under the assumptions we have made concerning A, the integrals in (17) 
are regular functions of A at A = — k. Therefore (P4, p) has a simple 
pole at such a point, and 


res, (Pi, p) = F u-k+8(2+0-1 D (u) du, 


where for k > 4(p + q) the integral is understood in the sense of its 
regularization. Inserting Eq. (12) for ®,(u), we arrive at 


A 
ge (PY 7 p) 








—] yi oo k~ 
E p 1! J, [ A i {rż y(u, wy] yu k+ Ep 49)-1 du. (18) 
Consequently the residue of Pt at A = — k is a generalized function 


concentrated on the P = 0 cone. 
We wish to establish the relation between this function and 8{*)(P) 
of Section 2.1. 
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Note that if we write tu = v, we obtain 








gk-1 p 
Laer (eee hu a] = [pr Cohen a op] ate 


t=1 v=u 
so that we may rewrite (18) in the form 


ES (PL. p) = ipa [ [ Se {0-9 y(u, | aes ute? du, 





where the integral is to be understood in the sense of its regularization 
for k > $n. According to Section 2.1, on the other hand, 





co k-1 
(8%-0(P), p) = 4 [ a {oho-2) y (u, o)| ud?) du, 
0 u 


p=: 


with the same interpretation of the integral. But when n = p + q 
is odd, the regularization is defined by analytic continuation. Hence 


res, (Pi, 9) = Fy OPP. o) 





Summarizing, we have the following. For odd n and for even n if 
k < 4n, the generalized function Pt has simple poles at à = — k for 
positive integral values of k, where the residues a are 





A (SD san 
Pt = E oa 


This result is not surprising. Indeed, we establish in Chapter I that 


= (—1)*"? 
mk + ~ (RT 





S%-1(x), 


Equation (19) implies also that for a space of odd dimension and for 
a space of even dimension if k < 4n, the generalized function 5{*- (P) is 
uniquely determined by the quadratic form P. 

In Section 2.1 it was pointed out that 8{”(P) can be defined by 


GPP) p) = (—DF J 0) 
and that the integral here converges for k < (n — 2), whereas if 
k > 4(n — 2), it is to be understood in the sense of its regularization. 


We may now write 


ges, (Ph 9) = Ey | 2a wr-(p).- 
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In particular, for k = 1 we have 


g(x) do 
£5 P ee) = | grad P|’ 


where do is the element of area on the P = 0 cone. 


Case 2. The singular point A is in the second set, but not in the first. 
This occurs when A = — 4n — k, for k a nonnegative integer and 
dimension odd. 

In this case (À, u) is regular at the singular point, so that (P’, ¢) 
as defined by Eq. (13) will have a simple pole with residue given by 


T (Pi i pac one J, Te (=> —k, u) du, 








d=—hn—k 
or 
n 
a 1 | ae (- 5 k, ‘} on 
jap eT k! du deo 
Thus the residue of (P1, p) at à = — 4n — k is a functional concen- 


trated at the origin. 

Let us express this functional directly in terms of the derivatives of 
g(x) at the origin. 

For A = — 4n, Eq. (20) gives 


à p) = 9|] 
ia Saa] 
We insert Eq. (11) for ® to obtain 


1 1 
Fs =5 J © tye de® dtdy(0, 0). 
But 





1 
| (dl — tyn the-2) dt = 
0 


If p is even, I{— 4p + 1) = %, so that 


Pec OP aS (21) 


Now assume that p is odd and g is even. From (8) and (6) we have 


¥,(0, 0) = ¥(0, 0) = | (0) dQ qa, 
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whence 
#,(0, 0) >= Q Na (0), 


where Q, and Q, are the hypersurface areas of the unit spheres in R, 
and R, respectively. We thus have 


rrr 
Pi eues era eee 


or 
KA 8 
pi Aes in Q,.2,8(x). (22) 


mje. + ar (i —4) 





Now the area Q, of the unit sphere in R, is given by 





nts 


If we insert the expressions for 2, and Q, into (22) and perform some 
elementary manipulations involving the properties of the gamma func- 
tion, we arrive at 


—])teqin ` 
res PA = AUTT PO (23) 
O 
2 
To find the residues of P? at A = — $n — k, where k is a positive 
integer, consider the homogeneous differential operator 
ð ô 
L= P(g ge) 
by which we mean 
o ond 02 02 
Te a a eas ee (24) 
ôx? ax Oxa 8x? a 
A simple calculation shows that 
LP% = 2A + 1) (2A + n) PA, (25) 


where n = p + q. 
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On the other hand, for any (x) in K we may write? 
| p, EPH) — PH(Lp)] de = 0. (26) 


We now use Eq. (25) for LP*+! where it appears in the above integral, 
obtaining 
1 
Ply de = | _ P##\(Lq) dx, 
P>0 22(A + 1) (a + 5) P>0 


or 


(Pi, 9) = (P44, Lẹ). (27) 


2A + 1) (A +5) 





Then k-fold iteration of (27) leads to 











1 
upa = 7 - (P+, Leg). (28) 
PHA + 1) AHR AS) AHH 
Consequently 
À 
iF?) 
z 1 
BHA 4 1) a (A + K) (A + 5) = A +5+k- 1) , 
A=—gn—k 
x res (Park, Lk), (29) 


A=—tn—k 


But 
atk Tk à Lk 
res (PAt*, L¥p) = se (Pi, Lg). 


ì=—ġn— 


Therefore if p is even this residue, from (21), vanishes. If p is odd, 
on the other hand, (23) gives 


—1)44 qn 
res (PM, Lig) = or hl tall (5(x), Lp). 
d=—}n—k r G 


2 


3 This follows from the fact that for Re à > 0 this expression can be reduced, by 
Green’s theorem, to the integral over the P = O surface. But since P4+? and all its partial 
derivatives vanish on this surface, the integral must vanish. Then by analytic continua- 
tion Eq. (26) remains valid for Re à < 0. 
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Inserting this into (29) and using the fact that 
(è(x), L*p) = (L*(z), p), 
we arrive, after some elementary operations, at 


r = (—1)#2 m?” Ls 
i he (Pl p pe C F 2) (L*8(x), p). 
ND 
Summing up we then have the following. If the dimension of the 
underlying space is odd, then for p odd and g even the generalized function 
P? has simple poles at A = — $n — k, for k a nonnegative integer, 
where the residues are given by 
—])$¢ an 
sadn oa rs 
eae 2k n 
war (5 +A) 








a? ae č æ o? 
x { 


k 
ar zai) See 0) 


2 
p +1 


If, on the other hand, p is even and q is odd, P} is regular at these points. 


Case 3. The singular point A is in both sets. This can occur for even n 
for all 


A=—5—h (k = 0,1,...). 


As in Case 1, we first write (P}, p) in the form 


(Pi, 9) = 1 — [wt gyu) du 
A+5+h° 
+ f wttoo41dQ,u)du, (31) 
0 
where (uw) = res,__yn_~ P(A, u), and P(A, u) is a function which is regular 
at A = — $n — k. By assumption, each of the integrals in (31) may have 
a simple pole at this value of A. 
Therefore (Pt, p) may have a pole of order two at A = — $n — k. 


In the neighborhood of such a point we may expand P? in the Laurent 
series 


rope cy 





PA = 


+ 


seia 
PEE AA 


Let us find c® and c™®. 
2 1 
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First, according to (31) 


o 1 
(22,9) = tes, aaa Oa GF O E 


Thus, the generalized function c') is concentrated on the vertex 
of the P = 0 cone. 


Let us express c4} in terms of the derivatives of 8(x). When we set 
k = 0, Eq. (32) becomes 


c) — p (0). 


Now by definition 
1 , A ¢h(q—2) 
Pu) = 5 Fes, fa — £)? 0-2) y (u, tu) dt, 
from which we obtain 


®,(0) = 140, 0) reg fa — ty tł- dt 


r(4)ra+1 
= ¥,(0, 0) res G) ae 


ote ar(a+4 41) 





According to the known relation 


ra — x) P(x) = 


sin 7x 


for the gamma function, we may write 





r(f)raen sar(-4- PU) r(-a 9) 
r(r+£41) sin m(—A) I-A) 








Now it is easily seen, on the other hand, that 


A+5 (—1)30+1 


im, sin = 7 , 
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so that for the residue we have 


r(Z)ra+y 








re 
d=—jn q 
ra+t+t) 
= (—1)#*# |sin 7 ( q à) r G) i (> _ 2) | 
2 „IA oain 
Now putting A = — 42, we have 
r(4)ras+y r(£\r(2 
oe TGr» = (—1)ie ante GO (33) 
=A n 
rà =+3+1) ar (3) 
Now recall that 
$1(0, 0) = 2,2, (0), 
so that we may write 
q P 
rdr 
(ca p) = (~1) no OTO 0 oo) (34) 
> aer (2) 
2. 

If p is even, c = 0, since then sin (7p/2) = 0. Thus if p and q 
are even, P’ has just a simple pole at A = — 4n. If, on the other hand, 
p and q are odd, Eq. (34) implies, using 

$s 
sin = (—1)2-)) and Q, = ia 
r (3) 
that 
(c9, p) = (—1)8e-» Z (0 ), 
3 
or in other words, for p and g odd we have 
$n-1 
c) = (—1)e-) 7 __ §(x), (35) 


We now use (28) and go step by step through the same considerations as in 
Case 2 to find for even p and q that c’ = 0, or that at à = — $n — k, 
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the function P} has a simple pole. If, on the other hand, p and q are odd, 
then 





ct) — (— 1)» ses 
2k BI 
2A (5 + k) 
o2 82 2 82 k 
Se EE F 8(x). (86) 
(z öx De A ) 


Let us now determine c. Equation (31) gives 


(CR, g) = | u Ou) du 
0 


+ 8 (A yi+in-1 Ø, (-5— Au) du. (37) 


The first of these integrals is to be understood as the constant term of 
the Laurent expansion of 


JA = iF ui+in-1 D (u) du 


at A= — 4n — k. This integral defines a functional concentrated on 
the P = 0 cone, which we now proceed to determine. Since 


Blu) = res, DA, u), 


we may conclude from (12) that 


_ (—1)jin-1 pa atn+k-1 


4(5 +k — 1)! attn+k- 1 tt ater Py (u, tuy) 


P,(u) = 


(—1)in+e-1 pdntk-1 


From this we obtain 


— {oł d y(u, o) Hee da, 


f u-*-1 Ø (u) du 
0 


—])dnte-1 snk 

ef [fice -a Fi {vda-2) y(u, | ud?-2) du. 
fs —_ 1)! pant iü 

4 G +k ir" 
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On the other hand, according to the definition in Section 2.1, 


atn+k-1 
ðytn+k-1 





Taano EEE ff (oa pafi o] ut du. 
0 v=u 


In that section we defined the regularization of the integral in exactly 
the same way as we have done for 5 u-k-1 (u) du. Therefore 


co = $: k- 
f u-*-1 Ø (u) du = Cy 
o n 


1 

(5{F"*-Y(P), @)). (38) 

l 
5 ! 

From this, we may deduce, in particular, that in an even-dimensional 
space if k > n, the 8&%#-}(P) function is uniquely determined by the 
quadratic form P. 

Let us now turn to the second term in (37). We have 


ane re en ae ae 
det 0 Ai ®, ( 2 k, u) au 





(39) 


n 
j | ab, (—5—k, ‘} 
TH Our we 
The functional defined by this expression is concentrated, therefore, on 
the vertex of the P = 0 cone. 

Thus 


(—1)2ete-1 


Btn-D(P) + oe, (40) 


(x) ga 
= 


Gea) 


where a% is the generalized function concentrated at the vertex of P = 0 
which is defined by [see (39)] 


i z (rk 4 


(a, p) = Rl ouk 





(41) 


u=0 


Let us obtain an explicit expression for a% in terms of the derivatives 
of 8(x). Consider first the case k = 0. For this case (41) becomes 


(a, p) = $; (- 5 ,0). 
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But ©,(— $n, 0) is the constant term of the Laurent expansion of 
@(A, 0) at A = — 4n. For this function we have 


‘ TA+)L (4) 
DAO) = Ff (1 — 2) ko dey(0, 0) = —— ~~ 2,0,9(0), 
ar (4 +$ +1) 


Again using the gamma-function relation I(1 — x) I(x) = 7/sin mx 
and the explicit expressions for Q, and Q, we may rewrite this expres- 
sion in the form 
i yi _ , — £) 740 
sinz Aa +4) r( À ) 7 
P(A, 0) = 








sin 7A (0). 


r (5) I(-2) 


If p and q are even, this expression represents a regular function at 
A = — n. Therefore, ©,(— 42, 0) = ®(— 4n, 0), which means that 


T 


$n 
(2, p) = (—1)# — r P0) 
r (3) 
2 
If, on the other hand, p and gq are odd, (A, 0) has a pole at A = — dn. 
Then 





(~, @) = ®, (— 3,0) = x9(0), 


where « is the constant term in the Laurent series for 





; q q 
sin 7 (a +4) rà- — 4) E 
sin mÀ P\ 
r (5) ri» 
at A = — 4n. Elementary calculations which we shall not go into 


here lead to 





PEO POE a 
r6) eG) 


te (1) min-l p\ fn 
r £) lv 6) Y (5) | 32) 


= (—1)hern 


or 
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where (x) is defined ast 
wa) = PE. 


Inserting the expressions we have obtained for a‘ into (40), we 


find that for k = 0 


0) — 
= 


E 1)łn-1 atèn- P) + Orin 8(x)], (43) 





76) 


6 = (—1)# if p and q are even, and 
6 = (—1)Hew) 1 [y (6) 4 (65)| if p and q are odd. 


where 





Finally, in order to obtain c for arbitrary k, we again use the “lower- 
ing” formula (28). This gives 


ch) = Ta [~ 1n- §(dn+k—-1(P) 
at 
+ Ona 5 Pl T 9 Ba ao w 


Here the numerical coefficient 0, is equal to (— 1)#% when p and q 
are even. Expressions for the «‘*) can also be obtained in the following 
way. Since c = reS,jn4/, is a homogeneous function of degree 
— n — 2k, so is a), But a) is concentrated at the origin, and must 


therefore be of the form® 


a™ = Qua Gos nn Ger) 54), 


where Q,, is a homogeneous polynomial of degree 2k. 


4 For integral and half-integral values of the argument, ¥(x) is given by 
1 1 
(Rk) = ZC+1 +3 +e +t. 


1 1 1 
k 5) = 2622102 2(1 ee =): 
v st 3 Eg + 3 +e + thn 
where C is Euler’s constant (see Ryshik and Gradstein, “Tables,” Section 6.35). See 
also E. Jahnke and F. Emde, “Tables of Functions,” p. 19. Dover, New York, 1945. 
5In Volume II, Chapter II, Section 4 we shall prove that a generalized function con- 
centrated at a point is a linear combination of the delta function and its derivatives. 
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On the other hand, «), like P} for all values of A, is invariant under 
linear transformations which preserve the quadratic form 


a 2 2 2 
Phi ey Xp) = X1 + +H 8p — Xp — + — Npe 


Therefore the operator Q,,(0/@x,, ..., 0/@x,,,) must also be invariant 
under such transformations. Any operator satisfying these requirements 
must be of the form 

ô ô 
= rpa PYG sn Ge). 
Qar = Ce.v.0 x,’ Opa 


Thus we may write 


ð ô 


w — Pr(—— oun 
a = Ck n.¢ pres 
Oxy Xota 


) 802) = cr.v.a L*8(a). 


We can find ¢,.,., by using Eq. (41) with some fixed ọ in K. 
We shall choose to be a function which near the origin is 


ple) = (ef fon fad aba — a aa, 
Then, as is seen from Eqs. (6) and (8), in the neighborhood of u = 0 
the function ¢,(u, tu) is of the form 
pilu, tu) = R, Q u*(1 — t)*. 


Therefore according to (11) 


1 
PAu) = [2] (1 sy he dt 2,0) ut, 
or 
rA +k +1) r (4) 
DA, u) = ————— 6.048 
arfa +k +3 +1) 


Now ®,(— 4 — k, u), which appears in the expression for (a™, g), 
is the constant term of the Laurent expansion of ® (à, u) about 
A=— ġn—k. 

To be specific, consider the case in which p and q are odd. Since the 
coefficients of the Laurent series for 


ra +k +10 (4) 


r(A+k+$+1) 
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about à = — 4 n — kare the same as those of the Laurent series for 
ra+yr(4) 
raa+%+1) 
about A = — 4n, we may write 
DhE 


®, ( > k, u) = Kut, 


where « is given by (42). Then according to (41) we arrive at 


(ihm x= nim) Ve as 


rG) 





But on the other hand 
(a, p) = cr,» L® g(x) |a=o- 
Now by iterating (25) k times we obtain (recall that p = P*) 
n\ pn n 
Lrg(x) = 2%*k! (5) G +1). (5 +k-1). (46) 
Comparison of (45) and (46) gives 
—]1)e@+D pin- 
eG) 
RIT G + k) 


for odd p and q. 
Thus for odd p and q the @,,,, coefficient in (44) becomes 


— gyk 
ba = —— [6 6) -G 


Summing up, we have the following. If the dimension n of the space 
is even and p and q are even, P? has simple poles at A = — $n — k, 
where k is a nonnegative integer, where the residues are given by 

—])$ntk~1 
PE E Sltn+t-D( P) 4 ( 


i EE 
afr k + p G a 4) QR G + k) 


L*8(x), 
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where ; j 5 5 
3 : 
=== +.. + — F 
Oxt Ox, One Ox 


If, on the other hand, p and q are odd, Pt has poles of order 2 at 


A = — $n — k. Let the Laurent expansion of Pt about this point be 
; cit) ft) 





n 2 n 
AQ+F+a) A+Z+R 
Then the coefficients are given by 


E a agg 
RIT G + k) 
and 


cA) (hist S(dn+k—1) (P) 


erga 
(—1)Ra+) ptni [y 6) = (6) 


ee L¥8(x), 
2eRIT G 4+ k) 





where y¥(x) = I''(x)/I(2). 


In addition to P}, we can also define the generalized function P+ by 
(p) = f (PY ods. (47) 
~P>0 


All that we have said above about Pt remains true also for P’* except 
that p and g must be interchanged, and in all the formulas 8{*)(P) 
must be replaced by 8{*(— P) = (— 1)* 8"(P). 


2.3. The Generalized Function #4 Associated with a Quadratic Form 
with Complex Coefficients 


We have so far dealt exclusively with quadratic forms whose coeffi- 
cients are real. Let us now turn to the space of all quadratic forms 
n 


P= > 8%, (1) 


r,s=1 


whose coefficients may be complex. 
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We set ourselves the task of defining the generalized function #4, 
where A is a complex number. In general, however, #^ is not a 
single-valued analytic function of A. But any quadratic form may be 
written in the form 


P = P, + iP,, 


and so as to remove ambiguity in A we shall deal with the “upper half- 
plane” in the space of such quadratic forms, namely with quadratic 
forms whose imaginary part is positive definite, and it is for these that 
we shall define 2+. If a quadratic form F belongs to this ‘‘half-plane,”’ we 
shall write 


P = exp A(In| 7| +i arg P), 


where 0 < arg ŽP < m. Such a function is a single-valued analytic 
function of A. 

Now with # we shall associate the generalized function, also denoted 
by #4, defined as 


(7,9) = | Pp dx, (2) 


where the integral is taken over all space. This integral converges for 
Re à > 0, and for these values it is an analytic function of A. Then 
by analytic continuation we can define the generalized function for 
other values of A. 

We now proceed to find the singular points of F* for quadratic 
forms on the “upper half-plane,” and to calculate the residues at these 
singularities. The calculations can be simplified considerably by a trick 
we shall often find very useful. 

The generalized function 2? is analytic not only in A but also in 
the coefficients of the quadratic form 2. This means that #* is analytic 
on the upper “half-plane” of all quadratic forms A = P, + iP, (or 
where P, is positive definite). But this, in turn, means that 2? is uniquely 
determined by its values on the “positive imaginary axis,” that is, on 
the set of all A = iP,, where P, is positive definite. Therefore it is 
sufficient for our purposes to consider generalized functions of the form 
(iP). We have, however, already solved this problem in Chapter I, 
Section 3, since it is always possible to transform a positive definite form 
into a simple sum of squares by a nonsingular linear transformation. 

Let us therefore start by assuming that P = L?,_, 2,,%,x, lies on 
the ‘‘positive imaginary axis.” This means that g,, = 1a,,, r,s = 1,..., n, 
where the a,, are real and where Ly ,., @,,%,*, is positive definite. 
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Then 
A 
(P4, p) = eb | (Ears) p dx. 


Now there exists a linear transformation x, = Lj_, «,,*, which will 
n . . . 
transform Èp .-1 @,3%,%, into r? = x2 + ... + x. The Jacobian of this 


transformation is 1/V| a |, where |a | is the determinant 











jal Air e Ain 
Pa EA 
Any + Ann 
We may thus write 
or 
(P*, 9) = Ion [ r%— ax’, (3) 


where | g | is the determinant of the coefficients of Z, and V(— 1)" | g | 
is merely the square root of the positive real number (— 2)" | g |. 

Now we have already dealt with (r?4, ~) in Chapter I, Section 3.9. 
We found there that the only singularities of this functional, and there- 
fore also of (4, g), are simple poles at A = — 4n — k, where k is a 
nonnegative integer. For k = 0 we found 


2a ain 
res r” = 


eG) 





8(x). 


Therefore 


res Pi = 


“eva Tei 6) 





è(x). (4) 


Let us find the residues of Z+ at the other singular points. For this 
purpose we consider the differential operator 


2 


ô 
Lə = De - ox, ox, ’ (5) 
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where the g’* are defined by 


n 
DUE i Pe 
s=1 


(ô; = 1 for r = t and 6; = 0 for r Æ t). Thus || g’* ||, the matrix of 
the coefficients of Ly, is the inverse of || g, ||. Using this fact, we may 
obtain 


Lo? = 4A +1) (à + 5) P., 


This relation is easily verified by direct calculation. Iterating it k times, 
we arrive at 


LEPE — AKA + 1)... (À + k) (à y: 5) ee (a +5 kks 1) fi, 








so that 
P= l LEPE, (6) 
4A +1)...(A +2) (a +5) A+ +k— 1) 
; 5) 5 
Consequently 
res P 
d=—jn—k 
= + ________ ; te LEP", 
4A +1)..A Aa) (A 45)... AH 42-1 cy 
Base Qa Fart) 
so that, inserting (4), we arrive at 
dani dn 
P= So LĘS(%). (7) 





res 
d=—jn—k 


ART (5 +k) VITE 


Now this equation was obtained under the assumption that # lies 
on the “positive imaginary axis.” We must now continue it analytically 
to the entire ‘‘upper half-plane.” The analytic continuation of Ly is 
known, however, since the coefficients of this operator are analytic 
functions of the coefficients of Y. All that remains then is to study 
the analytic continuation of V(— ʻi)” |g |. The problem will therefore 
be completely solved when we are able to express this as a single-valued 
analytic function on the “upper half-plane” of quadratic forms. 
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To do this, we again write F in the form 
P = P, + iP, 


where P, and P, are quadratic forms whose coefficients are real, and 
where P, is positive definite. Now there exists a nonsingular linear trans- 
formation 


n 
x, = 5 brsYs 


s=1 
with real coefficients such that P, and P, are transformed to 
Py =A + + ARI 
P, = yi + o +H 


The A, in the expression for P, are real and independent of the particular 
choice of transformation we have made. Thus they are invariants of 
P itself. We may thus write 


[gl = [8 PA, + i) -e An +4), 


where | b | is the determinant of the || b;; || matrix, so that 


(—i)"|g| = |b (21 — Az)... (1 — A, 4). 
Then the function we wish to define may be written 
V(r el = Vib PA — Ads... (1 — Apd), (8) 
where the square roots are defined by 
Vz = | z |} ebarz n <argez <a. 
The function defined by (8) will be the desired single-valued analytic 
function on the “upper half-plane” of complex quadratic forms. 


Thus, if 


P= > Er sXpX5 


r,s=1 


is any quadratic form with positive definite imaginary part, the general- 
ized function #4 is a regular analytic function of A everywhere except 
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at à = — 4n—k, where k is a nonnegative integer, and at these 
points this function has simple poles with residues given by 


e-tani men n 82 
res P = > g" 8(x) , (9) 
a=—jn—k var (2 ar k) VETE] ty Ox, OX, j 








where | g | is the determinant of the coefficients of 2, and V(— i)” | g | 
is defined by (8). 

The lower half-plane” of quadratic forms, that is, quadratic forms 
with negative definite imaginary parts, may be subjected to similar 
analysis. If we were to do this, we would obtain the following result. 

If the quadratic form 


P= Py —iPy = $ erent 


r,3=1 


belongs to the ‘‘lower half-plane,” the generalized function F* is again 
a regular analytic function of A everywhere except at A = — 4n — k, 
where k is a nonnegative integer, and at these points this function has 
simple poles with residue given by 





en dani wht n 82 k 
EON C 


res P’ = > ge 
ead amar (5 +k) Vg] o ae 


where, as before, | g | is the determinant of the coefficients of F, and 
Vi" | g | is given by the analog of (8), namely 





Viele] = Vib PL + ADE... (1 Ande. 


2.4. The Generalized Functions (P + i0)? and (P — i0) 


We can now use the results of Section 2.3 to study any real quadratic 


form raised to some power À. 
Let 


P= È Ers% Xs 


r,s=1 


be a nondegenerate quadratic form with real coefficients. Then we may 
define the analogs of (x + 70)* and (x — 10)? of Chapter I, Section 3, 
which we shall call (P + 70) and (P — 10). 
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For this purpose consider the quadratic form 
P=P+iP’, 


where P’ is a positive definite quadratic form (with real coefficients). 
It is easily shown that as the coefficients of P’ converge to zero, the 
generalized function (P + iP’)? converges to a well-defined limit. This 
limit we shall call (P + 20)4 

Indeed, this assertion is obvious for Re A > 0, since in this case the 
limit can be taken under the integral sign in | A*pdx. But then according 
to Eq. (6) of Section 2.3 the assertion remains valid at all points of 
analyticity of 24.6 

Similarly, we shall define the generalized function (P — 10)? as the 
limit of the generalized function (P — iP’)4 as the coefficients of P’ 
converge to zero, where P’ is a positive definite quadratic form. 

From the definition of (P + 70) and (P — i0)? we may deduce that 
they are analytic in A everywhere except at A = — $n — k, where k 
is a nonnegative integer. 

It is easily shown also by using Eq. (6) of Section 2.3 that at these 
points our functions have simple poles with residues given by 


er PON 
res , (P +10) = jim res „ (P + iP'Y, 


A=—}n— 30 A=—}n— 
res (P—i0)*= lim res (P—:iP’)’. 
d=—}n—k P’30 4=—}n—-k 


In order to obtain these residues, therefore, we need only find the limits, 

as P’ converges to zero, of V(— 1)" | g | and Vi" |g |, where |g | is the 

determinant of the coefficients of the complex quadratic form P + iP’. 
Without loss of generality we may assume that P’ is of the form 





Pi = exit +... + x2), e>0. 
Then we can use Eq. (8) of. Section 2.3 to write 
VSI" [a] = (e — A)... (€ — A), 


where the A, are the eigenvalues of P. Let us assume that p of these 
eigenvalues are positive, and q negative. Then as e — 0, we arrive at 


lim V(—a)" |B | = VI A =- An | (—1)3” ae, 


€ We shall not study in detail the special case in which A is a negative integer which 
is not a singularity of #4. We state without proof merely that at such points (P + i0)4 
has no singularities. 
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or 
lim VUD |g | = etoi VA], 


where 4 is the determinant of the coefficients of P. We now use Eq. (9) 


of Section 2.3 to express the residue of 4 at A = — $n — k, which 
yields 
en bai ahh n 
res_, (P +i0 = — (e B(x). (D) 
ea ie akir (5 +k) VTAT (2, wa ae) 


In a similar way 


ebnat mèn 


PN i arg y et BA x, Oe, tet) O (1) 


Thus the residues of (P + 10)4 and (P — i0)4 at A = — $n — k are 
generalized functions concentrated on the vertex of the P = O cone. 

These new generalized functions can be expressed in terms of P} and 
P} defined in Section 2.2 by 


(P +20) = Pi + ev Pi, (2) 
(P —i0)* = PA + em pi, (2’) 


Indeed, for Re A > 0, the functionals (P’, œ) and (P’, p) correspond to 
the functions 


_ | where P>O, 
+ 10, where P <0; 


_ 40, where P > 0, 
os py, where P<0. 


For this case (2) and (2’) follow directly from the definition of (P + 70)? 
and (P — 10). But then by analytic continuation Eqs. (2) and (2’) 
must remain valid also for other A. 

We mention incidentally that it follows from (2) and (2’) that when A 
is a nonnegative integer the functions (P + i0)4, (P — 10)’, and P^ 
coincide. 

We may now use Eqs. (2) and (2’) to establish the relation between 
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the residues of P? and P4 at à = — 4n — k, R=0,1,.... The Laurent 
expansions of these functions about such a point are 





cf (k) 


(Aa+3 +k) a++ 
sík) s(k) 

Ese a eae 
EEH AES 


According to (2) and (2’) 





pi e-™44(P + i0) — e”(P — i0)? 
+ » 





— 2i sin 7A 
(P + i0)* — (P — i0} 
KS 2i sin 7A j (3) 


Using Eqs. (1) and (1’) for the residues of (P + 1:0)? and (P — 10)‘, 
we find that if the dimension n is odd, as well as if n is even and p and q 
are even, c) — cP — Q, If, on the other hand, p and q are odd, 


(—1)8¢-D tn-1 
war (5 E k) vĪīAT 


c= (e O — LESA), 
where 
2 
LRS Dy am ae 
We have already obtained these results in a different way in Section 2.2. 
Further, according to (2), we may write 


b A ñi pà 
(eS (P + i0) ISS Pi + res e PS, 


=—ġn—k A=—hn— 
so that 
ene (P + i0)* = cl 4 e-athns bis ct) 4 mjereni ch, 
Inserting the expressions for the residue of (P + i0)żat à = — n — k 


and cP, we find that if the dimension n is odd, as well as if n is even and 
p and q are even, 


—tnqi dn 
A —atgntkyi i ef T. k 4 
es Pl 4 eman we Pe Lp9(*) (4) 


anni (Z +R) Vid] 
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while if p and q are odd, 


res PA + e~mdnt yi tes Pi = 0. (5) 


d=—4n—k À $n- 


We may note also that if n is odd, as well as if n is even and k < 4n, 
then according to (2) we have 


se P} + (DE ges Pi = ey (P Hi0} = 0. © 
Let us assume from now on that P is in its canonical form 


— 2 2 2 2 
P = xi +... + Xp — Xpy — e — Kage 


In Section 2.2 we obtained explicit expressions for the residues of 
P} and P% in terms of 8{*(P), &P(— P) = (— 1)*8(P), and 8(x). 
Inserting these expressions into (4), (5), and (6) we obtain 


SPP) — SPP) = cp q, L #18(x), 


where 
L 02 oe o2 82 
E ea ee ee 
ax E a ie 


and ¢,.¢,, = 0 if the dimension is odd, as well as if n is even and 
k < ån — 1. In all other cases cpg. is easily obtained from the equa- 
tions of Section 2.2. 

Summing up, we find that if the dimension n is odd, as well as if n 
is even and k < $n — 1, then 8}*(P) = 8{*(P). If, on the other hand, 
n is even, d\"(P) — 8(P) for k > $n — 1 is a generalized function 
concentrated on the vertex of the P = 0 cone. 

According to the general theory which we shall treat in Section 4, 
a more natural definition of homogeneous generalized functions concen- 
trated on the P = 0 surface is the following (see Section 4.5): 


SP.) = (—1)* k! res | Pt 


and similarly 
8(P_) = (—1)F k! wes, PH 


=—k— 


For odd n, as well as for even n and k < $m — 1 we have 


BP) = P),  B(P_) = &P(—P) 
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while in the case of even dimension and k > 4n — 1, 
SP ) — 8(P) and  8™(P_) — 8(—P) 


are generalized functions concentrated at the vertex of the P = 0 cone. 
Equations (4)-(6) imply that if p and q are both even and if 
k > 4n — 1, then 


(—1)2¢ 22" 


Akti-tn (z +1— 5) ! 


(—1)F 8(P,) — 5%(P_) = Lhd 3(3) 


while in all other cases 


BO(P_) = (—1)O(P,). 


2.5. Elementary Solutions of Linear Differential Equations 


Let us now apply the results of Sections 2.3 and 2.4 to elementary 
solutions of equations of the form 


L'u = f(x), (1) 


where L is a linear homogeneous differential operator of the form 


L oe 02 oe 2 
== + e tH M a ee ee 
Ox? ox? Ox? a Ox? a 


and where k is a positive integer. 
Recall that an elementary solution of (1) is a generalized function K 
such that? 
LK = &x). (2) 


Any linear differential equation of second order with constant coeffi- 
cients and only the derivatives of highest order, for instance, can be 
written in the form of Eq. (1) with k = 1. Such an equation is often 
called ultrahyperbolic. For either p or q equal to zero, such an equation 
becomes Laplace’s equation, and for p or q equal to one, it becomes the 
wave equation. 

One might naturally try to solve Eq. (2) with a homogeneous function 
(or an associated function; see Chapter I, Section 4.1), since L and 6(x) 


7In this section K will stand for a generalized function, rather than the space of test 
functions. In later sections (see Section 2.7) the same symbol with a subscript will be 
used to denote modified Bessel functions. 
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are both homogeneous. Since a derivative of order 2k of K gives the delta 
function, which is homogeneous of degree —n (here n = p + q is the 
dimension of the space), K would have to be homogeneous of degree 
—n + 2k. 

In addition, Eq. (2) is invariant under linear transformations that 
preserve the quadratic form 


L 2 2 
PS hod t ma e as 


We shall seek its solution in the form 


K = KP). 
In Section 2.4 we studied (P + 10)? and (P — 10)’, which are homo- 
geneous generalized functions of P. In addition, for à = — $n + k, 


these functions have the desired degree —n + 2k. We shall now show 
that unless n is even and k > 4n both (P + i0)-3"+* and (P — 10)-i"+* 
are, to within a constant factor, elementary solutions of L*u = f(x). 
From the results of Sections 2.3 and 2.4 we have 
L}(P + id) 


= 440A +1)..A 4A) (A472)... (042 42-1)(P +00". (3) 
2 


Setting A = — 4n, we obtain 
a n n “i 
LHP + i0)-#n+* = 4* (1 — 5) = ( = 5) (k — 1)! reg (P +10). (4) 


Thus if n is even and k > $n, the right-hand side of (4) vanishes and 
we obtain 


LE (P + i0)-3*+* = 0, 
so that (P + :0)-3"** is a solution of the homogeneous equation cor- 
responding to (1). 
In all other cases, Eq. (4) becomes 


trai pèn 


HP 4 i0)-tee = gt (1 — 2)... (k — 2) k — 1)! E (x). 
LP + i0) æ (1 5) (z 5) & 1)! r 8(x) 


Therefore except when n is even and k > $n, both 


emai p E = k) 


Ky = (—1)* 4*(k — 1)! nin 


(P + i0)-#n+ (5) 
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and, similarly, 
erg- 


K, = (—1)} (P — i0)-e+* (5') 





4*(k — 1)! r?" 


are elementary solutions of L*u = f(x). If, on the other hand, n is even 
and k > 4n, then (P + i0)-#"+* — (P — 10)-3*+* is a solution of the 
corresponding homogeneous equation L*u = 0. 

Note that K, and K, are complex conjugates. 

Equations (5) and (5’) are the most convenient forms for the elemen- 
tary solutions of our differential equation. We could also attempt to 
find real solutions to our problem by appropriately combining the real 
and imaginary parts of K, and K,. These new solutions, however, would 
be quite different depending on whether n, p, and q are even or odd. 

The formulas for K, and K, can also be written directly in terms of 
the generalized functions P? and P}. 

To do this we use the equations of Section 2.4 which give (P + 70)? 
and (P — 10)’ in terms of Pt and P*. If nis odd, P} and P* are regular 
at A = — $n + k, and we obtain 


arg- 


= — (i \k tnik n(—tn+k)i P—tn+k 

keket aap Bt petro, (6) 

If, on the other hand, n is even and k < $n, both P and P? have 
simple poles at A = — $n + k, with residues given by 
—])in-k- 
res PA —(—1)8e-*1 res PA = Bice) ee gd typ, ). 
A=—fnpk + A=—4ntk — 
Gti 


Let P7ł”+k and P-3"+* denote the constant terms of the Laurent expan- 
sions for P? and P* about this point. Then we obtain 


ierg- 


KaR (Cp 
mam genset 
—tn —tn —n (—1)-## mi n—k— 
aa Pv ge ee er ie, 1) 
G = ve 1) ! 








From Eqs. (6) and (7) we find, in particular, that K, and K, are linearly 
independent. The generalized function K, — K, is a solution of Lřu = 0. 
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Finally consider the case in which z is even and k > $n. We expand 
(P + 10)*+* in a Taylor’s series about A = — 4n, obtaining 


(P + i0) = (P + i0)-detk 4 (a a 5) (P + i0)-3*+* In (P + i0) 4... 


Now we insert this into (3) and compare the coefficients of A + 4n 
on both sides of the equation. This gives 
L* [(P + i0)-2"+* In (P + 10)] 
= 4 —1y$n-1 (7 — 1)1(p — Zik — 1)! 0) 
4*(—1) G 1):(k 5) Ua I)! res (P + i0}. 
We now insert the expression for the residue (P + 70) at A = — 4n, 


and find that when n is even and k > $n, an elementary solution of 
Lku = f(x) is the associated function 


edna 





K, = (iyi a A — (P + i0)-2"+* In (P + i0). 
4r (k —5)\(k — 1)! 


Similarly, another elementary solution of this equation for this case will be 


etna 


—— ~ (P — i0)-#"** In (P — i0). 
4k (z z 5) Ua — 1} 


K, = (—1)= 


It should be mentioned that these equations for the elementary 
solutions of Lu = f(x) remain true also when L is any linear homoge- 
neous differential operator of order two, which we may write 


— T3 
aa » £ Ox, Ox, 


r.3=1 


In this case P is the quadratic form 


P= $, grasa 


r,s=1 


where Eg; 8,8 = 8! (for r, t = 1, ..., #). The expressions for the factor 
multiplying (P + :0)-#*+* and (P — i0)-#"+* should now be multiplied 
by v| 4 |, where 4 is the determinant of the coefficients of P. 
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For instance, elementary solutions of 
0? eo 
(2 Ox, Ox, a Ox? ) u = f (x1, Xo, Xa) 
are the functions 
1 *, 
K, = ga a, ++ i0)-+ 


and 


2.6. Fourier Transforms of (P + i0)4 and (P — i0)4 


To obtain the Fourier transforms of (P + i0)? and (P — 10)’, we 
shall use analytic continuation of the quadratic form, as described in 
Section 2.3. 

Let 

P = X bao, (1) 


be a quadratic form with complex coefficients, and let Im Ž be a positive 
definite quadratic form (in other words, Ima, > 0, s = 1, ..., n). 
The generalized function #4, and therefore also its Fourier transform 
Pi, are analytic functions of the a, in the region Im «, > 0. Therefore 
in order to find Ži we need only treat the case in which all the a, are 
imaginary, and we shall write a, = tb, with b, > 0. For this case we 
have 


Pr = emi f (bix + + b,x2)4 exp [2(x45, + eo + %p5q)] dx. 


A suitable change of variables in the integrand transforms this to the 
form 











X nii 
P= — L | Prex dx, 
Vb. zl p [i (a Tr va) 
where r? = x? +... + x2. 
The Fourier feanafort of the generalized function r? has already been 
calculated in Section 3.3 of Chapter II. Using the results of that section, 


we have 
nek r n 
% ali alla de (a 5) i C 


A RY 
Pi See ee ee tee Eas 
b, ... Wb, P(—A) (z EREE D 


» 


y~ in 
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or 
-$nni 24 an n 
pea og 
V ia, VW ian (A) he 


Now the uniqueness of analytic continuation implies that (2) remains 
valid also for any quadratic form whose imaginary part is positive definite. 
To use this expression we write the square roots appearing in it in 
the form Vz = | z |? exp (47¢argz). Note that the quadratic form 
Èl +- + 52/a, has negative definite imaginary part. 

Now let us write 


2 2 2 2 
P = xi +... + Xp — Xp oe — Mb 


Q =} +. H Ba o — he 
By letting the imaginary part of the quadratic form now approach zero 
in Eq. (2) and setting a) = .. =a, = l, app = = Aig = — 1, 
we obtain 





eimai qn mèn ra + 5) 
F[(P + i07] = o (Q — i0)?» (3) 


and in a similar way 


ebnai gin pin ra + 5) 


AD (Q ioja, (3) 


FUP — i0] = 


We may now use Eq. (3) of Section 2.4 to arrive, after some elementary 
operations, at 


Pi = 28n phn-1 TA + 1) rr + 5) 


x x [e-ntra (Q — i0)-*-tn — enattayt (Q + i0) èn], (4) 
Pi = n da A HITGA + 5) 


x ay [etra (Q — joyin — ebai (Q 4 10-4, (4’) 
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It should be noted that these equations for the Fourier transforms 
remain valid also if P is any arbitrary real nondegenerate quadratic form 


n 
P= EapraXp- 


a, p=1 


In this case, we replace Q by 


n 
Q = 2 E PSS p 
a.p=1 


where g-i apg?” = 8% (a, y = 1, ..., n). In addition, all the formulas 


have to be multiplied on the right-hand side by the factor 1/V| 4 | 
where 4 is the determinant of the coefficients of P. 


2.7. Generalized Functions Associated with Bessel Functions 


We shall now turn to a class of functions P4f(,A), where f(z, A) is 
an entire function of z and A, and F is a complex quadratic form with 
positive definite imaginary part. These generalized functions are defined 
for Re A > 0 by 


(PIP, A), Ax)) = | PAP, A) ox) dx. (1) 


For Re A > — 1, obviously, P P, A) is an analytic function of À. 
Its definition can be extended by analytic continuation to other values 
of A. The functions 2? ln” Pf FY, à) may be defined analogously. 

It is easily shown [starting, for instance, by expanding f(z, A) in a 
power series in 2] that for every real quadratic form P the limit 


(P + i0)f(P + i0, A) = Jim (P + iP ACP + iP, A) (2) 


exists, where P, is a positive definite quadratic form. 
In complete analogy one can define the generalized function 


(P — i0)¥(P — i0, À) 


for any real quadratic form P. 
Obviously if P is positive definite, then 


(P +10)f(P +10, A) = (P — i0)*f(P — i0, à) = PY(P, à). 
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Moreover, since for all positive integral values of n we have 
(P +10)" = (P — 10)" = Pn, 
it follows that 
f(P +10, n) = f(P — i0, n) =f(P,n). 
Now let us write the generalized functions (P + 70)(P, A) and 


(P — i0)*f(P, A) in terms of P? and P}. For this purpose we use the 
relations, developed in Section 2.4, 


(P +70) = Pi + enh, 


(P — i0} = PA 4 epi, 
Since 
P*f(P,A) = PRP, A) and  PŻf(P, A) = PLAP A), 

we obtain 

(P +10) AP, A) = PAf(P,, A) + PEAP, A) 6) 
and 

(P —i0)'f(P, A) = PAf(P,, A) +e PM PAL(P_, A). (4) 

The class of generalized functions we have defined is quite large. 

In it, in particular, are generalized functions such as PJ (P?) 


and P-**J,( #4), where J,(z) is a Bessel function. This is easily seen 
by making use of the power series expansion 


A @ (—1)" a” 
as Darm T (5) 


m=0 


for the Bessel function. 
In addition to J,(z) we shall consider also N,(z), H{"(z), H{(z), 
I,(z), and K,(z), which we define for nonintegral à by 


Nile) = sty [eos Arala) — J8), 
HP(2) = J,(2) + iN), 
Hz) = J,(2) — iN) 

I,(2) = eH Jalia), 

K2) = zgryz O — eN 


For integral values of à these functions are defined by convergence in À. 
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Power series expansions for N,(z), HP (24), H® (24), L£), 
and K,(z*) for nonintegral values of à are easily obtained from Eq. (5) 
and the definition of these functions. It is then found that all these 
functions belong to the class we have defined at the beginning of this 
section, which makes it possible for us to define generalized functions 


such as K,[(P + i0)4], (P + 70)-#4 K,[(P + i0)#], and others. 


2.8. Fourier Transforms of (c? + P + iO} and (c? + P — i0)? 


In Section 2 of Chapter II we already saw that the Fourier transforms 
of the generalized functions (x? — 1)4, (1 — «x?)4, and (1 + x?)4 can be 
written in terms of Bessel functions. Here and in the next section we 
shall show that this is also true of the Fourier transforms of their n-dimen- 
sional analogs (c? + P)* and (c? + P}. 

We start by considering the generalized function (c? + P)? for a 
positive definite quadratic form P. The Fourier transform of this general- 
ized function for Re A < — $n is given by 


F[(c? + PY] = i] (c2 + P} ella) dy , (1) 


where (x, s) = x45, + ... + Xnsn: 

Let us first consider the case in which the canonical form of P is 
Er- x2. Clearly in this case the generalized function F[(c? + P)*] 
depends only on |s |, the magnitude of the vector s. Therefore without loss 
of generality we may assume that the components of s are given by 
s = (| s |, 0, 0, ..., 0), so that the integral in (1) becomes 


fe +r pends, 2 


where Re à < — łn. 
We shall perform the integration in (2) by going to polar coordinates. 
After integrating over the angles pp, ..., @n-ı and using the fact that 


S Vr)” 


EA 





we arrive at 
Vr)” 


rE 








O pn 
i] ij (c? + r2} eft isicose, sinn- gr”! do; dr. 
o “0 
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Now it is known that 


(25+) va 


ua ? 2 
f ef ls|cose, ginn—2 pı dy, = 


0 7 ean 
2 





Jina] 8 I) 


and that 


(ee 2 Se censta 


i rhn(c? + reji Jinri sl) dr = is] Tey Ky, ,a(¢ | $l). 


Therefore for Re A < — 4$ n, the integral of (2) becomes 





; 244/27) c \ant+a 
2 2)A pia, ls] = 
feire de = -RW Ge) Ky, (1 SÌ) (3) 
For other values of A Eq. (3) remains valid by analytic continuation in À. 
In order to obtain the expression for the Fourier transform of any 
positive definite quadratic form, we need only rewrite (3) in the form 


441(4/2a7) canta 
Va fe ipenn de = ESE EY Kale O 


(note that the determinant of the coefficients 4 = 1 for the quadratic 
form | x |? = Eg- x2). Now »/d dx remains invariant under a coordinate 
transformation that carries |x|? into P = Lj.--1Zur%~X,, and the 
square of the length of the dual vector s becomes Ly. 2*5,5, 
(O = Eggs, is the quadratic form dual to P = Ly p21 SeeXeX;)- 
Thus under such a coordinate transformation Eq. (4) becomes 


DV Ine EnA Ky e(eQ™ 


2 A pila, 3) == 
VA f (P + Py ete” dx A aren 


Our result may be summarized as follows. 
Let P be a positive definite- quadratic form, and let Q be its dual. 
Then the Fourier transform of the generalized function (c? + P)’ is 


2 V2n)e cn K yn i(cQ!) 


F[(? + PY] = T(—a Va Qta 


(5) 


where 4 is the determinant of the coefficients of P. 
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Now let P be any real quadratic form. We wish to consider the 
generalized functions (c? + P + i0)? and (c? + P — 10)* defined by 


(c? + P +10)" = lim (c? + P + teP,)* (6) 
and 
(c? + P — i0) = lim (è + P — teP,)*, (7) 


where e > 0 and P, is a positive definite quadratic form. The existence 
of the limits in (6) and (7) was established in Section 2.4 for c = 0, 
and the existence for c Æ 0 follows from the absence of singular points 
on the c? + P = 0 hypersurface. 

If the quadratic form ¥ lies in the “upper half-plane,” its dual 2 
lies in the “lower half-plane.” Therefore according to the uniqueness 
of analytic continuation, Eq. (5) implies that 


24(V/In\n cn Kyra [AQ — 10) 


O NAv (Q — 10)#4n+a (8) 


File + P 410) = 
Here by 4/4 we denote the analytic continuation from the sheet on 
which this function is positive for positive definite quadratic forms.® 
We mention that V4 = V| 4 | eżami if the canonical form of P has q 
negative terms, 
Similarly, it can be shown that 


DV 2n)” ctn Kana [CO + i0)4] 


Fi(2 + P — i0] = Woy Vi (0 ioa 


(9) 
In this case V4 = V| 4 | e-%*, where again g is the number of 
negative terms in the canonical form of P. 

Let us now express F[(c? + P + 70)4] and F[(c? + P — 10)*] in terms 


of Q, and Q_. By using the power series expansion for K,(z) and Eq. 
(4) of Section 2.7, we arrive after some simple operations at 


Pict + P + i0)4 
_ 2A+in+l tn e—tant pArdn Kisgn(CQ?) mi HY} 4,(cQ*) 10 
(A) Vid] [aem t p | = 


8 Similar analytic continuation was studied in detail in Section 2.3, and we shall not 
go into it again here. 
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and 
Fl[(c? + P —10)*] 


Distant qin ekani pAvin ee mi HË? 4,(cQ?) | 


T(=) v] A] a oe 


Qh A+4n) 2 Qlan 


Equations (10) and (11) can be considerably simplified if P is definite. 
If P is positive definite only the first term remains in the square brackets, 
while if it is negative definite, only the second term remains. 


2.9. Fourier Transforms of (c? + P)* and (c? + P 


Let us now turn to the generalized functions (c? + P% and (c? + P}. 
They are linear combinations of (c? + P + 10)4 and (c? + P — 10) 
of the previous section. Their Fourier transforms are therefore linear 
combinations of the Fourier transforms of the latter, namely, 


Fe + PY] = sch Fe + P+ iy] Fe + P— i094} (1) 
and 
Fe + PX] = — sl + P + i0)'] —FI(e + P — i0) (2) 


Inserting Eqs. (8) and (9) of Section 2.8, we obtain 








Fie + PY] 2aedn inin hnr 
PA + 1) vid] 
x Jenast KimallO = OF) apton KimvallO OM ag 
(Q — i0) 0m (Q + i0)t0+m 
and 
FU(c2 + PY] _ 24n irin- cha 
PA + 1) vidi 
se habon Kaneale(Q — 10] gen Kiral + i0 äi 
(Q — 10)84+4™ (Q + i0 am 


The generalized functions on the left-hand sides of these equations 
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can be expressed in terms of Q, and Q_ by using Eqs. (10) and (11) of 
Section 2.8 in Eqs. (1) and (2) of the present section. This leads then to 

















4 
Fl(c2 + P] _ 24n min- chnsd o 1 Ky, 4n(cQ+) 
TA +1) visi sin (A +4 a)r QE arim 
+ 
4 4 
T . 1 Jisgn(cQ?) 1 J-a-4n(eQ*) 
+ oan (A+ 3n)7 [sin ( +2 a) Qasde + sin abn QR Attn) II (5) 


In this formula p denotes the number of positive terms in the canonical 
form of P, and p + q = n. The expression for F[(c? + P)4]/(A + 1) 
can be obtained from that for F[(c? + P)*]/[(A + 1) by replacing 
sin (A + $q)" by — sin dqz, and sin 4 pr by — sin (À + $ p)r. We 
then get 


F(E + PY] _ Zei min cin | Kisgnl(e QP) 





TQ +1) via Oe PP giad 
i i 
T ©. | Jargn(c QÈ) : 1 J-a-4n(cQ?) 
2sin(A + 4n) 7 [sin bom Ohad FA + BP) ae li 


(6) 


By setting c = 0 in Eqs. (3) and (4) we obtain Eqs. (5) and (6) of 
Section 2.6 for Êt and P+. Special cases of all these formulas are the 
ones we obtained in Chapter II, Section 2.5 for the Fourier transforms of 


(1 — x?)4, (1 + x)4, and (x? — 1). 


(e + PY, 


(e + P} 
TAI? 


nd AFN 


2.10. Fourier Transforms of for Integral A. 


Fourier Transforms of 8(c? + P) and Its Derivatives 


The Fourier transforms deduced in Section 2.9 for (e? + PY /T(A + 1) 
and (ce? + P)/F(A + 1) require further study for integral values of A. 
This is because 





Kynsal(Q + i0)}] ad Erel- i0)4] 
(Q + i0)Ran+ (Q — idyan+4) 


have poles at such points. 
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Now the first of these is defined by the expansion 


Kinsa [e(O + i0)*] _ —_m(c/2)in# 
(Q + i0yhan+ 2 sin ($n + A)r 


2 (ejay -mm 4 i0) intem 
x (2 mi T(—A — 4n +m +1) 





. (c/2)?"(Q + 10)” 
Loita hnim I] (1) 





But according to Section 2.4, (Ọ + i0)* has a pole at à = — $n — k 
with residue® 


dni an 4/1 A] n 
A e mT 8 
pe -k (Q + i10% = ARI (4 n A 5 vial > Ert Os, ie aoe) (s). 





r 


Therefore the generalized function of Eq. (1) has poles at A = t, t > 0 
with residues given by 
Kyn,ale(Q + i0)3] 
ra (Q + id)Han+) 


_ (a1) bn(e/2)-H etna vidi y (=1)(@/2)- 
2 ~, 4°mi(t — m)! 





y Eres), (2) 


where we have written 





-5 Brt fi 5 


r,t=1 


(in calculating the residue we again use [(x)I'(1 — x) = 7/sin 7x). 

Let us now find the regular part of the generalized function of Eq. (1) 
at A = t. This is easily done for odd n. In this case the regular part at 
A = t is the sum of two terms, the first of which is given by the series 
in Eq. (1) for A = t, in which (Q + 10)-'-4"+™ for m < tis understood 
as the regular part of (0 + 10)4 at A = — t — $n + m. The second 
term is of the form Emo %mBmy Where 

Am = res (QO +0), 


A=—t—fnim 





Bu = GEE lepre 


(c/2)-* 
2(m!) A t 


a lay pew - 


? The determinant of the coefficients of Q is 1/4, where 4 is the determinant of the 
coefficients of P. 
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We shall denote the total regular part by 


Kyn,de(Q + i0)*] 
(Q + iOi 





The situation is somewhat more complicated for even n.1? In this case 
we shall define the generalized function of Eq. (1) at A = t as the sum 
of two terms, the first of which is again Em-o o%mBm, but the second of 
which is now 





nat (ip, (Q +20) Tynale(Q + i0)*)] 
ot (in 2 (Q + i0yhan+0 


m (sg) @ +i" 


4n +t— m)! 


t 


+ 





4 our a gn 


Àl 
pa 


m: 





n (—1)in+# ems $ hmignyt F Am S” (Q +10)", (3) 


2 at m(n +t— mn)! 


where y is Euler’s constant, and lm = epee 
As above, by (Q + 10)-™ for m > in we ae mean the regular part 
of (Q + 10) at à = — m. The eae function 


Kins [e(O + 10)4] 
(Q + i0) no 


is now equal to the regular part of 


Kynsa [e(O + i0)*] 





(Q + 10)Hin+4) (4) 

atA=t. 
Let us now consider the same generalized function for negative 
integral A = — t. In this case it is defined by Eq. (1) with A = — t 


for odd n, and by Eq. (3) for even n. 
Similar results are obtained for 


Kynya [e(Q — 10)*] 
(Q — i0)Hin+4) 


’ 


1° For even n the expansion given in Eq. (1) to define our generalized function loses 
meaning. 
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except that the residue at A = t is 


” Kynsa [(Q — i0)*) 
Ie (Q = i0)24n+) 


Be ean cae vial y Cea og 


4”mi\(t — m)l ` 


We can now proceed to a consideration of the generalized functions 


Fe +P} a Fle + PY) 
TA +1) Ta +1) 
for integral à. If A = — t, where t is a positive integer, the left-hand 


side of Eq. (3) of Section 2.9 becomes 8'-)(c? + P). This means that 


1 





F[st-0(c2 + P) = (—1)# 7 ghn—t pin-1 hn-t 


Kyns [(Q i0] pm Kyn [O + 0i) l 











x [etme (Q = i0)Ean—0 (Q + iOi- (6) 
In particular, 
3 = — : ac)en-t 
MBC + PI = — 75 One) 
pont Kins CQ = 10) ange Kina [CQ + 10/4] 
x [ eż (Q — oye et ees | (7) 


As for positive integers t, we have 


Kinsa [e(O + 10)4] c Kin: [e(O + i0)4] 


t.. 


(Q + i0)Han+% A—t (Q + ioytan+o 





where c, denotes the residue of Eq. (4) at A = t, and the omitted terms 
converge to zero as A — t. Similarly, 


K yn [(Q — i0)4] ca Kynye [(Q — 104] 
(Q — i0)tan+» ae ae (Q — ioin» 











where c, is the residue at A = t. 
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Inserting these expressions into Eqs. (3) and (4) of Section 2.9 and 
going to the limit as A —> ¢, we arrive at 


ll nec! i a tal 








TEI) vaT 
toni Kins [e(Q — 0)4) ani Kyne [e(O + i0)?] 
x [e 4 (Q a i0)Ban+0 et Q zs joy | (8) 
and 
FU + PX] oe 
Trapp T (—1)4224+ Ng BN—-1-3N+ 
“gone Kanse [e(O — 10), Kanse [e(O + 10)4] 
x |e i (Q — idyian+0 et (Q + i0)iin+) | 


+ mp I GT iH). ©) 


According to these equations, 


Fl(c + PY] n5 CD62)" im 
TD Or A ete m2 i 


3. Homogeneous Functions 
3.1. Introduction 


We have already dealt with some types of homogeneous generalized 
functions in Chapter I (Sections 3 and 4), as well as in Section 2 of the 
present chapter. We now wish to consider arbitrary homogeneous 
generalized functions of any degree in n dimensions. We recall that a 
generalized function f(x) = f(x), ..., Xn) is called homogeneous of degree 
à if for any « > 0 we have 


faxis ses, Xn) = FF (4, 04 Xn) (1) 


or, which is the same, 


(f, ‘ (= Bis Ža) = AHH f, of x1, 0105 Xp): (2) 
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In particular, to every ordinary homogeneous function f(x) of degree A 
with Re A > — n, continuous for x Æ 0, corresponds the generalized 
function 


(fe) = | fee) ole) dx, + 


which is also homogeneous of degree A. If, on the other hand, f(x) is 
an ordinary homogeneous function of degree A with Re A < — n, its 
singularity at the origin is nonsummable, and it is not clear that there 
exists a regularization which is also homogeneous and of degree À. 
We shall therefore call such an ordinary function formally homogeneous. 

We shall later need to make use of the following property of homoge- 
neous generalized functions. 


Theorem. A generalized function f is homogeneous of degree À 
if and only if it satisfies the Euler equation 





Sx a = Xf. (3) 


Proof. Note first that when applied to any g(x) in K this equation 
becomes 





(S EP) NS o) 


t=1 


or 





(AE FE) = 0 nU g) (4) 


i=1 


Let us assume that f is a generalized homogeneous function of degree A, 
and thus satisfies Eq. (2), which we differentiate with respect to a. It is 
clear that on the left-hand side the differential operator may be applied 
to p, and we obtain 





WSs 


i= 


pov SEY) = A$ n) Af, ly oe hn) 


a 


In order to obtain Eq. (4) now we need only set a = 1. 
Conversely, let f be a generalized function satisfying Eq. (4). Consider 
the fraction 


(fr p(% 1/04 «++ Xna) 


aln 
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for « > 0. Differentiating this with respect to « and using Eq. (4), we 
find that the derivative vanishes. This means that 


A, p(%1/% «+1 Xn/ce)) (J, pH» +++) %n)) 
1 , 


atn 








const 


or f is homogeneous of degree À. 


3.2. Positive Homogeneous Functions of Several Independent Variables 


Consider a continuous homogeneous function of the first degree in 
the variables x,, x,, ..., %,, and assume that this function is positive 
everywhere with the possible exception of the origin. An example of 
such a function is r= Vx? + x2 +... + x2 or more generally 
Pim Xi, xg) .+) Xn) where P is a positive definite form of degree 2m. 
We shall denote this function by f(x,, x2, .... Xn) = f(x), and consider 
the generalized function 


E), o)) = f PE) olx) dx. (1) 


for Re A > — n. Here g(x) = p(x, x2, -s Xn) is, as usual, a function 
in K. It is easily shown that for those values of A for which the integral 
converges, Eq. (1) defines a homogeneous generalized function of degree 
à analytic in A. We shall show now that f? can be analytically continued 
to the entire complex A plane except for the points A = — n — k, 
where k is a nonnegative integer, where f* may have simple poles. 

The generalized function so obtained will be the regularization of 
J f’pdx (see Chapter I, Section 1.7), and since for A > — n this regulari- 
zation coincides with the ordinary integral, we shall maintain the notation 
J feds. 

To prove the assertion in n dimensions, let G be any region containing 
the origin, let I’ be its (smooth) boundary, and for Re A > — n write the 
integral of (1) in the form 


(Fe) = f P(e) ple) — 9(0)] a 
+ Jf) 9) dx +900) [ fl) de (2) 


(here R— G is the complement of G). Now we may rewrite the last integral 
on the right: since f(x) is homogeneous of degree A, we have 


Ye FS =) 
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so that 
I. f(x) dx = 2 ie Xk au dx. (3) 


Now we may integrate each of the terms on the right-hand side (that 
is, the kth term with respect to the kth variable) by parts to rewrite it 
in the form 


; | LN Big on din — a dy ity. dg 


+o. E Xn dey... dnl] — Z E f(x) dx, 
so that 


f fe) ae = 5 Í PE dg u dën oe E An yo dinale (A 
Inserting this into Eq. (2) we have 
ro) = f FAE) — Ode +f Fe) ol) dx 

G R-G 


+ =O. f PN dtg oe dën ne E n din vee dinale (5) 
Now f(x) is homogeneous of degree A, and g(x) — ¢(0) has a zero of 
first order at x = 0, so that the first integral on the right-hand side 
converges for Re A > — n — 1, while the second and third converge 
for all A, since the integrals are taken outside a neighborhood of the origin 
and g(x) has bounded support. Thus (5) is meaningful for Re A > 
— n — l and defines a generalized function analytic in A whose first pole 
is located at A = — n. Note that the location of the first singularity 
depends on the dimension. 

Thus Eq. (2) is an explicit expression for the analytic continuation of 
Sf(x)o(«)dx into Re à >—n—1, à Æ — n. Before extending this 
analytic continuation, let us study the residue at à = — n, which is 
of some importance. From Eq. (5) it is clear that this residue is 





0) f Xi dX o.. dXn ae Xn AX, ... AXp_y (6) 


Henceforth we shall briefly denote the differential form 
Xy dX... AX, — Xo AX, dXg oee Xp + cee + Xn dM, cee AX%__y 


by w. It is easily verified that if o is a hypersurface, then n~! f,w is the 
volume of the cone whose vertex is at the origin and whose base is o. 
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Remark. Let us assume that I’ is given by an equation of the form 
P(x) = 1, where P(x) is a supplementary homogeneous function of degree 
one; we may then show that w is related to the surface P(x) — 1 = Oin 
the sense of Section 1.2. To prove this we need only verify that at points 
on I, 

dP + w = dx, ... dy. 


Thus we multiply dP = @P/0x, dx, + ... + @P/0x, dx, by the expres- 
sion for w. Using the anticommutation rule dx,dx, = — dx,dx,, the 
left-hand side becomes 





oP 
(oe x wn) dx, ... dXp. 
Now by Euler’s theorem the expression in the brackets is just P, and 
by definition P = 1 on T. 

Returning to the residue of f f*(x)g(x)dx at A = — n, we may write 
it briefly in the form 


PO | aa: (7) 


Since this is the residue of an analytic function, it cannot depend on I. 
Therefore the integral in (7) is determined by the values of f-"(x) in 
any neighborhood of the origin. 

We shall call f, w/f"(«) the residue at the origin of the ordinary homo- 
geneous function f-"(x) of degree — n. [We emphasize that this is not the 
same as the residue of the analytic generalized function f* at A = — n, 
which is this integral multiplied by 6(«).] If this residue vanishes, the 
analytic generalized function /*(x) has no pole at A = —- n. Then accord- 
ing to the fifth property of homogeneous generalized functions listed in 
Chapter I, Section 3.11, Eq. (5) defines a generalized function which is 
homogeneous of degree — n at A = — n. We shall make use of this 
fact in the next section. 

The residue at the origin of a homogeneous function of degree —n 
has a relatively simple geometric meaning. This may be seen by choosing 
I to be the closed surface whose equation is f(x) = 1. We may then 
write the residue in the form f w. Since J, œ is n times the volume of the 
cone whose base is a, it follows that the residue of f-"(x) is nV, where V 
is the volume of the region f(x) < 1. 

Let us now proceed to extend the analytic continuation of the integral. 
As before, by adding to and subtracting from g(x) higher terms in its 


1Tt is left to the reader to prove this statement. 
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Taylor’s series, we arrive at a formula analogous to (5) which will give 
the analytic continuation into Re A > — n — k — 1. To do this we 


need only use the homogeneity of /(x)x% ... x% to transform integrals 
of the form 


f f(x) x1... xta dx, 
G 
into surface integrals over the boundary I’, as we have already done for 
| f(x)dx. 
G 
The final expression so obtained will be 


[Pe ole) ax 
G 





a 1 ee (0) 
=| (x) |o) (0) — + — 7 l > sp. a a] dx 


+f, Pee) ole) ax 
R-G 


1 ereo) 


mI Ln a er axe A(x) XII an xn 8 
+ Ama +n +m) Ajte tän =m Oxi.. ONAN i). Pe) a (8) 


This equation shows that f f*(x)p(x)dx is an analytic function for 


Re à > — n — k — | except at à = — n — m, where m = Q, 1,...,k 
(at à = — n — k — | the first integral fails to converge), where it 
has simple poles whose residues are obvious from Eq. (8). In particular, 
the residue of the generalized function f(x) at àA = — n — m is 
(~—1)” roe) HT... HAP 
pa a Be oy | SE 9 
m! O ôx% . r JE) © (9) 


Thus, for instance, we obtain the following results: 


fim + mF) = 50) f Fey 











slim Ant DA@) = — S pat —- NF PC) 


and similar expressions for the other singular points. 
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Now the integral 


f XI e An" 
SS a A, 
r f(x 


is independent of the choice of I. If we choose this surface to be 


f(x) = l again, the integral becomes fj, xf ... x% w, and this is 
equal, up to a factor, to one of the mth moments of the region bounded 
by f=1. 


This may be proved, for instance, as follows. Consider the moment 
T= HEL... Nän dx 
f<ı1 


of the region f < 1. On this region we introduce the new coordinates 
u, = f, Ug, ..., Up With Jacobian D(z) Æ 0. In these coordinates 


dx = D(") du, duz ... dy. 


Let us write 
x 
w= D(*) duty... dup. 


On f = | this differential form is the same as the w already defined. 
We may then write J as 


1 
— leg Q, 
I = f Í x3... Xn w de. 
0° f=e 


Obviously the inner integral is a homogeneous function of its argument 
c of degree a, + ... + a, — n + 1. This means that 


| HTL... Hn = CX +++ + Ey 41 | HPI... XXn 
fre f=1 


and 


1 
I= Í xe... Nino | ctt ttan de, 
=1 0 


so that 


1 

xa.. Xn dy = ———____________ X... Xin, 
Ix i s a H + %m —N+ 255 7 i 

Thus the residue of the generalized analytic function f(x) at A = 

— n — m is a linear differential operator of order m with constant 

coefficients applied to 6(x). The coefficients of this operator are, up to a 
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factor independent of f, all the mth moments of the region bounded by 
the f = 1 surface. 
In analogy with what we have done before, we shall call the intergals 


HLT oe EM 


r FG Oy F e + an = m, 


the residues at the origin of the ordinary homogeneous function f-"-™(x) 
of degree — n — m. The residue of the generalized analytic function 
f(x) at A = — n — mis a linear combination of the above residues with 
coefficients 
(—1)™ __ 2"8(x) 
m! Ox e. Oxen ° 





If all the residues of the ordinary function f-"—(x) vanish, then according 
to Eq. (8) with A = — n — m, to this function corresponds a homogene- 
ous generalized function of degree — n — m. We shall make use of 
this fact in Section 3.5. 

To calculate the generalized function f* for Re A < — n, Eq. (8) 
can be replaced by a more convenient and symmetric expression. For 
this purpose, note that for Re A < — n — k, an integral of the form 


f: n f(x) x e xn dx, o H.a Hoa =m k, (10) 


converges. Now the boundary of R — G is the same surface I that 
bounds G, except that the orientation is opposite. If we therefore trans- 
form Eq. (10) to a surface integral, we obtain 


1 


A a An = 
[fo xin dx mon 


Í. f(x) x21... Xino, 
Let us use this expression to replace the surface integrals over I" in 


Eq. (8) by volume integrals over R — G. Uniting all the volume in- 
tegrals thus obtained, we arrive at the representation 


| FO) ox) ax 





={r@[e)—9-—.-7 > aft ae OO) a (11) 


© My teeeb Oy ak 1 


for our functional, a representation valid in the strip — n — k— 1 < 
ReA<—n—kR. 
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It may be noted that given any ordinary homogeneous function 
@(x) of degree A (not necessarily of definite sign) with a singularity 
only at the origin, Eq. (11) can be used to regularize the integral 


| P(x) 9(x) dx 


for —n—k—1<ReA<—n2—k. 

The functional obtained in this way is a homogeneous generalized 
function of degree à. Thus every formally homogeneous (ordinary) 
function ®(x) of degree A with A = — n — k can be put in correspon- 
dence, using Eq. (11), with a generalized homogeneous function of the 
same degree, the regularization of ®(x). Now a homogeneous function 
of any degree with a singularity only at the origin is determined by its 
values on any closed surface T which intersects avery ray from the origin 
at only one point. We may thus conclude that every continuous function 
on such a closed surface can be put in correspondence with a generalized 
homogeneous function of degree À for A 4 — n — k. 


3.3. Generalized Homogeneous Functions of Degree — n 


Consider the (ordinary) formally homogeneous function ®(x) = 
(xis Xo- Xn) not necessarily of definite sign, and of degree — n. 
Let this function have a singularity (that is, a point of local nonsumma- 
bility) only at the origin. We shall define the corresponding generalized 
function, and thereby regularize the divergent integral 


| D) ox) ax, 


by choosing an arbitrary region G containing the origin and writing 


[ee ax = f Peo) —opOlde +f Dalada (1) 


The regularization of our integral defined in this way depends, of course, 
on the choice of G. Let us denote the generalized function so obtained 
by ® |ç, and study the way it behaves when G is replaced by some 
other region G,. It is immediately obvious that if G is replaced by 
G, C G, the functional we obtain will differ by 


70) J. PE) de 
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from the original. Thus 


Ple — Plc, = 8a) f Pa) de. (2) 


Since Eq. (2) implies that the difference between ® |ç and ® |g is a 
homogeneous generalized function of degree — n, it follows that the 
homogeneity or inhomogeneity of the generalized function defined by 
(1) is independent of the choice of G. 

We may now ask under what circumstances the generalized function 
defined by (1) will be homogeneous of degree — n, that is, under what 
circumstances we have 


er) <n 


Before proceeding with the calculation, let us compare our Eq. (1) 
with Eq. (5) of Section 3.2. If we write Ø = f~” in the present Eq. (1), 
where f(x) is a positive homogeneous function of the first degree, we 
shall obtain Eq. (5) of Section 3.2, except that fp f” (x)w, the residue 
of f-"(x), is replaced by zero. But the vanishing of this residue is necessary 
and sufficient for the generalized function f(x) to have no pole at 
À = — n, or, as mentioned in Section 3.2, for Eq. (5) of that section 
to define a generalized homogeneous function of degree — natA = — n. 

We shall show now that in the more general case a similar condition 
is necessary and sufficient for the generalized function of Eq. (1) to 
be homogeneous of degree — n. 

Consider the integral 


x : x 
j fo) oo] +f, ere) a 
in which we transform the independent variables according to x,/a = xj; 


and let «G denote the region obtained from G by this similarity trans- 
formation. We then have 


f a |») —e@] a f oe (2) a 
=f Pox) — pO] dx + f G(x) g(x) dw + (0) [ Da) de. 
G R-G G-aG 
It is clear that f ®(x)p(x)dx will be homogeneous if and only if 


ij D(x) dx = 0 
for all a. oe 
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Let us restate this condition. We do this by introducing into G — aG 
the coordinate system p, uz, ..., “4,1, where p = 1 and p = a are the 
equations of I’ and al’, respectively, and where the u; are coordinates 
on the p = const surfaces. 

Now write x, = px, Then 


dx, ... dx, = D K i = a) dp du, ... dun; 


= p"dp(xj dx ... dxf, — x, dxi dxy... dx, +... + xn dxi. dh) =p” dow, 


where the differential form w is on the p = 1 surface. On the other hand, 
P(x) = p-"P(x’). Thus 


[2% dx = [Ff ee = ina f (x) o: (3) 


Consequently the regularization of Eq. (1) for the integral of the 
formally homogeneous function P(x, ..., Xn), namely, the generalized 
function ® |ç, is a homogeneous generalized function of degree — n 
if and only if 


[.ee= 0 (4) 


If this condition is not fulfilled, © |ç is not homogeneous, but will be 
seen to be an associated generalized function. 

We shall call the integral of Eq. (4) the residue of ®(x) at the origin 
(this is now a generalization of the definition of Section 3.2). Consequently 
the generalized function (1) will be homogeneous of degree — n if and 
only if the residue of (x) vanishes at the origin. 


DIFFERENTIATION OF HOMOGENEOUS FUNCTIONS OF DEGREE —n + 1 


In Chapter I we encountered more than once situations in which an 
ordinary locally summable function f is differentiable everywhere except 
at isolated points and such that the derivative is not a locally summable 
function (so that it would be more correct to call it the formal derivative). 
We did not at the time have a recipe for calculating derivatives of arbitrary 
order in the generalized sense, and every time we dealt with a different 
function we had to go through a separate procedure. For instance, in 
Chapter I, Section 2.3 we calculated the Laplacian of l/r in three 
dimensions essentially by going through the usual classical considera- 
tions involving eliminating a neighborhood of the origin and applying 
Green’s theorem. Such a procedure is in a certain sense reproduced by 
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the following equation, which we shall first state and then prove. Let ® 
be an ordinary locally summable function of degree — n + 1. Then 
op ( op 


E ey (nar —j])j-1 z 
Fa a) | t! 1)i-1 8(x,, von a) | D dy a dX, dti, dy. (5) 


Here @@/éx; on the left-hand side is the derivative of ® in the sense of 
generalized functions, and (@@/@x,) |ç on the right-hand side denotes the 
generalized function corresponding to the formal, i.e. ordinary, deriva- 
tive of ®. Here I is the boundary of G. 

The proof of Eq. (5) follows. We have 


( z , p) = (2, a ) f D(x1, os Xn) yeahh dx, «e d&n 











= =f OG a aa) He (Ae erst =O AO E 


shos D4, «ee, Xn ) eo) a, . dX, 


Here R — G is the complement of G. 
By integrating by parts we obtain the functional ( (0®/x,) |g, ¢), 
and all the integrals over I’ will cancel except 


(—1)- 9(0) Í D dx wo. diy di; ,1 «oe d&n 
F 
But this then proves Eq. (5). Now the left-hand side of that equation is 
independent of G, so the right-hand side must be also. The reader may 


verify this directly. 


Example 1. We assert that 


Ga + = $e) In (a? + y#)-# = 2md(x, y). (6) 
We prove it by noting first that 
2 -+ — et 
anette a, 


This is a valid equation both in the sense of ordinary and generalized 
functions, for x(x? + y?) is locally summable. Now proceeding by 
Eq. (5), we obtain 


a 3 NETS —x x2 — y? x dy 
MOREE ees = (a) |, aen | Ee 
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Similarly, 
eee a4 (ZA ydr 
Zin I = irrar) |, tE f aeroe 
Addition of the last two equations gives 
Gi G n E x dy — y dx 
(a + gr)" (x + y*) — 8,9) | “Soe 


Now let I be a circle with center at the origin; it is then easily shown that 


xdy—ydx _ 
-Í a Sh. 


This completes the proof of (6). The result can also be stated differently, 
namely 


0? 0? 


1 . 2 — y? 2 = 
4 In z = 2rô(x, y); re = y +y, A oe hoe 


Example 2. Let us calculate 4(1/r) in three dimensions (that is, 
for r? = x? + y? + 27). The first derivative can be taken in the ordinary 
sense: 


The formal derivatives of these are, respectively, 


3x? — r? 3y? — r? 322 — r? 


: rs? r5 





r5 i 


and their sum vanishes. We now use Eq. (5) for each of the second deri- 
vatives, add the results, and obtain 








o 02 x dy dz — y dx dz + z dx dy 
PEREDE ADR af r? i 


This time we choose I to be a sphere and then the integral is easily 
shown (for instance, in polar coordinates) to be — 4r. We thus find that 
in three dimensions 


A (=) ee (7) 


308 PARTICULAR TYPES OF GENERALIZED FUNCTIONS Ch. III 


A similar procedure can be used to calculate 4r?-” in n dimensions 
(n > 3), which will give the result presented toward the end of Chapter I, 
Section 2.3. 

The concept of the residue may be looked at from a different point 
of view that may help to clarify the reason that an ordinary homogeneous 
function ®(x) of degree — n with vanishing residue corresponds to a 
homogeneous generalized function. 

Since ®(x,, ..., Xn) is a formally homogeneous function of degree — n, 
Euler’s theorem implies that - 


or, in the form of a divergence, 


> ARB _ 9, 


k=1 On, 


This is a formal equation in the sense that it is satisfied at all points 
except the origin, where ® has a singularity. On the other hand, we know 
that Euler’s theorem as applied to generalized functions (see Section 3.1) 
characterizes the homogeneous ones of the appropriate degree. 

It can be shown that if we consider x,® to be a generalized function, 
then 





olx x®) 
ô. 


1 k 


= (x), (8) 


M: 


æ 
I 


where c is the residue of the ordinary function ®. Indeed, this follows 
from Eq. (5), according to which 


F Bays maey Xn) | CAYO wp ity on de- drsa ve dtn 


Summation over k gives 


gya ae O(x,) ae) j + 5(%, assa Xn) | Dw, 


> OX, Ox, 
so that, since the divergence of x,® vanishes and causes the first term on 
the right-hand side to vanish, we obtain Eq. (8). 

This means that if c = f w # 0, the homogeneity of P(x) breaks 
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down at the origin. If, for instance, (x) is the potential of a field, such 
breakdown of homogeneity reflects the presence of point sources at the 


singularities. 
We have shown, thus, that if a formally homogeneous function ®(«) 
of degree — n is to define a homogeneous generalized function (by 


regularization of integrals of the form f pdx), then its residue at the 
origin must vanish. 

Now if (x) is of definite sign, of course, its residue cannot vanish. 
Thus a homogeneous function of degree — n and of definite sign will 
not define a homogeneous generalized function. For instance, the gene- 
ralized function 1/| x | on the line (see Chapter I, Section 3) is inhomo- 
geneous. The generalized function (x? + y?)-! [or more accurately, 
(x? + y?) |g] in the plane, defined by 


eae dtp ii g(x, #9) n gay) FO) a 0) ax ip f gaa, d 
R-G 


is ee On the other hand, (x? — y*) (x? + y>), defined 
similarly by 








f Ta ols; 9) dæ dy 


= -| g (x? F = [g(x y) — p(0, 0)] dx dy + k y g(x, y) dx dy, 


eoo 


is homogeneous, since the ordinary function (x? — y?) (x? + y?)-* has 
residue zero (as can be seen from symmetry considerations). 


3.4. Generalized Homogeneous Functions of Degree — n — m 


Now let ®(x,, ..., Xn) be an ordinary homogeneous function of degree 
— n — m, where m is an integer. Again let us choose some arbitrary 
region G containing the origin, and let us define the regularization of 


J P(x)p(x)dx by 








| D(x) p(x) dx 
=Í He) [o — 9(0) —.. 1 2 wa. i age oa ee Jax 
+ | ey D(x) [ot (0) — ... Go is 2, we... Hn eee | dx. 


(1) 
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In order for this generalized function to be homogeneous, it is necessary 
and sufficient that 


f P(x) x%1 ... xt dx = 0, a He + an =m, 
G-aG 
for all « or equivalently (see Section 3.3) that 
i P(x) x x = 0, tae fom = mm, (2) 
r . 


We shall call the integrals an the left-hand side of (2), as before, the 
residues of the ordinary function (x). 

Consequently an ordinary homogeneous function ®(x) of integral 
degree — n — m will correspond through Eq. (1) to a homogeneous 
generalized function of the same degree if and only if all of its residues 
vanish. 

In order to clarify the meaning of this result, compare Eq. (1) to 
Eq. (8) of Section 3.2. By setting (x) = f-"-™(x) into Eq. (1), where 
f(x) is a positive homogeneous function of degree one, we obtain Eq. 
(8) of Section 3.2, except that the integrals J fae oon, 
which represent the residues of f-"-"(x), do not occur and are thus set 
equal to Zero. On the other hand, the vanishing of these residues is 
necessary and sufficient for the generalized analytic function /*(x) to 
have no pole at A = — n — m, in other words for Eq. (8) to define a 
homogeneous generalized function of degree — n — m for this value 
of À. If even one of the residues of f-"-™(x) fails to vanish, the integral 


PAOLO 


regularized according to Eq. (1) is an associated homogeneous function 
of degree — n — m. 

We may note that in addition to generalized homogeneous functions 
defined by ordinary homogeneous functions of integral degree A < — n, 
we are familiar with generalized homogeneous functions related to no 
ordinary functions: these are 5(x) and its derivatives. The kth derivative 
of (x) is a homogeneous generalized function of degree — n — k. 
The number of different kth derivatives is exactly equal to the number of 
different equations in (2). In this sense the set of all homogeneous 
functions of degree — n — m, as is true for any nonintegral value of 
the degree A, is the same as the set of all continuous functions on a closed 
surface enclosing the origin. 
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3.5. Generalized Functions of the Form r*f, Where f Is a 
Generalized Function on the Unit Sphere 


Every ordinary homogeneous function of degree A can be written 
in the form 


D(X o.s Xn) = O(r04, Tog oes Tn) = Flos o Onh (1) 


where f(w,, ..., w,) is a function on the unit sphere 2 whose equation 
is Zw? = 1. For simplicity let us choose Re À > — n. The corresponding 
regular functional can be written in the form 


(P(x, very Xn), P(%, 223 Xn) = Í Py dx, sve ax, 
= | rhin-l dy Í Fens -23 Cp) (104, -2 rOn) do = Í rhin-l u(r) dr, 
o a 0 
where (x1, -.., Xn) is any function in K, and 


u(r) = Í s Í Feis aes Dp) Plos oee Feon) deo. 


As usual, dw here represents the element of area on 2. 
Now let f(a, .... #,) be any generalized function on 2. Then we may 
define the generalized function 


D,(%1, oes Xn) = Flos e Wn) (2) 
by the relation 
(®,, p) = K rê+n—lu(r) dr, (3) 
0 
where 
u(r) = (f, pror ..., Twp). (4) 


Now u(r) is infinitely differentiable and has bounded support, since 
g(ru,, ..., rwn) is infinitely differentiable and has bounded support with 
respect to r. This can be seen, for instance, by noting that 


plr ees TW) ô ue Oy 
or =| P(Tw4, eee, Fam) = 2 wi Bay’ 





Equation (2) shows that the functional ®, is analytic in A for A Æ 
— n — k, where k is a nonnegative integer. At à = — n — k it has 
simple poles. 
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Let us find the residue at A = — n. We have 


(D, p) = i ritn- f, plr, -.-) ron)) dr = N ritn—lu(r) dr 


u(0) 
Àn’ 





= f r44n—lu(r) — u(0)] dr + f riin-ly(r) dr + 


The first and second integrals in this expression converge for Re A > 


— n — |. Thus the residue of (®,, p) at A = — nis 

u(0) = ce(0) , 
where c = (f, 1) is the value obtained when the functional f operates on 
the function equal to unity on 2. Thus the residue of ©, at A = — n is 


CO(X 1, o Xn). 
It is easily shown that if f = fı is a generalized function analytic in A 


and if it is regular at A = — n, then the generalized function ©, = rifa 
has a residue at à = — n equal to c_,6(x,, ..., Xn), where c_, = (fi, 1) 
atA = — n. 
Let us now find the residue of ®, = rıfat àA = — n — k. The residue 
of the ordinary analytic function (®,, pọ) at A = — n — kis 
1 ok-1 


&— nile u(r) ay 


where u(r) is defined by Eq. (4). Therefore 


k—1 


ô 
fon... ona a 9(%1, -s Xn) 
( g Ôx% Oln NI ) 


Eaj=k—1 x n T=... =p 





gk-t 
2 Oxi. Oa itn =~ (0, ..., 0) (f, w%, ..., on). 


La j= k— 


As f(a, ..., @,) is a functional on the r = 1 surface, where w, = x; 
we may conclude that the residue of ®, at A = — n — kis 


So eco 
(k — 1)! sts Caran Gage... ORE BOL, «1 Xn), 


= ey Zn 
where Z (f, xf... xtp). 
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4. Arbitrary Functions Raised to the Power A 


4.1. Reducible Singular Points 


Let G(x,, ..:, Xp) be any infinitely differentiable function. In this 
section we shall study G’(x,, ..., Xn), or actually the functional 


(G4, p) = f oog 7 Mt 1 Bu) Ps oy Bn) os dan (1) 


as an analytic function of à. The singularities of this analytic function 
are intimately related to the nature of the G = 0 hypersurface. We 
shall not consider all types of possible G = 0 hypersurfaces, restricting 
our considerations to those surfaces, most important in all applications, 
which consist of points that we shall call reducible. 

A function G(x, ..., Xn) is called equivalent to a homogeneous function 
in the neighborhood of some point M if in this neighborhood there exists a 
local coordinate system ¢,, ..., En, in which G becomes a homogeneous 
function. Obviously equivalence to a homogeneous function can be 
defined not only in an affine space, but on any analytic manifold, for 
instance on a sphere in such a space. 

We shall define a reducible point on a manifold by induction on the 
dimension of the space in which the manifold is imbedded or of the 
manifold itself. Assume that reducible points have been defined for 
manifolds of dimension less than n or for manifolds in a space of dimen- 
sion less than n. We shall call a point M of the G(x,, ..., xn) = O manifold 
reducible if: 


(1) G(x, ..., Xn) is equivalent to a homogeneous function in a neigh- 
borhood of M, and 

(2) the intersection of the G = 0 manifold with a sufficiently small 
sphere centered on M is a manifold each of whose points is reducible 
on the sphere. 


For the case of one dimension, that is for a function G(x) on the line, 
the second requirement is clearly unnecessary. In this one-dimensional 
case assume G(x.) = 0; then x, is called reducible if in its neighborhood 
there exists a nonsingular infinitely differentiable function é = X(x) 
such that X(x) = 0 and 

G[X-4e)] = £” 


In the neighborhood of a reducible point M we can introduce local 
coordinates &,, ..., €, in which G becomes a homogeneous function of 
degree m. 
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If these local coordinates can be chosen so that G depends on k 
variables, but cannot be chosen so that it depends on fewer, M is called 
a point of order k and of degree m. 

In this way we can associate with every point of a manifold two num- 
bers: its order k and its degree m. If, in particular, grad G 40 on a 
hypersurface G = 0, every point of this hypersurface will be of order 
one and of degree one. Indeed, at any such point one of the coordinates 
can be chosen as é& = G(x, <, Xn) itself, and the rest can be chosen 
arbitrarily. In this coordinate system, obviously, the G function becomes 
é, which is a homogeneous function of the first degree depending on 
a single variable. Thus an ordinary point of a surface is a point of order 
one and of degree one. But if the G = 0 surface, for instance, consists 
of the three coordinate planes in three dimensions, or G = x,x,%z3, 
the origin is a point of order three, the coordinate axes are points of 
order two, and all other points are of order one. It is left as an exercise 
to the reader to find the degrees of these various points. 

Because the reader may find some difficulty in analyzing Eq. (1) in 
general, we shall start by considering the case in which the G = 0 
manifold consists only of first order points (Section 4.2). In Section 4.3 
we deal with points of orders one and two, and in Section 4.4 we consider 
the general case. 

We shall also need the following theorem, which we state without 
proof. 


Theorem. Let G(x,,...,%,) be a polynomial. If the G = 0 hyper- 
surface consists only of reducible points, it can be decomposed into a 
finite number of connected components (or submanifolds) each of which 
consists of points of a given order and a given degree. In particular, the 
G = 0 hypersurface has a finite number of points of order n, a finite 
number of lines (manifolds of dimension one) of order (n — 1), etc., 
terminating finally with a finite number of (n — 1)-dimensional com- 
ponents of order one. 

Now recall that in the neighborhood of a point of order one we can 
introduce local coordinates in which G depends on just a single variable, 
in the neighborhood of a point of order two G will depend on two 
variables in suitable local coordinates, etc. This means that in considering 
functions with reducible points of order one, we need only study 
generalized functions of a single independent variable; similarly, in 
considering functions with reducible points of order two we shall be 
studying generalized functions of two independent variables, etc. 

Before proceeding we wish to recall that it was shown in Appendix 
1.2 of Chapter I, that if there exists a covering by a countable system of 
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open neighborhoods D, such that every ball intersects only a finite 
number of these neighborhoods, every g(x) in K can be written as a 
finite sum g(x) = Ly,(x) of functions in K such that each g; vanishes 
outside of D;. For this reason we may always assume whatever function 
g(x, -s Xn) we are dealing with to have support in an arbitrarily small 
neighborhood of the point in question. 

The integral of Eq. (1), which depends on a single complex parameter, 
will be treated by considering a certain auxiliary function of two com- 
plex variables. This method shall be described for the simplest case in 
Section 4.3. 


4.2. The Generalized Function G4 When G = 0 Consists Entirely 
of First Order Points 


Let G(x, ...,%,) be an infinitely differentiable function such that the 
G = 0 surface is bounded and consists of reducible points of order one. 
Consider the functional 


(G4, p) = | E i] GH äis 1003 Xn) PAi vey Xn) Oty ee dăm (1) 
G>0 


which depends on the parameter À. 
For Re A > 0 this integral converges and is an analytic function of A. 
We shall prove the following: 


Theorem. The generalized function G is meromorphic in À. To 
every connected component (of the G = 0 manifold) consisting of 
points of degree / corresponds a sequence of simple poles at 


1 2 n 
A= Poppe (2) 





In particular, if the G = O surface has no singular points, G has 

poles only at 

A= ly Bag An (3) 

Proof. Let M be any point on the G = 0 surface. According to 

what we -have said, we may without loss of generality assume that 

g(x, ++) Xn) = 0 outside some fixed small neighborhood D of M. Let 
D, be the intersection of D with the region G > 0. Then 





(G4, p) = | 7 i] GÅ æ, sony Xp) Pps eeey Xn) Oy «oe dën 
G>0 


= | = | GH Xis 626) Xn) P(L1y vey Xn) Ty... dEn: 
1 
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Since M is a point of order one (and degree /), we can introduce 
into D, acoordinate system in which G(x, ..., xn) = &, while the remain- 
ing n — 1 of the €, are chosen as arbitrary infinitely differentiable 
functions of the x,, except that we require that in D, the Jacobian 


D(a g)> 


In these new coordinates let us write 


p(x weey Xn) = plén ee én) 
and then 


f: Í GH Xis 00-5 Xn) P(H1y 0, Xn) dX o. dXn 
1 


= f f E Palën ns En) D (ET 2) dbo dén 
Let 
WED = fm f oalEn s En) D (27) dEn on db (4) 


where the integral is taken over the intersection of D, with the surface 
whose equation is G(x, ..., %,) = €, = const. This function $(&)) is 
defined in D,, is infinitely differentiable and has bounded support; using 
it we can rewrite Eq. (2) in the form 


G’, g) = fat We) dé, (5) 


Let us now use the results of Chapter I, Section 3.2 concerning the 
poles and residues of K x44(«)dx. We then find that for every first order, 
lth degree point M of the G=0 manifold, the generalized function 
G(x,, ..., Xn) has a sequence of poles at 


1 2 n 
A= SP Pe Pa 
Further, the residue of the integral in Eq. (5) at Al = — n (that 
is, at A = — n/l) is easily expressed in terms of ẹ: it is, in fact, 


p"=DO)/(n — 1) 
Let us obtain explicit expressions for the residues of G^. 


The residue of (G4, p) at A = — 1/lis (0), or by Eq. (4), 


J» f 2:00, bay on En) D (2) 





dé, ... dé,. 


é 1=0 
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Let w be the differential form multiplying g, in the integral of Eq. (4): 


— Xi 
o=D(2" E) dee dë, (6) 
Then the residue can be written 
f Gelade) ws (7) 
G 


But we also have 
dx, ... dx, = dv = déw, 
and by writing 
Glain Xp) = P(X yy 005 Xp), 


we will obtain 
dv = dP w. 


Now recall the definition of 8(P) in Section 1.3 of this chapter. We see 
that the residue given by (7) is simply (8(P), g). Thus we have found 
that the residue of G+ at A = — I/l is 6(G*/'). 

Let us now look for the other residues. For this purpose we remark 
that Eq. (4) can be differentiated with respect to €, by taking the deri- 
vative of the integrand. Again referring to Chapter I, we find that the 
reside of (G4, p) at A= — (k + 1)/I is 


af- Ja age [én - sf) D (¢ Tal 


En to 


This may be written according to the result of Section 1.5 in the form 





1 —1)* 
al, Ho) = (GP Ph o); 8 
Thus the residue of the generalized function Gł at A = — (k + 1)/l 
is 
—1)} 
lena p 8G), (9) 


Now in accordance with our earlier remarks, we may assume g(x}, ..., Xn) 
to have support in any finite region. In calculating the residue at 
A = — (k + 1)/L the integral of (8) must be taken over those components 
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of the G = 0 surface which consists of points of degree J. Of course, 
if à belongs to more than one of the sequences of Eq. (2), the residue at A 
is the sum of the residues obtained for the various /. 

We remark that if the G = 0 surface consists of points of order one 
and degree /, the analytic functional G? has poles at the same values of A 
as does the generalized function (x!)4 of a single variable (see Chapter I, 


Section 3). At A = — (k + 1)/l the residue of (x')4 is (— 1)*8(x)/Rl, 
while the residue of G* is, (— 1)*6(G1/))/k!. Thus the case in which 
the G(x,, ..., Xn) = 0 surface consists of points of order one is quite 


analogous to the case of one independent variable. 


4.3. The Generalized Function G4 When G = 0 Has No Points of Order 
Higher Than Two 


Let us now assume that the G(x,, ..., x,) = O surface consists of 
reducible points of order no higher than two. Each sufficiently small 
neighborhood of a point of order one generates in G4 a sequence of 
poles of the type already considered in Section 4.2. As before, the gene- 
ralized function G*(x,, ..., x,) is defined by 


(G4, p) = f i f GH xiy 005 Xn) Pli +009 Xn) dX) «+ d&n: 
G>0 
What remains, therefore, is to understand how the reducible second- 
order points (which are, of course, singular points of the G = 0 surface) 


affect the A-dependence of this functional. We shall prove the following: 


Theorem. The neighborhood of every point M of order two and of 


degree m generates in the generalized function G%(x,, ..., x,) the sequence 
of poles R 
E E eens (1) 
m m m 


Further, every arbitrarily small neighborhood of a point of second 
order will, in general, contain points of first order and perhaps of 
different degrees. If some À = à belongs simultaneously to a sequence 
such as (1) and to one or several sequences generated by first-order 
points included in an arbitrary neighborhood of M (that is, to first-order 
points incident on M), then the generalized function G4(x,, ..., %,) has a 
pole of second order at A = Àp 


Proof. Let us choose ọ to be nonzero only in a small neighborhood 
of M, and let £, ..., €,, be a local coordinate system in this neighborhood. 
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Since M is a point of second order, this choice can be made so that in 
terms of the new coordinates G becomes a homogeneous function P of 
£, and é, so that the defining integral for G+ becomes 


Nyaa Ry 
J pe, [ENE fe) olin on €n) D (PP) ba dén on de O 
where (éi . Én) = 9(*1 «... Xn). Let us write 
EE My 
Wén a) = Jom f lEn vs En) D (FE) dés os dëm (3) 
Then we can write (2) in the simpler form 
(G40) = | [ Plena) Wer £) dé, dén (4) 


P>0 


where P(é,, é) is a homogeneous function of degree m in two variables, 
and #(é,, €) is a test function (i.e., in K) different from zero only in a 
small neighborhood of the origin. 

In analogy, therefore, with the case of points of order one, for which 
the problem reduced to studying functions of one independent variable, 
the behavior of G4 in the neighborhood of a point of order two can be 
understood by studying arbitrary homogeneous functions of two 
variables. We shall now consider, therefore, the é, é, plane. 

A reducible point of second order of the P(é,, é) = 0 curve is an 
isolated singular point on this curve or a point of intersection of different 
branches of it with distinct tangients (Fig. 7). In studying the integral 





” Fig. 7. 
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of Eq. (4) at those values of A at which it is sure to converge, we shall 
use polar coordinates! r, v and homogeneity to rewrite Eq. (4) in the form 


(Gp) = [rime dr f PHE, È) Wén E) du, (5) 


where €, = r€,, & = ré, and £, = (u) are the coordinates of a point 
on the r = const curve. 
Consider the auxiliary functional 


Taal] = | rt dr | PAE, Es) Wén £) du. (6) 


depending on two independent complex parameters A and p. 

If we set u = Am + 1, obviously, (6) is transformed into (5); it is 
therefore sufficient for our purposes to study Eq. (6). We assert the 
following. 


Lemma. Let F(A, u) be a meromorphic function of two complex 
variables, and consider two given sequences of complex numbers 


Nee Meee S (7) 
Has Her e Hn oe (8) 


Consider F(A, ») as a function of A, and assume that for fixed p Æ pn 
it has simple poles at points of the sequence in (7) and that the Laurent 
expansion 


FO, u) = FE + es) + w=) + 


about every such pole has coefficients c,(u) which are meromorphic 
functions of u with simple poles at the points of the sequence in (8). 
Then the analytic function of a single variable F(A, A) has poles at 
points given by both sequences (7) and (8). If, further, some point A, 
belongs simultaneously to both sequences, then F(A, A) has a second- 
order pole at A = A, such that the coefficient of (A — à)? in the Laurent 
expansion about this point is equal to the residue of c_,(u) at wp = Aj. 
The proof of this lemma follows immediately from the Laurent 
expansion of F(A, p) in two variables in the neighborhood of (àp, Hm). 


1 We could use, instead of polar coordinates, any curvilinear coordinate system in 
which the r = const. lines enclose the origin. 
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Let us now find the poles of the function given by (6). Let us write 
flr) = | PAE, E) Wey €) du (9) 


[where I" denotes that part of the r = 1 curve on which P(£,, £) > 0]. 
The singularities with respect to A of f,(r) can arise only from those 
points N,, Na ... on the curve at which P(€,, €,) vanishes. But these 
points of the P(é,, £) = 0 curve are reducible on I? Let N, be such a 
point. 

Reducibility on I’ means simply that in a neighborhood of N, on I 
we can introduce a local coordinate £ such that P becomes homogeneous 
and can thus be written é% 

Now we choose 4 to be nonzero only in a neighborhood of N,, which 
reduces the study of the singularities of f,(r) to the study of the singulari- 
ties of integrals such as f Etis (r, €)dé, where ¢,(r, €) = (én £). 

But we know about the singularities of such integrals from Chapter I, 
Section 3. In particular, such an integral has simple poles at 


1 2 k 


A= eg: A ge hee 


(10) 
We thus find that the integral of Eq. (9) for f(r) has simple poles at 
points of the sequence given by (10), where the /; are the degrees of the 
N; (see Fig. 7) on the branches of the curve that pass through the point 
M under question. 
Now in terms of f,(r) Eq. (6) becomes 


Tal] = f rifle) dr. (11) 


We may again use the results of Chapter I, Section 3, and then we see 
that for fixed A belonging to none of the sequences of Eq. (10), i,,[¥] 
can be analytically continued into the entire complex u plane with the 
exception of the points 


je SU SP eee a 


at which it has simple poles. Setting u = Am + 1 and making use of 
our lemma, we find that 


i rim dy f PYE,, &5) WE £2) du = Ia manly] 


2 It can be shown that if a hypersurface F(x) = 0 is reducible in n dimensions and 
F depends, say, only on x; and x2, then the line F(x) = Oin the x,, x plane is also reducible. 
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has poles at the points sequences of (10) as well as on the sequence 


Vos Soe ef (12) 
m m m 
If A = A, belongs simultaneously to (12) and any one of the sequences 
of (10), the integral will in general have a pole of second order. 
Since in the local coordinate system 


| bea | GXx,, hd) Xn) AX, ee Xn) dx od d&n 
G>0 


= f Í PXE, Ea) WE E2) dé, dé, 


P>0 
= [rims ar | P (É, £) We, £) du, 


the theorem asserted at the beginning of this section is proven. 

Let us calculate the residues of the generalized function G(x, ..., £n) 
at its simple poles. 

First let Ay = — (k + 1)/l, be a pole of G4(x,, ..., x,) arising from the 
vanishing of G(x,, ..., X») at points of order one. We have shown in 
Section 4.2 that the residue of (G4, g) at such a pole is 1/k! f w,(¢), 
where w,(q) is a differential form defined in the neighborhood of any 
first-order point of the G = 0 surface. If the part of the surface over 
which w;,(g) is being integrated has second-order points of the G = 0 
surface on its boundary, f w,(q) may diverge. In this case the residue 
is equal to the regularization of the corresponding integral.® 

Now consider a simple pole A, = — (k + 2)/m of G¥x,, o %n) 
which arises because G(x,, .... *,) vanishes at points of second order. 
In the neighborhood of such a point the defining integral for (G^, œ) 
can be written 


[mien a, 


where f,(r) is given by (9). For those values of A for which the integral 
diverges, f,(r) is defined as its regularization [the analytic continuation 


of f,(r) from positive values of A]. 
Now the residue of K rim+ifi(r) dr at À = Àg is (— 1f (0)/k!. 


3 Since the pole à we are now discussing is simple, 


lim A — o) | z Í Gory aes En) Op sons Xn) Ey oe datn 
9 G>o 


exists, Then the regularization of (1/k!) f w,(~) may be defined, for instance, as the limit. 
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We differentiate fı (r) with respect to r under the integral sign in 
Eq. (9), with é, = ré, (this is permissible for positive À and therefore 
also for the regularization in general), and set r = 0. This leads to the 
following expression for the residue: 





KPO, O) f 5,26 p—cese)/m 
D> ae J E Pos mÈ, Èp) du 
FH, 0) 0) a (13) 

=a Py EJ Pera mE E) 


In Section 3.2 we obtained a formula for the residue of the analytic 
generalized function f^, where f is a positive homogeneous function of 
the first degree [Eq. (8) of that section]. Comparing that expression with 
Eq. (13), we find that the residue of the generalized function G(x, ..., £n) 
is written in terms of local coordinates quite similarly to the residue of a 
positive homogeneous function, except that the integral over I" is under- 
stood here in the sense of its regularization (this integral always converges 
for a function which is positive in the neighborhood of the second order 
point). 


4.4. The Generalized Function G4 in General 


Let G(x, ..., Xp) be a generalized function whose G = 0 surface 
consists of reducible points of arbitrary orders from 1 to n inclusive. 

For simplicity we shall assume that G is a polynomial. We shall prove 
the following theorem. 


Theorem. The generalized function G4(x,, ..., x,) defined by 


(GŁ p) =f rf [ Cran. Mp) PA Hyy vey Xn) dæ, -oe d&n 
G>0 


for Re A > Oand by its analytic continuation for other A, is meromorphic 
in A, and its poles are given by a finite number of arithmetic progressions. 
Each connected component consisting of points of order r and degree m 
on the G = 0 surface (see Section 4.1) generates a set of poles in the 
functional G4[q] at 
ee pe Sa E ES A a (1) 
m 


p ass m 


Further, assume that there exists a sequence of two, three, or more 
incident connected components of the G = 0 surface, each consisting 
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of points of a different fixed order, and that A = A, occurs in two, three, 
or more sets (1), each generated by one of the components in the sequence. 
Then at A = A, the generalized function Gx}, ..., x,) has a pole of 
order two, three, or more, depending on the number of sets in which it 
occurs. 


Proof. Let us assume that we already know the poles (in the à plane) 
generated in 


f a f GHU ays oe, Xn) P1 oy n) dy os. dkny (2) 
G>0 


by points of order less than or equal to n — 1. We then move on to 
study (2) in an arbitrarily small neighborhood of a point M of order n. 

In such a neighborhood we introduce a local coordinate system 
É En in which P(&, ..., En) = G(x, ..., #,) is a homogeneous function 
of degree m, and choose 9(x,, ..., ¥,) to vanish outside of this neighbor- 
hood. Then (2) becomes 


DI = J ane [ PAEn on En) Oban ey En) dEn oe Ab (3) 


where 


Mên = E) = yo) D (25), 


and D is the intersection of the neighborhood in which y # 0 with the 
region P(é,, . n) > 0. 

We now go over the spherical coordinates for those A for which the 
integral in (3) converges. Because P is homogeneous in the é; we obtain 


hlg) = forme dr | PAE, on ba) Wén on En) dos, (4) 


where T is the intersection of the unit sphere with the P(€,,..., En) > 0 
region, a point on T is represented by (£, ..., Ên) with &, = rp and 
dw is the element of area on the unit sphere. 

The integral over T is an integral over the (n — 1)-sphere, on which 
the P = 0 surface has by assumption only reducible points of order no 
greater than 2 — 1. 

By assumption we know the poles of such an integral as well as their 
orders. 

Again introducing, as in Section 4.3, the functional 


Inala] = f r dr | PXE, on Ea) Wén on En) de (5) 
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depending on two complex variables, and denoting the integral over I" 


by f(r), we have 
Jr) >= Í. PX, ee.) é,) WE, e.e; En) dw, (6) 


which reduces the problem to the situation already treated in Section 4.3. 
In particular, for fixed u  — n, the functional J, _,[] has poles in the 
à plane at a finite number of sequences of points, and for any fixed A 
which fails to occur in any of these sequences, it has poles at u = — 1, 
— 2,..., —m,.... The only difference from the case of Section 4.3, 
where the G = 0 surface contained no points of order higher than two, 
is that the poles in A may be multiple rather than simple. 

It is easily verified that the lemma of Section 4.3 can be used here. 

Setting p = Am + n — 1, we find that J,[%], or the defining integral 
(2) for (G*, g) has poles (in A) other than those generated in f,(r) by 
points of order less than m on the G = 0 surface; these additional poles 
occur at the points 


A= 





n 
w zo> moU (7) 
If f(r) has a pole of order p at A = à, and if A, also belongs to the 
sequence of (7), the generalized function G*(x,, ..., x,) will have a pole 
of order p + 1 at A = Ay. This completes the proof of our theorem. 

We have thus located all of the poles of the generalized function 
defined by Eq. (2). 

We have seen in Section 3 that in the simplest case, namely when G is 
a homogeneous nonnegative function, it is convenient for many reasons 
to introduce what we called residues at the origin of a formally homo- 
geneous function, and that these residues characterize the singularity of 
this function at the origin in the same way that the residues of an 
analytic function characterize its isolated singularities. When dealing, 
as now, with an arbitrary function G with reducible singular points, we 
can define its residues analogously. 

We proceed as follows. Let D be a maximal connected component of 
order r and degree m belonging to the G = 0 manifold; we shall say 
that the residue of the ordinary function G-"+")/™ (x,, ..., x,) on this 
component is the residue in the A plane of the analytic functional 
Gxi, .., Xp) at A = — (r + k)/m. This residue is then a generalized 
function. 

For instance, if G(x,, ..., x,) is a homogeneous function of degree m, 
then the residue of G-("+)/™ at the origin is a linear combination of the 
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kth partial derivatives of the delta function, with coefficients given by 
integrals over closed surfaces surrounding the origin. 

If G(x, ..., Xn) is any function with a reducible singular point of order 
n — l and degree m at the origin, the residue of G-(™+*)/™ (x1, ..., Xn) 
at the origin is a linear combination of the kth and lower derivatives of 
the delta function with coefficients determined by G. The residue not 
only at a point, but on any connected component of degree m and order r 
of the G = 0 manifold, can be defined similarly. 


4.5. Integrals of an Infinitely Differentiable Function over a Surface 
Given by G =c 


Let us apply the above results to the study of integrals of infinitely 
differentiable functions of n variables over a surface given by a poly- 
nomial G(x,, ..., Xa). We shall restrict our considerations to the case in 
which the G = 0 surface consists only of reducible points, and the 
G = c surfaces with c > 0 have no singular points at all. Consider the 
integral 


Ke) = Í oa, Pn o a) s (1) 


where w is the differential form on the G = c surface defined by the 
equation dv = dGw. We have the obvious identity (in A) 


[Wo eae =f F Í GHn ons Bn) Pln o ty) ay ne datne (2) 


We have already established that the integral on the right-hand side of 
this equation, and therefore also that on the left-hand side, is a mero- 
morphic function of A, and we have found how its poles depend on the 
types of singularities of the G = 0 surface. 

Now the behavior of J(c) for c > e > 0 has no influence on the 
singularities of f I(c)c+de, and therefore if we know these singularities 
we can write out an asymptotic expansion of J(c) for small c. 

Specifically, let F(A) be the function defined by fr I(c)e4de and its 
analytic continuation. Then it can be shown that if ‘the poles of F(A) 
are arranged in decreasing order 


Ay, —Agy 0065 —Agy 0005 0 <À <A <u KAR < 


and if mą is the multiplicity of the kth pole, J(c) has the following 
asymptotic expansion for small c: 


KORN > > aym Cx In™! ©, (3) 


k=] m=1 
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It is easily shown that each term in this expansion gives a pole of order 
m (see Chapter I, Section 3). Here ap m is (— 1)™~1/(m — 1)! times the 
coefficient of (A+ A,)~™in the Laurent expansion of F(A) about A = — Ày. 
Recalling the definition of 6(G), we can rewrite J(c) in the form 


Ke) = f pe = (XG — 0, p). 


It follows from this that the asymptotic expansion for J(c) in powers 
of ¢ is at the same time an expansion for (6(G — c), p) in powers of c. 
From Eq. (3) we obtain in this way an asymptotic expansion for 6(G — c) 
for small c. 


Example 1. Let G(x, y) = xy. Then the first pole of the generalized 
function (xy)? defined by 


f [V oy») ax dy, 


zy>0 


will occur at à = — 1. The expansion of this integral in powers of 


A+ 1 is 


[Gy oe, ») dx ay 


ty>0 





- fet + eat f Oo) ate 


Therefore the integralt I(c) = Jf,,-. p(x, y)w has the asymptotic expansion 
SA > g(x, 0) ° g0, y) 
Ke) = 20,0 lnc + f > dx + [ dy + a, 


where we have omitted terms converging to zero as c — 0. 
From what has been said above, this can be used to obtain an expan- 
sion of 8(xy — c) in powers of c. Such an expansion will be 


(ay — c) = —28(x,y)Inc + (22) + aa 2) ) + (0). (4) 


4 Here we may write either w = y7! dy or w = —x7! dx, so that we may be considering 
either 
i: P(x, y) dy a. od (= P(x, y) dx 
+o 


=% Yy x 
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Example 2. G = x? + y? + 2? — t. In this case the integral 


[ [ce +98 + 28 — 2) ox, y, z, t) do 


G>0 
has a simple pole with residue 8(x? + y? + 2? — £) at A= — 1, 
and a pole of order two at A = — 2, where the integral has the expan- 
sion 





1 ¢(0, 0, 0, 0) 1 
A a A t eee? 
|e gy dv 8 (A+ 2) Ti 2 (0, 0, 0, 0) In 2 











8x p f* p0, 0) — g(r, r) * g(r, r) © delr, p) ! 
+ 3 i m dr f, P dr + jí a e dr| Fon 
Thus we can now write 6(G — c) in the form 
i 8(x, Y, Z, t) , 
8(G — 6) = (G) + c In c AEREE + 05(G) +... (5) 


We have omitted terms of order o(c), and 8’(G) represents the divergent 
integral fc-o w, regularized according to the expression in braces. 

In general if G is a function whose G = 0 surface has only reducible 
singularities, the low-c expansion of the generalized function 6(G — c) 
can be used to define 6(G), 8’(G), and the higher derivatives when the 
integrals of the corresponding differential forms diverge. 

More specifically, if 


&G—c)= > > Tym Ce In™-! ¢, 
1 


k=1 m=1 
where the T,,,,, are generalized functions such that 


(Tim p) = Akm 


[where the ap, m are the coefficients of Eq. (3)] then 8(G) will denote the 
constant term in this expansion, 6’(G) the negative of the coefficient of the 
first power of c, etc. In particular, Eq. (4) may be written 


&(xy — c) = —2 In c8(x, y) + Say) 4+ ..., (4’) 
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so that® 


%0, 6) 


x 


è(x) 
S(xy) = 2 
(9) = -3 

When the G = 0 surface has no singular points this definition will 
of course agree with the previous one. Indeed, the integral Ses o pdv 
then has only simple poles at A = — k (where k is a positive integer) 
with residues 


(1)? -D k-1 


Therefore, 





XG — 0) = XG) — 6G) +5 Ë G) + 4&5 Dt SOG) + ~. 


There is, incidentally, an interesting consequence of Eq. (4). Differ- 
entiating that equation with respect to c, we obtain 


, 2 
—ô'(xy — ¢) = — 75% y) +... 
Now inultiplying by — c and allowing c to converge to zero, we find that 


c8'(xy — c) > 28(x, y). 


Similarly, we may differentiate Eq. (5) twice with respect to c, and 
again multiply by ¢ and allow it to converge to zero. This gives 


S(x, Y, z, t) 


c (2 + y® ++ 2? — toe) 3 


By applying these expressions to a function @ in K, we will obtain the 
value of ọ at the origin if we know its integrals over the hyperbolas 
xy = c or the hyperboloids x? + y? + 22 — Ë = c. 


5 This equation could not have been obtained in Section 1. When we derived 


SD) _ 8(Q) 

Q P 
in Section 1.7, we assumed that the P = 0 and Q = 0 surfaces did not intersect. We 
can now, however, derive this result immediately from Eq. (6) for surfaces that intersect 
so that there exists a coordinate system tı, ..., un in which u, = P and u, = Q. 


è(PQ) = 


SUMMARY OF FUNDAMENTAL DEFINITIONS 
AND EQUATIONS OF VOLUME | 


Chapter l, Section 1 


1. A test function g(x) = g(%ı, ..., %,) is an infinitely differentiable 
function that vanishes outside a bounded region in the n-dimensional 
space R, (has bounded support). 


2. The test-function space K is the set of all test functions. Linear 
operations in K are defined in the usual way. A sequence ọ,(x) e€ K 
is said to converge to zero if the g,(x) converge to zero uniformly with 
all their derivatives and all vanish outside a common bounded region. 


3. A generalized function is a continuous linear functional on K. 


4. A regular generalized function is a functional on K which can be 
written 


(fo) = | A) o(@) ax, 


where f(x) is a locally summable function. 
5. All other generalized functions are called singular, 


6. 0(x) denotes the theta function equal to unity for x > 0 and to 
zero for x < 0 (defined for n = 1). 


7. The delta function 8(x — xg) is the singular functional defined by 


(8(% — xo), p(x)) = p(o). 
8. The functional f(x) is said to vanish in a region G if (f, ») =0 
for every y in K vanishing on some region G, such that G and G, cover 
9. The support of a functional f is the closed set on whose complement 
f vanishes, 


10. A sequence f, of generalized functions is said to converge to the 
generalized function f if for every pe K 


lim (fn p) = (J, p). 
330 
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11. Complex test functions and generalized functions combine 


according to 
of, p) = (J, ap) = (f, p). 


A regular functional f corresponding to a function f(x) is defined by 
U, o) = | A) ox) ae 
12. The generalized function f complex conjugate to f is defined by 


G p) = H F). 


13. The space S of rapidly decreasing functions consists of infinitely 
differentiable functions g(x) such that 


| x* p(x) | < Cro n=1;k,¢ =0,1,2,... 
or, in the case of several variables, 


BUT +Gn p(x Xn) 
k k, ieron — 
XÑ a Min ina... Oin S Cran Ry, «+> Gn = O, 1, 2a 





with convergence defined accordingly. 


Chapter I, Section 2 
1. The derivative of the generalized function with respect to x, 


is defined by of P 
ag fe) = ae 





2. O'(x) = 8(x). 


d : 1. 
3. Be) inô(x), 


where ) 
l -ji g(x 
(- ’ 9%) =: lim læl>e % dh: 
4.4 a = — (n — 2) Q, &(x) where Q, is the hypersurface area 


r 
of the unit sphere imbedded in R, (n > 2). 


Aint = —2n8(x), n=2 
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5. Ifa sequence f, of generalized functions converges to f, the sequence 
of,/Ox, converges to Of/Ox;. 


6. > cos nx = —ġ +r $e — 2nn). 
n=1 -%0 


7. > nsin ne = = -r 58 — 2m). 


n=1 


8. 1 + ef p et 4, 4 ei 4 eie 4, = De DY B(x — 2n). 
( 


— 1 x 
9. > sin nx = 7 Ota- 


n=1 


l € 


nag E 7) as e—>0. 





1 x? 
. 2 TEF exp (- =) > (x) as t—> 0. 
12. Tinos ha as v=o, 
T x 
Chapter I, Section 3 


1. The generalized function x? is defined as follows. For Re A > — 1 


(sh, p) = [a ox) das a) 
for Re à > — n — 1, à # — l, —2,.., — N, 
(io) = J [pe — O — 90) = o — eO] de 
-140 
tiret aiar O 


for — n— l < Reà < — n, 


(xt, 9) = | i ai [o(2) — (0) — x'(0) — .. — ao p00] de. (3) 
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This generalized function coincides with the ordinary function x+ 
for x > 0, and with zero for x < 0. It is analytic for all à except A= — k 
where k is a positive integer, where it has simple poles. 

We may differentiate with respect to x: 


fart, AX l, —2 (4) 


2. The generalized function xŻ is defined as follows. For Re A > — 1 


0 œ A 
(9) =f | lolx) de = [x g(x) de; (5) 
-%0 0 
for Re à > — n — l, à £ — l, —2,..., —2, 





(24, 9) = f = [O + aO oO] de 


+f x4 9 —x) dx +È qn ae (6) 


for — n — l1 < Re < — n, 








A DE ee , E E E 
(24, 9) = [= [a — 9(0) + pO) — o I E eO] de 
(7) 
This generalized function coincides with the ordinary function | x |? 
for x < 0 and to zero for x > 0. It is analytic for all A except A = — k, 


where k is a positive integer, where it has simple poles. 
We may differentiate with respect to x: 


d A — __}yA-1 S = 
TAS, AS l, 2, (8) 


3. The generalized function | x |? is defined as follows. For Re à > — 1 
Uxio = f aboa) de= f Alaa) ods 0) 
for Re à > — 2m — 1, à 4 — 1, —3,..., — 2m + 1, 
A : 
(#140) = f a fola) +a) 
0 
—2 Woi FeO) + +o = oe  g2-21(0) ]} ax 


+ [toe + o(—m av +S op POs O 
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for — 2m — 1 < ReA < — 2m + 1, 
(ete) = f a joa) +a a) 
0 


—2[9(0) +e OH + cam-21(0)] | dx. (11) 


Gn yr? 


This generalized function correspond to the ordinary function 


|x |4 for x #0. It has singularities (simple poles) at A= — 2m — 1, 
where m is a nonnegative integer. 
At à = — 2m we write | x |-?" = x-™, so that 


(2,9) = [x lols) + oa) 


-2 [W0 +9") + +o pem-2(0)]| dx. (12) 





In particular, 


(x2, p) = F g(x) + o(—*) — 29(0) Jy, (13) 


x2 


4. The generalized function | x |*sgn x is defined as follows. For 
Re A > — 2, 


(| sgn a5 g) = fo | x | sgn x(x) dx = fo [e(x) —9(—x)] dx; (14) 


for Re à > — 2m — 2, à 4 — 2, — 4, ..., — 2m, 


(æ senso) = f'a lola — oa) 


— 2 [xe'(0) + 5 Z OH tacy DO] ax 
+ f H- o(— a +2 opty ers | (15) 


for — 2m — 2 < Re à < — 2m, 
(| sgn x, 9) = | aafo) — oa) 
0 d 


-2 [p0 + Fo") H + am-(O)]] de 16) 


Om ye 
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This generalized function coincides with the ordinary function | x |4sgnx 


for x Æ 0. It has singularities (simple poles) at à = — 2m, where m 
is a positive integer. At A = — 2m — 1 we write | x |-?"—-1sgn x = x-?"-1, 
so that 


(aema, g) =f atmt l(a) — 9 —x) 
— 2 [x9'(0) + eO + +L rO] ae (17) 


In particular, 


(hq) = [ A as, (18) 
(x, p) = K #2) A-A ro dx. (19) 


5. The q-fold indefinite integral of | x |4 may be written 














P _ | x |4+2(sen x) [g/2] xa—2k 1 
ffia awT DAF & (2k — Ig — 2A)! A+ 2k' 
(20) 
6. The generalized functions 
xt xi | x |? | x |4sgn x (21) 
TA+D)* TAFFI’ AFR’ x42 
Ma) Te) 
are entire functions of A. 
In particular, as A —> — n, 
a S —> 5(n-1)( x) JS —> (—1)"-18("- (x); (22) 
Tat) > TAL) 
as À —> — 2m — I, 
lal? (1m 3m (x) m! 
( ¥ i (2m)! ' (23) 
2 
as à —> — 2m, 
| x |4 sgn x : (—1)™ 82@™-1)(x) (m — 1)! (24) 
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7. The functions ln(x + 70) and ln(x — i0) are defined as follows: 
In (x + 20) = lim, In (x + ty) = In| æ | + en (—x), (25) 
In (x — i0) = lim In (x — fy) = In | æ | — inO(—a), (26) 
8. The functions (x + 70)* and (x — 70)4 are defined as follows: 


E for x<0, 


Ko a 
(x + i0) = lim (x + iy} = e for x>0; e 
jan | ap JA 
7 a B a fe i 3 f | for x <0, 
(x —20)* = im (x — yy = | for x>0. (9) 


These functions exist for all complex A and define regular functionals 
for Re à > — 1. The corresponding generalized functions are defined 
in the following way. For À 4 — n, where n is a positive integer, 
(x + 10) = x2 + et, (29) 
(x —i0y = xt +o ™ x4, (30) 


where the generalized functions xê and x* are defined by Eqs. (1)-(3) 
and (5)-(7). For A = — n, 


(x + 0)" = arn AIT sn), (31) 
(x —i0)-" = x7” + aaia -(x), (32) 


where the generalized function x7” is defined by Eq. (12) or (17). Thus 
the generalized functions (x + 70)4 and (x — 70) are defined for all A. 
They are entire analytic in A. 
The relations 
(x + i0} = lim, (x + 5), 
(x — i0} = lim (x — i)? 


hold both in the ordinary sense and in the sense of generalized functions. 


, 
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We may differentiate with respect to x: 


4 (x + i0) = A(x + 0)? (A 0), 





(33) 
Z (x — i0)? = Ax — 10 #0), 
d wen i 
We In (x + 10) = x +10 , 
(34) 
CATIE N eee 
dx x —10° 
9. For Re A > — n the generalized function r+ is given by 
£ 8 
(7,9) =[_ rode = 2, f r Syr) dr, (35) 
Rn 0 


where Q, is the hypersurface area of the unit sphere in n dimensions, and 
S,(r) is the average of » over the sphere of radius r. 

This generalized function can be analytically continued to the entire 
A plane with the exception of the points A = — n, — n — 2, — n — 4, 
.., where it has simple poles. 














2r? 

10. The generalized function oret” is an entire analytic 
function of A. At A = — n it becomes 8(x), and at A = — n — 2k it 
becomes 

(—1)* 4*8(x) 
2*n(n + 2)...(n + 2k — 2) ` oe) 

11. The plane-wave expansion formula for r? is 

1 |w% + oe + Onn [Ado = r? 
mEn- f, r( + LN me r È + 3 ' an 
2 2 
Special cases. For n odd we have 
5 = (—1)tn-») ll gin-2) + d )d 5 38) 
(x) = 2r)! S (w ee WnXyn) aW; ( 
For n even we have 
_ (D(a — 1)! S 
88) = Sp O ta H ont) do, (39) 
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For any n we have 


8(x) = me I, lot +- + qty — 10)-* dw. (40) 


Chapter l, Section 4 


1. The generalized function x4 ln™ x, (for A 4 — k, where k is a 
positive integer) is defined as follows. For Re A > — 1, 


(x4. In” x., p) = r x? In™x g(x) dx ; (1) 
0 
for Re à > —n—1, `A — l, — 2, ..., — n, 
(x4 In™ x, p) = ie 4 Inm x [9(x)—g(0)—xp'(0)—...— eo) dx 


o ” (—1)” mip 
+Í _ Hina gfe) dx +2 eae (2) 


for —_n—1< ReA < — n, 


(xj. In™ x, 9) 





oO F xn) 
= [xin æ [p(x) — 90) — xp'(0) —... — 9" N0)| dx. (3) 
0 (7 — 1) 
2. We may differentiate with respect to A: 
a =xiIn™x,, AA—1,—2,... (4) 


The Taylor’s series expansion of x4 about a point of regularity A, is 


wh = xh + (A — Ag) xtoIn x, + 9 (A — Ap)? xto In? x, +... (5) 


+ 


3. The generalized function x7” is defined by 


R le ret 


xn-2 


-aJ g”-2(0) — 


a z P"-2(0) OL — x)| dx. (6) 
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This generalized function coincides with the ordinary function x-” 





for x > 0, and with zero for x < 0. It is mot equal to x4 at A= — n. 
4. The generalized function x," In™x, is defined by 
(xn In™ x, 9) = fan in x [9(x) — (0) — 2'0) — 
wn p-a -D(0) 6(1 — x)| dx. (7) 
ee 0) — a aa? (0) &( ( 
5. The Laurent series expansion of xê? about the pole at A = — n 
is 
a n (r ee-»(x) 1 om = 
xi = (n= Ip! eee + (A + 1) x7, In x, 
1 
+ a (A + nj? an In? x, Hoen (8) 


6. The generalized function x4 In™ x_, A #4 — 1, — 2,..., is defined 
as follows. For Re A > — 1, 


(x4 In™ x_, p) = f | x |4 In” | x | p(x) dx = Í x? In™x @(—x) dx ; (9) 
-%0 0 


For Re à > —n—1, `#— l, — 2, .... — n, 


(x4 In x”, p) 





= f x4 ln” x [o(—*) — ¢(0) + xp’(0) — ... — (—1)""! | xn 7 p"-0(0)| dx 


—1)”+-1 m! p-D(0) 


+ (i xt In™x @( —x) dx + Sa DIA + Pa ; (10) 





for —n— l < ReA< —n, 





(x4 In x™, p) 
= f? siin” æ [p(—2) — 9(0) + sp0) — -= (~ 1) gm) ae. 
0 (n — 
(11) 
7. We may differentiate with respect to A: 
OP eae. ae a, (12) 


on™ 
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The Taylor’s series for x’, about a point of regularity A, is 
xt = ho + (A — Ap) xto In x_ + A —A,P ate In? x to... (13) 
8. The generalized function x=” is defined by 
0% 9) = J [K — (0) + 29°) — 


aa (—1)") 





xn 
GeO Ht — x)| dx. (14) 


This generalized function coincides with the ordinary function | x |7” 
for x < Oand with zero for x > 0. It is mot equal to xŻ at A = — n. 


9. The generalized function x=" In™ x_ is defined by 
(x-" In” x_, p) = | (atin x [o(—x) — 9(0) + x@'(0) — 


sgae 





nile pr» = 
a a? (0) (1 x)| ax. (15) 
10. The Laurent series expansion of x* about the pole at à = — n is 


&n-D(x) 1 
~ Sua Apa 





Ham Ot mating +770 + neatins + 
(16) 


11. The generalized function |x |4ln¥ |x| is defined by formulas 
similar to (9)-(11) of the summary of Chapter I, Section 3, except that 
x4 is replaced everywhere by x4 In*«. The Taylor’s series for | x |? about 
a point of regularity Ay is 


1 
[æ [= [æ fo + (A — Ag) | x [3o In |e] ag A — Ag)? | a Poln® | | +... (17) 


The Laurent series expansion of | x |+ about the pole at A, = — 2m — 1 
is 
282m x) 1 


|x = FO) 
(2m)! A+ 2m+1 


+ | x [77e 
+ (A+ 2m + 1)|x|2"-In| x| +. (18) 
where 


| x [2ml = aot + x-2m-1, (19) 


| x [720-1 Ink | æ | = ayêm- Ink g, p axm- në g, (19a) 
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In | particular, 
(el, p) = [ate bola) + of —x) 
— 2 [p(0) + FeO) + HOA — a] ds. (20) 


The generalized function | x |-?"-! coincides with the ordinary 
function | x |-?"—-! for x + 0. 

12. The generalized function | x |4sgn x In*| x | is defined by equa- 
tions similar to (14)-(16) of the summary of Chapter I, Section 3, 
except that x4 is replaced everywhere by x4 ln *x. 

The Taylor’s series for | x |? sgn x about a point of regularity Ag is 


| x | sgn x = | x |^ sgn x + (A — Ay) | x |% In | x | sgn x 


l 
+ 5p A — Ag)? | x [40 In |æ | sgn x + (21) 
The Laurent series for | x |4sgn x about the pole at A, = — 2m is 
§2m-1)() 1 
a PEE SEO). -2 
| x |4sgnx = 2 Om AF on + | x |72” sgn x 
+ (à + 2m) | x |72” In | x | sgn x + ..., (22) 
where 
| x |?" sgn x = ay?m — x-2m; (23) 
| x |“? In* | x | sgn x = a?" Int x, — x? In x. (23a) 


In particular, 


(lx sgn x, g) = f° aem fola) — 9(—x) 


, x8 1r amol 
—2 [xp (0) + 7? (0) +... + Om =p" O) H1 — x)| dx. (24) 
It should be emphasized that | x |-?"-1 is not the value of | x |4 at 
à = — 2m — l, and that | x |-?" sgn x is not the value of | x |*sgn x at 
à = — 2m. 


The generalized function | x |-?" sgn x coincides with the ordinary 
function | x |-?" sgn x for x Æ 0. 
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13. The derivatives of the generalized functions (x + 70) and 
(x — 10)? with respect to A are denoted, respectively, by 


(x + i0)In(w +i0) and (x + i0)*In (x — i0). 
These are entire functions of A and may be written 


(x + i0)*In (x + £0) 











wh In x, + imere + eft’ In x for A+ —xn, 
= 25) 
= m? 8% () ( 
—j 1)" pa —])r-1 -n = _»: 
(—1)" irx + (—1) Za- +x" In | x | fr A n; 
(x — i0)*In (x — i0) 
k Inx, — imen gt + emin g ln x for Ax~—n, 
= (26) 
—1 r-l gory —j])"-1 z? ò- P(x) -n = — 
(—1)""1 irx” + (—1) Za I] +x"In|x| for à= —n. 
14. The Laurent series expansion of r+ about the pole at à = — n — 2k 
(here n is the dimension) is 
sey) 1l 
A —2k 
"Gay Xn por t Oar 


+ QA +24 2k) nr tn. (27) 


Here the functionals 6')(r), r-”-2k, and r-"-** In™ yr on the right act 
on the S,(r) functions according to 


(87), S(7)) = S20), (28) 


(rm, Sn) = [ort as (7) — (0) — 


7 r2k-2 -»(0) — S20) a — r)| dr, (29) 
aS omy 


(r-"-2 In™ r, S(r)) = f > r-2k—n jnm y [Sx — ¢(0) — 


r2k 


- ga SO a — r)| dr. (30), 


The number S(?*) (0) is given explicitly in terms of (x) and its 
derivatives by 
_(2h)!4"9(0) 


2k — tN FN E 
Sy) = etn(a + 2) ..(n + 2k — 2)" 


(31) 
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Chapter I, Section 5 


1. The direct product f(x) x g(y) of the two functionals f(x) and g(y) 
is the functional on the space of functions (infinitely differentiable 
and with bounded support) g(x, y) defined by 


(F(x) x 80), a ¥)) = FC), EO) e, y) - 


2. The convolution f(x) * g(x) of the functionals f and g is the functio- 
nal defined on K (the space on which f and g are defined) by 


(f* 8g, p) = (Fx), (e(y), g(x + ¥))) . 


The convolution exists if one of the following conditions holds: 
(a) either f or g has bounded support; 
(b) the supports of f and g are bounded on the same side. 
When these conditions are fulfilled the convolution is both commuta- 
tive and associative. 
3. &« f = f for all f. 
08 ô 
EA x f= 4 . 


ô _ Of _ ôg 
5 ay Fe =a ES T 


4. 


6. f, — f implies f, x g —> f x g under any of the following conditions: 
(a) all the f, are concentrated on a given bounded set; 
(b) the functional g has bounded support; 


(c) the supports of f, and g are bounded on the same side, and the 
bound is independent of v. 


7. An elementary solution of the equation 
ô 
zon o 
is a generalized function E(x) such that 


P (Ż) E = à). 


The solution of (1) can be written 


u = Ex*g 
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if this convolution exists. See also the summaries of Chapter I, Section 6, 
paragraphs 1-3; Chapter II, paragraph 8; Chapter III, Section 2, 
paragraph 5. 


8. An elementary solution of Cauchy’s problem for an equation of the 
form > 
Ou 
ai P (Ge) @) 


is a generalized function E(x, t) which depends continuously on the para- 
meter #, is a solution of Eq. (2) for t > 0, and converges to 8(x) as t > 0. 

The solution of Eq. (2) with the initial condition u(x, 0) = u(x) can 
be written in the form 


u(x, t) = E(x, t) x u(x), 


so long as this convolution exists. 


9. An elementary solution of Cauchy’s problem for an equation of the form 
ô ə 
P(= x) u(x,t) =0, (3) 


of mth order in t, is a generalized function E(x, t) which depends contin- 
uously on the parameter t, is a solution of Eq. (3) for t > 0, and is such 
that 





: . E(x, t 
lim E(x, t) = 0, lim aTe, t) = 0, 
_ om? E(x, t) _ . Om) E(x, t) 
lim — pjm- = 0, lim pmi = 5(x). 


The solution of Eq. (3) with the initial conditions 





u(x, 0 om-2 u(x, 0 eo! u(x, 0 
u(x, 0) = ots, 9) =.= ana Ve 0, a ) Um—1(*) 


can be written in the form 
u(x, t) = E(x, t) * Um _4(*) 


so long as this convolution exists. See also the summaries of Chapter I, 
Section 6, paragraphs 4 and 5; Chapter II, paragraph 8; Chapter III, 
Section 1, paragraph 6. 


10. The integral of order À of a generalized function g(x) which 
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vanishes for x < 0 (we are dealing here with a single variable) is defined 


by 


x41 
g(x) = g(x) * TO) : 


For Re A < 0 this formula defines the derivative of order A of g(x). 
11. The hypergeometric function 


roby) = pgp [Hd — OL — aye at 


satisfies the equation 


xv} _ dey paxil — x);* 
To) By, *) = Fay rey 
or 
Ap Feb) = Fal apm 


12. The Bessel function J,(4/u) can be expressed in terms of fractional 
derivatives of elementary functions: 
d-*-* cos Vu 
dut Vy ` 








Vn uti L(Vu) = 


Chapter l, Section 6 


l. An elementary solution of the elliptic equation P(0@/0x)E(x) = 
5(x) can be written 


E(x) = f valor, + ae + ntn — 1) de, (1) 
where 
i 1 


Volé, À) = Ont F Ea 


f? GE- mu) ln Fan, 


and G(é, œw) is a solution of 


P (o 5 PA 5) G(é, w) = &(é). 
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For odd n expression (1) can be reduced to (with € = wx, + ... + @_%p) 


(—1)te-» f on-1 G(E, w) Be 
Q 


PO = aeaa Ia ert 


2. If P(@/0x) is a homogeneous polynomial of degree m in the 3/ðx;, 
then E(x) is of the form 
(CD omn —_ 4 
Hany Nm — n)! J y, Peace ental bar. aay? 
2m >n, n odd; 


E(x) = 


OO (ODED ory toe + enti) In Loy too H ona L 
(277)"(2m — n)! Jo P(w, oe, wn) ; 
2m > n, n even; 
(—1)t-» ene dw 
= Say fa 2m- ww ose + Wyn) Boracay 
2m < n,n odd; 


w, 


_ (—1)t(n — 2m — 1)! f | oti F o F Only [2n 
g Ory Ja Py vy on) 
2m < n, n even. 


3. These equations remain valid also for homogeneous operators of 
the form P(@/éx) such that grad P(w) does not vanish on P(w) = 0, 
w #0, but then the integrals must be understood in the sense of their 
regularizations (the Cauchy principal values). 

4. An elementary solution of Cauchy’s problem for the equation 
P(e/ét, 0/éx) = O is of the form 


u(x, t) Seat ly I: e 
2 


where G,(t, £) is an elementary solution of Cauchy’s problem for the 
equation 





‘ dos, 


A=—n 


P (sen Fes ms on) u(t, é) = 0. 


In particular, for odd n we have 





gyn- (2 =! 
sensi Ga A fom J F566 £) de 
Qyrte-Uin — 1) Ja deed 8 i 


u(x, t) = 
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5. If P(6/ét, 0/@x) is a homogeneous hyperbolic polynomial of degree 
m, then u(x, t) becomes 


(~1)he+)) 
2(27)""(m — n — 1)! 


a liaa (È *abe + sgn”? (> Xrér + t) w, 


m >n — 1,nodd; 


u(x, t) = 


= 2-1) 
= (n)"(m —n— 1)! 


mot | Eniti 
x Xr + t In | —— 2 | ; 
Daa (x ub Xrék Š 
m >n — l,n even; 


(—1 yrint) — 
u(x, t) = “Qn EE 5! ) (£ xen + t) Wy, 
m<n— 1,nodd; 
(= 1)tn#2(n — m)! f w 
(27)" Pa.e=o (È epee, + tm 
m<n— l, n even. 
Here 


w = do i grad H | sgn È fille) 
and H(é) = P(1, £). 


Chapter Il 


1. The Fourier transform of a function (x) in K is defined as 


ys) = fo) exp [2(%15, + ... + %pSp)] dx, ... UX, 


and is an entire analytic function of the complex variables sı = o, + 
ity, -> Sy = On + irp. This Fourier transform satisfies inequalities of 
the form 


| sZt... sp” Ply, e Sn) | < Cy exp (a | 7, | +... + an | Tn |) 


where | x; | < a; is a region containing the support of g(x). 
2. The set of all (s) functions of this form is called the space Z of 
slowly increasing functions. A sequence %,(s)€Z is said to converge to 


zero in Z if the inverse Fourier transforms ,(x) € K converge to zero 
in K. 
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3. The Fourier transform of a generalized function f defined as a functio- 
nal on K is the functional g = F(f) defined on Z by the equation 


(8, 4) = (27)"(, p), 


where (s) € Z is the Fourier transform of g(x) € K. 
Under multiplication and differentiation Fourier transforms behave 
according to 


F |P (È) f| = P(—is) FIN, 
FIP) f] = P (—i Ż) Fifl. 


5. The Fourier transform of the direct product is given by 
Fif x g] = FIF} x Figel. 


6. The Fourier transform of a functional with bounded support is a 
functional corresponding to the function 


FIA = FE), #9) = F(@), E). 
7. F[S] = S. 


8. If u(x, t) is an elementary solution of Cauchy’s problem for the 
equation @u/0t — P(i 0/éx)u = 0, then 


u(x,t) for t>0, 
0 


E(x, 1) = | for t<0 


satisfies the equation 


E(x, t) E ERA 
TART L P (iȘ) E, t) = 8x, t). 

9. The Fourier transforms of many particular generalized functions 
are given in the table of Fourier transforms. 


Chapter Ill, Section 1 
l. The Leray form w for the hypersurface P(x, ..., Xn) = 0 is 


defined by 
dP + w = ds)... dp, 
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At those points where 0P/éx; # 0, we may write 


dx, eee dX; dxi oe dx, 


= ff i aa 
a OP]ex, 


2. The functional 8(P) is defined by 
GP) = f oe) a. 
P=0 


3. O(P) is the characteristic function of the region P(x) > 0. Its deriva- 
tive is 
a(P) = &(P), 


which is understood in the sense that 


dP) _ @P 
a Da, P) 





4. The differential forms wp, k = 1, 2, ... are given by the conditions 


wp) = Pw, 
dwp) = dP - w(p), 


The integral of w,(y) over the P = 0 hypersurface is determined 
uniquely. 


5. We have 
PXP) = 0, 


P8'(P) + 8(P) = 0, 
P8'(P) + 28(P) = 0, 


6. An elementary solution of Cauchy’s problem for the wave equation 
(4 — 0?/ét?)u = 0 with n = 2k + 3 is 





B(x, 1) = OF sags, a at pe at 
t) = l 24 H xt 


2n*+1 
7. If the hypersurfaces P = 0 and Q = 0 have no points in common, 


then 
3(PQ) = P-18(Q) + Q-8(P). 
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8. If a(x) fails to vanish, then 
8(aP) = a-18(P), 


9. The Leray form w of the manifold P, = P, =... = P, = 0 is 
defined by 
dP, ... dP, w = dx... dX,. 
Py... Py 
In particular, if the Jacobian D ( ) + 0, we may write 
Hy e Xy 
Ady 4 +1 dXn 
OSS SS 
P, P, 
R Gh In 2) 


10. The generalized function 6(P,, ..., P,) is defined by 


(8(Py, +++» Pr), P(¥1y ++) Xn) = Í, =,,.=P,=0 ms 


11. The differential form Oy tebe 
differential form w,..4,,..0,(~) by 


(P) is defined in terms of the 


AAP, ... dP; AP iy... AP Ha, ajap) = (1)? dP) oe OPR@ a, 054 3...04" 


a™8(P, ... Px) 
ðP% ... OPte 
amg(P, ... Py) F 

(ara PE ' p) = (-1) Wns po 2al) (=o + om + o). 


12. The generalized function is defined by 


13. We have 


S 88(Py, «+» Py) OP: 
2 oP, Ox,” 


ô 
Ta Ep ...y Py) = 4 
P,3(P,, .»., Px) = 0, 
P,PA(P,, ».., P) = 0, 


P,P, ... P,3(P;, «., Py) = 0, 


and other equations obtained from these by formal differentiation with 
respect to the P,. 
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Chapter Ill, Section 2 





1. Notation: 
P = xi t o +23 — #3, —.. aa 
Q = $ +. H Baa o Saa 
See a E 
1 p? p+1 p+ 


n = p + q is the dimension of the space, and p, q > 0. 


2. Definitions of the generalized functions 5(P), SP(P), (P), 
8(P_), P4, P4, (P + i0}, (P — i0}. 


2.1. For p>l,q >l, 


CPPL = iS Loe Mw, o] uka du, 


v= 





(E(P), p) = cy k ca {ud -21h (u, | phta-2) dy, 
0 u=v 


where y¥,(u, v) is the integral of p over the manifold x? +... + x2 = u, 
wey to... + Xg = v divided by ui?—-) pial), 

These integrals converge for k < $m — 1. For k > 34m — | they 
are understood in the sense of their regularizations according to Chap- 
ter I, Section 3. 

The generalized functions 8{"(P) and 8{"(P) are defined similarly 
for the special cases p = l or q = 1. 


2.2 (PŁ, p) = | Pp dx, ... dx, 
P>0 


(PŁ, p) = fa (—P) dx, si dx,,. 


These integrals converge for Re A > 0, and are analytic functions of A. 
For Re A < 0 they are obtained by analytic continuation in A. 


2.3. 5(P,) = (—1)F k! res | P, 
k af NE 
8(P_) = (—1)F k! res Pt. 
2.4. (P + i0)? == PA + epi, 
(P — i0} = PA + ep. 
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3. The singularities of P}, P4, (P + 10)', and (P — 10). 
3.1. p even, q odd. The generalized function P4 has simple poles 





at à = — k, where k is a positive integer; 
i sa- 
yes, Ph = Ty S-1(P), 


3.2 p odd, q even. The generalized function P4 has simple poles at 
= — k, where k is a positive integer, and at à = — $n — k, where k 
is a nonnegative integer; 


a — (=D sa 1) 
E$ PiS jji è (P), 


res Pi = 


A=—}n—k 





(—1)t¢ tn 


k 
a r€ 7 i L¥8(20,, e, Xn). 


3.3. p and q even. The generalized function P’ has simple poles at 
A = — k, where k is a positive integer; 


po f= (k~1) x 
g5, Ph = = pi è (P) for k<4n; 


a ae eS Lop agen) + Gea a : 
=—4n— n A 
re +k) air (5 + 2) 





L¥8(x,, oos Xp) 


3.4. p and q odd. The generalized function P4 has simple poles at 
à= — l, — 2, .., — (n — 1), and poles of second order at A = 
— $n — k, where k is a nonnegative integer. 

For k < $n, 


IS, P = n Da ôi- WP). 


In the neighborhood of A = — $n — k, 
ce on 
oP al” a 
(A+5+%)  (A+5+8) 
where 
(—1)2@+ y $n-1 


snr (5 +k) 


ch) = 


L¥8(20,, ++) Xp) 
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and (— iin 


r+) 
er (5 +) by en Xn). 


w = 
Ci 


§,(bn+k-1) (P) 


3.5. To obtain the results for P}, use paragraphs 3.1-3.4 above, 
interchanging the roles of p and q and replacing L by — L and 8(*""(P) 
by 8-1 P). 


3.6 The generalized functions (P + 70)4 and (P — i0)4 have only 


simple poles at à = — n — k, where k is a nonnegative integer; 
wt res _P + i0} = res f (P — 10) 
e-tnai „èn 
= B(x, suey Xn) 
aeRir(s + k) 


4. Relations between 3\"(P), SP(P), SP(P,), and 8(P_). 
4.1 &(— P) = (—1)* 8°(P). 
4.2. If n is odd, as well as if n is even and k < 4n — 1, then 
8P(P) = AP(P) = HP, ); 
if n is even and k > $n — 1, then 
SP) — èP(P) = Cog eee Ka, very Xn) 
BUMP) — BP) = Cp q Lt EBay ny n), 
where cy 9.4 and cy, are numerical coefficients. 
4.3. If p and q are even and k > 4” — 1, then 
(—I)ie nin 
1—3n —”) 
4+1} (k +1 5)! 





(—1)8#(P,) — 84(P_) = LEHENA (x1, oes Xn) 


and for all other cases 
8(P_) = (—1)8(P,). 
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5. Elementary solution K of the differential equation L*u = f(x). 
5.1. If n is odd, then 


ear (5 = k) 


K, = (—1)* 4*(k = 1)lnt" 


(P + 10)-tn+* 


ekrar 5 E k) 


= (D Fe Dale 


(Pytnt* + e” -into P-tntk), 
K, = K,. 
5.2. If n is even and k < $n, then 


ebraip G — k) 


K, == (—1)* 4*(k — 1)! nin 


(P + i0)-#n+* 


ior a 


=O Re Dia 





x 





Ptatk +(— 1)-$n+k Prtntk age (— 1)-3n+k ni S(dn-k-1 P,)|, 
ara 


where P;#"+* and P-#+# are the constant terms of the Laurent expan- 


sions for Pi and P about A = — $n + k; 
K, = K. 
5.3. If n is even and k > $n, then 
etmi 


K, = (1r ——________ 
i 4t (z -3)!& — 1)! 


(P + i0)-t"+* In (P + i0), 
K, — K,. 


6. The equations of paragraphs 3 and 5 remain valid for any non- 
degenerate quadratic form 


n 
P= >) bapraXp- 
«,p=1 
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For this case we write 
n 


o2 
L= gr ’ 
i OX, OXp 





= As 8 ’ 
Q 2 8 
where the g% are defined by Up_1 gag” = 8% (here ôf is the Kronecker 
delta symbol). 
In order to use the equations of paragraph 3 in this case we must 


multiply on the right-hand sides by 1/V| 4|, and in order to use 
those of paragraph 5 we must multiply by V| 4 |, where 4 is the deter- 
minant of the coefficients of P. 


7. The Fourier transforms of the functions of paragraphs 1-6 are 
given in the table. 


Chapter Ill, Section 3 


1. The generalized function f(x,, ..., *,) is called a homogeneous 
function of degree À if for any g(x) in K and for a > 0 we have 


e) = eto 


2. If f(x, .... Xn) is a positive continuous homogeneous function of 
the first degree, the generalized function 


(fo) = [Po dx, 


is defined by the integral for Re à > — n and can be analytically conti- 
nued into the entire A plane except for the points A = — n — k, where k 
is a nonnegative integer. At these points it has simple poles. The analytic 
continuation f* is given for Re A > —- n — k — l by 


P) = f FX») [p(a) — (0) — ~ 
-F > XII... 0% ca) |a 








+Í pof O) HCH) a 


7 l amgy(0) i P i 
a alae m) tan ae | SO xan w, 


Oy perez 


356 FUNDAMENTAL DEFINITIONS AND EQUATIONS, VOL. I 


where G is a region containing the origin, I’ is its boundary, and w is 
the differential form 


Xy AX, ... d&n — Xo dX dXg ... AX_ F o + (—1)"t x, dxy oee danie 


In the strip — n — k — 1 < Re à < — n — k this same equation can be 
written 





1 dk (0) 

A ae A a = a 2% . 
(9) = frw [a — 90) — -a st eg TE tag oa | a 
The residue of f? at A = — n — kis 

(—1)* a*8(x) xit.., x" w 
k! Bik TEHE Ox. Oxtn Jp frre) 
In particular, at A = — n it is 
EA E 
| Fey 
3. Any formally homogeneous function ®(x) of degree — n and 


any region G containing the origin can be used to construct a generalized 
function 


Dle = | _ Da) lp) — oO] dx + f Ox) ox) dx, 
G R-G 


which coincides locally with ®(«) everywhere except at the origin. This 
generalized function is homogeneous of degree — n if and only if 


[ee =0, 


where I" is the boundary of the region G, and w is the differential form 
given above. 

4. Any formally homogeneous function ®(x) of degree — n — m 
and any region G containing the origin can be used to construct a general- 
ized function 


Plo = f(x) [a — 90) — -. — b D an ae ae |ds 
$ 3 7) | i eae = 1! p 2: ee ian ba ] a 
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which coincides locally with (x) everywhere except at the origin. This 
generalized function is homogeneous of degree — n — m if and only if 


f P(x) xg... xen > w = 0, > a; = m. 


5. A homogeneous function ® of degree — n + 1 can be differentiated 
(in the sense of generalized functions) according to 


ep 


aw : 
in te It 4 (1H Ba, aeey Xp) f D(x) dx, ıı d; dy) ose d&n 


and the result is independent of the choice of G. 


Chapter Ill, Section 4 


1. A function G(x) = G(x, ..., x,) is called equivalent to a homogeneous 
function in the neighborhood of a point M if in this neighborhood there 
exists a local coordinate system £, ..., Én, in terms of which G(x) is a 
homogeneous function. 

2. Inductive definition of a reducible point. In one dimension the point 
xo on the real axis is called reducible (with respect to a function G(x) 
such that G(x) = 0) if G(x) is equivalent to a homogeneous function in 
a neighborhood of xp. 

A point M on a hypersurface G(x, ..., Xn) = O is called reducible if 
in some neighborhood of M the function G is equivalent to a homoge- 
neous function, and the intersection of the G = 0 hypersurface with 
every sufficiently small sphere centered at M is a manifold each of whose 
points is reducible on this sphere. 

3. If local coordinates in the neighborhood of M can be choosen so 
that the homogeneous function G of degree m depends onk of the varia- 
bles, but cannot be chosen so that it depends on k — 1 of the variables, 
M is called a point of order k and degree m. 


4, Assume that the G = 0 hypersurface consists only of reducible 
points. The functional defined by the integral 


(G4, p) = foa GH ais oee, Xn) P(X 000) Xn) AX... dEms 


convergent for Re A > 0, is an analytic function of A. This analytic 
function can be continued to the entire A plane as a meromorphic 
function whose poles are given by a finite number of arithmetic progres- 
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sions. Specifically, each connected component (submanifold) of the 
G = 0 hypersurface consisting of points of order r and degree m 
generates poles at A = — (r + k)/m,k = 0, 1,... . If there exist several 
connected components imbedded one in the other, each component 
consisting of points of a given order, and if A = A, belongs to more 
than one progression generated by these components, the multiplicity 
of the pole at A = A, increases correspondingly. 

In particular, if the G = 0 hypersurface has no singular points (that 
is, all of its points are reducible of order one and degree one), the poles 
of (G4, g) are all included in the set A = — 1, — 2, ..., — n. 


5. Assume that the G = 0 hypersurface consists only of reducible 
points and that the G = c hypersurface, with c > 0, has no singular 
points. Further, let the differential form w be defined by dG - w = dv. 
Then the integral 


(e) = Je Pp) +++) n) °w = (8(G — c), p) 


has the asymptotic expansion 


K) = > > apm! In! c, 


k=1 m=1 


where 0 > — A, > — A, >... are the poles of (G4, œ), m, is the multi- 
plicity of the pole at — A,, and apm is (— 1)"™"1/(m — 1)! times the 
coefficient of (A + A,)~™ in the Laurent expansion for (G+, p) about the 
pole at — Àx- 

6. In particular, 


[ren [Pon —f see 


ay=e 


© (x, 0) œ (0, ¥) 
—29(0, 0) In c + Mere dx + fe By to 


where we have omitted terms which vanish as c — 0. Equivalently, 


(y) 


x 


5(*) 


d(xy — c) = —28(x, y) Inc + + oc + o(c). 


7. For G= x? + y? + 2% — t?, we have 


Z, t) 


&(G — c) = &(G) + c In c 9s #8) + c8’(G) + oc). 


TABLE OF FOURIER TRANSFORMS 


1. Functions of a Single Variable 




















Entry Generalized Fourier transform 
no, function f | Ff] 
Ordinary summable | Ve a 
: function f(x) f= J _f) eas 
2 8(x) 1 
3 1 2r 8(c) 
: .d 
4 Polynomial P(x) 2P (—i a êlo) 
5 Sem (x) (—1)"o? 
6 SMHL) (—1)"4 jg?m+1 
7 ere 2r 8(s — ib) 
8 sin bx —tin[8(s + b) — 8(s — b)] 
9 cos bx a[8(s + b) + èls — b)] 
10 sinh bx a[S(s — 1b) — 8(s + 1b) 
11 cosh bx m[ê(s — ib) + ê(s + ib)] 
x Analytic functional í V27 exp (s?/2) (inte- 
12 exp (>) : : : : 
2 gration along the imaginary axis) 
i lie AA —2 sin% TA +1) o|- 
4 aod — DEAD | g |-4-1 
14 file) = 2-44 | «| Vaflo) = VIr : Lol 
Ha r(-5) 
2 2 
| x |4 sgn x Àn Jeg 
15 ees ee ae 21 cos > (À+ 1)|e | sgn o 
4 —— 
16 | g(x) = radeln | Yigal) 
(+2) 28D | o |- sgn o 
2 = y Qn t nI 
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Continued 
Entry Generalized | Fourier transform 
no. function f | FIF] 
17 am 2(—1)" 7 o) 
m m 7 m~l 
18 x 1 EN, o™-l sgn c 
19 x in Sgn o 
20 x? —r | o | 
21 wo AF l, —2,...) | eM) TA + 1) (eo +007? 
=i(A +1) 
x [e*n oy — e7 iMn/2) o-z% 1]* 
22 x intin! on-l + (—1)" m 5a) 
23 8(x) tol + 78(o) 
24 x4 (A # —1, —2,...) | —te-#/) FA + 1) (o — i0: 
= iT(A + 1) 
x [ein o>! — g-in) atte 
QrretMn/2) 
0) ~A-1 
25 (x + 20) TOA o 
; Doe tM /2) 
— i0)4 Sg 
26 (x — 20) TA) (i 
In Entries 27-38 we write: 
tead TA + 1) = eae n)+.. 
oo 
ie) TA + 1) = _+ bm 4 BM (A +n) +... 
_ Àr a” 
seach dane a +) + cA + 1) +... 
2 cos An T(À + n). 
0s > eer 





* Second expression for A#0, +1, +2, +3,. 
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Continued 
Entry Generalized Fourier transform 
no. function f F{f] 
The a‘), ai”), ... are given by: 
qn 
(n) — _" _. 
a Gi? 
(n) — ee) (Pr 
an = ao lt +3 +a boas tI) +i]; 
im" (5 rl) +P" 
a” = Gy la + (L454 re (1) + P"(1) 
ein ++ KOE 
bm = a; lM = 2Rea; di) = 2 Imai”, 
In particular, 
m) — (9 iy} (n) 4—)r* Sale an 
bi) = a= TEEN] : c T- Dy cos (n — 1) 3 
X—1)” . = 
(9)? Eo = =æ 
ain’ = psn (n I)5- 
27 | x [amet cmt gim nes, ill i In | o | 
28 x-2™ son x id(?mg?m-1 — id?mg?m-1 In | ø | 
29 In x, jeiMn/2) | [ra +) +3 ra + n] 
A# —l, —2 A 
( Thy hy w+) x (o + 10)-*-1 
—I(A + 1) (e + 10)-*" In (o + i0) | 
A 
30 wad ie tun /2) | [ra +1) — iZ rA + 1)] 
2 
(A # —1, —2, ...) tar TE 
—TA + 1) (e — 10)-* In (o — i0) | 
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Continued 
Entry; Generalized | Fourier transform 
no, function f | FEF] 
. T j 
31 In x, i (rw) + i7) (e + iy 
—(o +10)-4In (o + i0)| 
32 In x. = | (r'a) — i3) (e — io 
| —(øo — i0)? In (e — i0)! 
33 | x|4In |x| jetl(n/2) i[ra +1) +é5TA+D| 
AŻ —1, —2, ...) E 
i -TA + 1) (o + i0) In (o + i0)! 
-ieam (|a +1) — iZ TA + 1) 
x (o = i0)7+! 
—TA + 1) (o — i0)» In(o — i0)| 
34 | x |4In | x | sgn x ieiMn/2) [ra +1)+ i5 TA + D| 
AŻ —l, —2, ...) REE 
—T(A + 1) (o + i0) In (o + 0) | 
+ i-am (|A +1) iZ TA + D] 
2 
x (e — i0)-*2 
_T(A + 1) (o — 10)-*"1In (o — i0)! 
35 x2" In | x | cim) | g |2m-1 — clm) | g [2m1 In | o | 
36 xml jn | x| id{?m+)g?m sgn o — id{?m+Dg?m In | e | sgn e 
37 | x -27t In | x | cm+Dg?m — cm+Dam lay | o | 





+ ; cemtlgam In? | o | 
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Continued 
Entry Generalized Fourier transform 
no, function f Ff] 
38 | x |-2" In | x | sgn x id 2m)g2m-1 — jqi2m)g2m-1 ]n | o | 
+ : qitm) g2™-1 jn? | o | 
-a$ 
39 (1 — 2} Vala +1) a Jalo) 
A £ —1, —2,...) 
4 
40 (1 + xè) I vajz 2 i Kall o 
41 (a? — 1} TA +1) Va |3 i a Nalle l) 
A + Sh —2, ..) 
(od -4-4 
= Fa+0 va |3| 
ga mA + $) Jall o |) — Jallo l) 
sin 7(A + 4) 
42 a d2 \n 
(x? — 1)" (—1)" 27 (1 + =] 8() 
Sat 
+H Va (3) Jalo) 
2. Functions of Several Variables 
1 Ò(Xis ees Xn) 1 
2 1 (22r)"8(0,, «.., Cn) 
3 Polynomial QnyP(—i -z piel 5—) 8(c) 
P( 24, ss Xn) a ae 
r A + ") 
A 2 itn pin ( 2 pn 
4 r (r = > x2) 2 T re a >) 
(-3) 
5 Q-t4 yA En) pan 








Jar) = eae | (2mr)8* fy n(p) = (2m) 


rey) | r (-3 
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Continued 
Entry Generalized Fourier transform 
no. function f Ff] 
In Entries 6-9 we write: 
À +n 
ee a, 
C; = AHN gen a 
r(-3) 
2 
girem) 
= = = (n+2m) (n-+2m) . 
San amn A en ee) e 
the right-hand side is the Laurent expansion of this function about À = —n—2m. 
Further, 
Q, E zd 
r) 


is the hypersurface area of the unit sphere in n dimensions. 














riinr dC 
ae E eee, a a 
ri in? r | @C, a aC, a 
ý (4oraeneIG e ga 
x Inp + Cyp-** In? p 
8 RQ, 2" clnt2m) 2m In P + gl tIm) jam 
| 
9 Q,r-2—" In Feintem) p” In? p + c(n+2m) p?™ In p 
+ cpa pe” 
2-1 P ($n — 4) T (F) Quat” piin 
10 ô(r — a n>1 n 
eas ed x Jyn-a(ap) 
11 The same, for n = 3 4ra 222e 
d \™ è(r—a 2sina 
12 (5) en) GB) Mera 2 : 


For the notation in Entries 13-25 see the Summary of Fundamental Defini- 
tions and Equations for Chapter III, Section 2. 
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Continued 
Entry} Generalized Fourier transform 
no. | function f Fff] 
13 (P +:0)* ia = e-(m/2)at Qn+2d An r(A + tn) (Q — 10)-4-2" 
iá poe eniai Dnt pin TX + $n) EEA 
(P — i0) Ley H) 
15 px 2n+2A gpbn-1 (A + 1) F(A + $n) 


x $ [eitan (Q — i0)-4-2" — etlhatayn (Q + i0)-3-47] 





16 Pi —2nt24 mtn TVA + 1) P(A + $n) 


x F [eDi (Q — i0)-*-#" — e/i (Q + i0)-+-4")] 


NEF PSN Tova (9 oi 


Qatrdn+ pèn e-beni Attn 





T(-A) Vi 4} 
KiylcQ?) mi HB (c2) 
ms QuAttn) 2 ou Aydn) i 
4 1 


ig arran So Rina AO EO: 
T(—r) V4 (Q +10)Hin+ 
Qatbnt. tn ekani -A+dn 
© Mavisi 
KargnlcO?) mi Hy (cQ2) 
V [a Rg wn Pe 
ot Atn) 2 or atn) 
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APPENDIX A 


PROOF OF THE COMPLETENESS OF THE 
GENERALIZED-FUNCTION SPACE 


In Chapter I, Section 1.8 we asserted that the generalized-function 
space K’ is (sequentially) complete under convergence as defined there. 
In other words, given a sequence of functionals f}, fo, ..., f,, ... such that 
for every » in K the number sequence (f, p) converges, f(g) = 
lim, „o (fn p) is again a continuous linear functional on K. We shall 
prove this assertion in the present appendix. 

To show that f(q) is linear is quite simple. In fact, 


Japi + wp) = lim f(a + ap) = lim {f,(%91) + fap); 


= %f(~:) + flp) 


What is important is to prove the continuity of f(y). Let {p,} be a sequence 
of functions converging to zero in K. We must show that f(,)—0. 

Let us assume the contrary. Then choosing, if necessary, a sub- 
sequence, we may assume that | f(g.) | > c > 0. 

Now recall that convergence of a sequence {g,} to zero in K means 
that all the o,(x) vanish outside some bounded region and that they all 
converge to zero uniformly in R, together with all their derivatives. 
Again choosing a subsequence, we may assume that | D¥g,(x)| < 1/4, 
k =0, l, nọ v. 

Let us now write 4, = 2’p,. Then the 4, also converge to zero in K, 
but | fly) | > ©. 

We now define a subsequence {f,} and another subsequence {i;} as 
follows. 

Choose x; so that | f(y) | > 1. Now since (fn 4) —> f(x), we may 
choose f; such that | (fj, #3) | > 1. 

Now suppose we have chosen f; and p; j = 1, 2, .., v — 1. We 
now choose W, to be one of the {,} sequence with index so high that 


Ow) <> k=0,1,.,»—1; (a) 
v-1 

LA) | > By Fe) +v. (b) 
j= 
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The first is possible because the 4, converge to zero in K and there- 
fore (fo ¥,) > 0 for any generalized function f,. The second is possible 
because | f(¢,) | — œ. Since (f,, 4) — f(s), we may choose f, from the 
{f,} sequence such that 


owl > Ble: ¥)| +r (b’) 


In this way we can go and construct the new infinite sequences 


{4} and {f3}. Now let us write 


By construction the series on the right converges in K, and therefore 
y% is in K. Further, 


(fn) = 3 (Ft) + Uo) + > (Fa wi) 


i=v41 


But from (b’) and the fact that 


> (fi, 3) < Dey QR =1, 


j=941 j=»41 
we arrive at 


lf ¥)|>»—1, 


which eer that | (fp ¢) | > œ as v — œ. But this contradicts lim,.,., 


fo 4) = 


Scared f(y) > 0, and the limit functional f is therefore 
continuous. 


APPENDIX B 


GENERALIZED FUNCTIONS 
OF COMPLEX VARIABLES 


This Appendix is essentially a short introduction to the theory of 
generalized functions of one and several complex variables. At the 
author’s suggestion it has been moved from the fifth volume of 
the Russian work to the first volume of the English translation. The 
results of Sections B1.1-B1.7, B2.1-B2.3, B2.5, and B.2.7 are used in 
Chapters II-IV of Volume V. 


B1. Generalized Functions of a Single Complex Variable 
B1.1. The Variables z and Z 


It is often convenient to treat a function f(x, y) of two real variables 
x and y as a function of a single complex variable z = x + ty. 

Then instead of using the differential operators 0/@x and 0/éy, one 
uses derivatives with respect to z and 3, namely @/éz and 0/é%. These 
new operators are defined with the requirement that the ordinary rules 
of differentiation, in particular the chain rule, hold for them, so that 


Oo 0s 0 zə ô ô 


dx Ox da | oxis Oa OB 
and 


2 _ oz @ ae =i(2-2) 
dy dydx ' dyds  ‘\Oz da)" 


From this we find that 


mnie i) (1) 
ae alee tia) a 
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Note that the Laplacian 4 = 3?/ðəx? + 6/dy? can be written in terms 
of the complex differential operators in the form 
02 


4 = 4 E 


There follow some examples of differentiation with respect to z and 3. 
Example 1. 0| 2 |?/Oz = Ə(z7)/əz = ž. Similarly, ð| z |?/0% = z. 
Example 2. é2%/0% = 0. 


Example 3. Let P(x, y) be a polynomial in x and y. By writing 
x = (z + 2) and y = (— 1/2) {z — 2), we write P as a polynomial 
in z and %, namely P(x, y) = P,(z, ž). It is easily verified that the deri- 
vative of P,(z, 2) with respect to z or žē is obtained as though z 
and % were independent variables. 

When using the variables z and 2 we shall write a function f(x, y) in 
the form f(z, 2), by which we shall mean 


fle 8) =f (5le +2) — $02 — 4). 


In this notation an analytic function is written f(z). This is because the 
Cauchy-Riemann conditions du/@x = dv/@y and ðujəðy = — Ov/éx can 
be written for the function f = u + tv in the form 0f/0% = 0. 

Similarly, antianalytic functions are defined by the condition 0f/éz = 0. 
It is therefore natural to write them in the form /(2).1 (We note that if 
fis an analytic function, f is an antianalytic.) 

Let us now write the Maclaurin expansion of an arbitrary function 
Kx, y) = fi(z, 2) in powers of z and 3. We have 


Z k f(O, 0) xy! 
2 xi yk JIRU’ 





fan =D F (ee +9 Z)"10.0) = 
n=0 ` j,k=0 
It is easily seen that 
te tye ate tig: 
Therefore in terms of z and 2 the Maclaurin series may be written 
(we now write f instead of fq) 


Jara Ie a ea + #39) £00) = 2 Paa, 3) 


1 We shall maintain this convention only for a while, until the reader becomes accus- 
tomed to the notation. Later, in the interests of conciseness, we shall write simply f(z) 
for any arbitrary function of z and %, whether or not it be analytic. 
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where we have introduced the notation 


ve. ay OF f(@ 2) 
(G.k) PEA EAA 
JOP, 2)= zi ozr 


In particular, for analytic functions this series has no terms in 3, 
and for antianalytic ones none in z. 

On integrating some f(z, 2) it is convenient to replace the differential 
form dx dy by dz dz. This new differential form is defined as the exterior 
product of the differential forms dz = dx + i dy and dž = dx — idy, or 

dz dz = (dx + i dy) (dx — i dy) = —2i dx dy. 
Thus 


dx dy = 5 dz dz. (4) 


On integrating over the complex plane, we may use the following 
rule for a change of variables. Let z = ¢(f) be an analytic function of 
¢ which maps a region D; of the ¢ plane in a one-to-one way onto a 
region D, of the z plane. Then 


t e - 2 5 er 
5 |, Le Bde ae = 5 J fle» HO eO Pak a. (5) 


Indeed, for this case we have dz = g'(f)dl, and dž = ¢'(£)df. 
It is a simple matter also to verify the formula for integration by 
parts, namely 


: f eG, 2) f(z, 2) dz dž = cyi f ols, 2) f9-(z, 3) dz dz, (6) 


where (2, 2) and f(z, 2) are sufficiently smooth functions of bounded 
support. 


B1.2. Homogeneous Functions of a Complex Variable 


Let A and u be any complex numbers such that A — p is an integer. 
A function F(z, 2) is called a homogeneous function of degree (A, p) if 
for every complex number a + 0 we have? 


Faz, a2) = ad F(z, 2). (1) 


2 By definition 
alge = | a |4+# exp {i(À — p) arg a} 


which, for integral à — p, is a single-valued function of a. 
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One might have supposed that homogeneous functions could be 
defined by the more general condition 


F(az, d2) = o(a) F(z, 2), (1’) 
but this world imply that a(@) must satisfy the functional equation 
a(ab) = oa) a(b). 
The solution of this equation (obtained, for instance, by transforming to 
polar coordinates) is 
a(a) = aide, 


where A and p are any complex numbers such that A — p is an integer. 
We shall define a homogeneous generalized function F(z, 2) of degree 


(A, u) also by Eq. (1). 

To make such a definition meaningful, we rewrite it in the form in 
which it must appear for generalized functions. To the ordinary func- 
tion F(z, 2) corresponds the functional 


(F, p) = : Í F(z, 2) o(z, 2) dz dž. 
A formal change of variables leads to 
(F, p(z/a, /4)) = aa; Í F(az, 48) p(2, 2) dz dž. 


Therefore the condition that F be a homogeneous generalized function 
of degree (A, p) may be written 


(F, olala, 3|ā)) = a™! ae4(F, 9(, 2)). (2) 
We shall show later (Section B1.6) that to every pair of complex num- 
bers A, u whose difference is an integer, there corresponds, up to a 


multiplicative factor, one and only one homogeneous generalized 
function of degree (A, u). 


B1.3. The Homogeneous Generalized Functions z4z# 
In this section we shall define the homogeneous generalized function 
zz“ on K. Let us assume first that Re (A + u) > — 2. We then define 


the generalized function 2434 by the integral 


(azn, p) = 5 | 248 p(z, 2) dz dž, (1) 
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which converges, and in which @ is infinitely differentiable function 
with bounded support (i.e., œ is in K). It is clear that 24% is a homoge- 
neous function of degree (A, p). 

We now wish to extend the definition to Re (A + p) < — 2. Equa- 
tion (1) will no longer suffice, since the integral in it diverges. We shall 
show however, that this integral can be regularized and that its regulari- 
zation yields a homogeneous generalized function. 

We introduce the new variables s = À + u and n =A — p (the 
reader should bear in mind that n is always an integer, while s may be 
any complex number) and transform to polar coordinates in (1), writing 
z = ret; then 


(iar, p) = Jr gulr) dr, (2) 


where we have written 
2n , 
ArT) = f golrt, re-*%) era da 
0 


Let us now consider a fixed function (z, 2) in K and a fixed integer n. 
Then the expression (2434, p) defined by (2) is an analytic function of s 
for Re s > —2. We now continue this function analytically to Re s < —2. 
This analytic continuation (at its regular points, that is, for s # —2, 
— 3, ...) is then taken as the definition of (2434, g) for Re s < —2. Obvi- 
ously, the homogeneity is maintained under analytic continuation in s, 
so that at the regular points in s the functional (z+34, p) defines a homo- 
geneous generalized function, which we shall denote simply 272+. 

In other words the homogeneous generalized function 243“ is defined 
by the integral of Eq. (1), which converges for Re (A + p) > —2, and 
is an analytic function of s=A-+ p for Re s> — 2. For Res <—2 this 
integral is to be understood in the sense of its analytic continuation in 
s (for fixed n = A — p). 

Let us now obtain an explicit expression for this new generalized 
function. For this purpose we rewrite the defining integral for 
Re (A + u) > —2 in the form 


1 m1 ght 
ZAg4, œ) = = 243 (olz, 2) — p'*(0, 0) ———| dz dz 
(22r, p) a, bea- 2 0,0) Fr] 
+5 i z'gu o(2, 2) dz dz 
j2i>1 
m-1 „g=? (0, 0) 40, 0) i 


Atk gutl dg dž. 
k4I=0 RW 2 (3) 


+ 
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The last integral can be calculated directly. In polar coordinates, in 
fact, we have 


1 27 
f gitkgutl de dž = f pktl+s+1 dr Í ei(k-li ma da 
0 0 


Nis. 


jal 


ee ee ifk—l=—n, 
= 0 ifk —1 4 —n. 


Thus for Re (A + p) > —2 we may write 


; mal kzl 
As _t as 3) _ CAS S 5 
(2434, p) 5 | age [o(e, 2) 2 p40, 0) Bull | dz dz 


izi <1 
(4) 
. m-l 
+5 | 2434 o(2, 2) dz dž + 2r 5 p*:? (0, 0) [AINA + 2 + s + 2). 
jzj>1 Psi eam 


Now Eq. (4) defines z4z« for Re (A + u) > —m — 2. The first and 
second terms in this equation are analytic functions of s = A + p for 
Re s > —m — 2, so that the only singularities in this generalized 


function are contributed by the third term at s = —k — l — 2 and 
—n =k — l, or for A= —k — l, u = —1 — 1. Thus the generalized 
function 243“ is analytic everywhere except at the points A, p = —k — 1, 


where k is a nonnegative integer. At such points 24z« has simple poles 
as a function of s = A + u (for fixed integer n = A — pu). At its regular 
points for Re s > —m — 2, the functional (2484, g) is given by Eq. (4). 
Its residue at à = —k — l and u = —/ — | (fork, ] = 0, 1, ...) is given 
by’ 


5 2a 
ptes, 2784, p) = FT 90,0), 6) 


u=—l-1 
This equation can also be written in the form 


(— 1)F+! 


SED (x, 2), 6 
All (z, 2) (6) 


res 2484 = 27 
a=-k-1 
u=—l-1 


where the delta function 8(z, 2) is defined by 


(è, p) = (0, 0) 


3 This is understood as the residue of the function of s = A + p for fixed n = À — p. 
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and where* 


k+ 8(z, 2) 
(KD fy 3) = L ON? 4) 
eee) Oz* dz 
Oktlf ki ktip 
(ra 2) a ee (i= dz* ag! Sree) 


Note that in the strip —m—2 < Re (à+ yp) < —m — 1, (4) 
reduces to the simpler expression 


m-l ket 
(248, p) = if 278" [o(a, 2) — aa 0) ar dz di. (7) 


It is often convenient to consider the normalized generalized function 


zizu 
(s +la| +1)’ 


where s = À + u, and n = À — u. The gamma function in the deno- 
minator has simple poles at s = —k — l — 2 and —n = k — l (for 
k, l nonnegative integers), that is for A and u negative integers. These 
poles are at the same points as those of 242”, and their residues are given 
by 

wes Fes + lnl +1) = 2X14! , (8) 


u=—l—1 


where j = $(k + 1) —$|k —1| = min (k, J). This means that 
2ige/I(5s + |n| + 1) is an entire analytic function of s = À + p for 
each fixed n = À — p and is homogeneous in z and 2 of degree (A, u). 





It follows from (8) that atA = —k — 1, » = —/ — 1, the normalized 
function is given by 
wig = (—1)*+? +3 ah oe P 
aaea r E 


y=—l-] 


with j as defined above. 

Thus for each pair of complex numbers A and u whose difference 
is an integer, we have constructed a homogeneous generalized function 
of degree (A, p). If either A or p differs from a nonnegative integer, 
this generalized function is concentrated on the entire z plane. If, how- 
ever, both à and u are negative integers, it is concentrated at the point 


z= 0. 


4 The derivatives of a generalized function f are defined by 
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We shall show in Section B1.6 that no other homogeneous generalized 
functions exist. 


B1.4. The Generalized Function z—*-1 and Its Derivatives 


As we have seen in the preceding section, 24% is a generalized 
function analytic in A and yp, regular at à = —1, —2, ... and u = 0. 
Thus there exists a generalized function which we may call z~*-1, where 
k is a nonnegative integer. It is defined as the regularization of the 
integral 


(2*7, p) = i Í a*-] o(z, 2) dz dž, (1) 


which can be calculated by integrating by parts k times over z in the 
equation 


xg, p) = +1 | z3“ o(z, 2) dz dz 
)=35 p 


and then setting à = —k —1, » = 0. This gives 


p= -f x} g(x, 2) dz dž, (2) 
which can be written in the form 
1 (27) 
—k-1 — (__1\k — 
P AR: Oat 


Let us now calculate the derivative of z—*—! with respect to z. It may seem 
at first that this derivative vanishes. It does not, however, since 2~*—} 
is not analytic at z = 0, where it has in fact a pole. Therefore its deri- 
vative with respect to % should be a generalized function concentrated 
at z = 0. 
To calculate the desired derivative we first note that for «a £0 
ô 


ai gk-l+e g% — ag- k-lt+e gl, 


oz 
Now let « approach zero. According to Section B1.3 we have 


‘ —k-lye a-l — 1 u — (—]\k (%.0) 
lim az ž z Jes zz = ( Dia a (z, 2). 
“B=—1 


5 See footnote 3 in Section B.1.3. 
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Thus 


ð 7 


Z gk — (— 1z i (gz, 2). (3) 


B1.5. Associated Homogeneous Functions 


A generalized function F(z, 2) is called associated homogeneous of 
order one and of degree (A, u) if for every complex number a +Æ 0 
we have 


F(az, 4%) = ad [F(z, 2) + F(z, 2) In| a], (1) 


where F(z, 2) is some homogeneous generalized function of the same 
degree. Associated homogeneous generalized functions of higher orders 
are defined similarly. 

Let us calculate some associated homogeneous generalized functions 
of degree (A, p). 

Assume first that A and u are not both negative integers. Then the 
generalized function 2*+#93«+#* is regular in the neighborhood of s = 0. 
Expanding it in a Taylor’s series about this point, we obtain 


giths gurts — gigu + seize ln | =| +3 7 aiae In? |z| +: (2) 


It is easily verified that the coefficients of this expansion, namely the 
generalized functions 243 ln™ | z | are associated functions of order m, 
and that they are given explicitly by 


(2484 In™ | z |, p) = : faz lIn” | z | (2, 2) dz dž, (3) 


where the integral is understood in the sense of its regularization.® 
Let us now turn to the special case in which A = —k —1 and 
u = —] — | (with k and I nonnegative integers). In this case 24+49gu+4s 
has a simple pole at s = 0; we then expand it in a Laurent series in 
powers of s. The coefficients of this series will again be associated 
generalized functions. The constant term of the Laurent expansion, an 


€ The regularization of (3) is defined in the same way as the regularization of the 
integral for (z43#, p) in Section B1.3. 
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associated generalized function of order one, shall be denoted by 
ait Sa 1, It is defined by 


a ones 1 E e 2 ktl-1 ghsi 
(zag pale k-1g-I-1 bea- $ p90, 0) ZE ia 


+= 





—a-ls) X o g'™?(0, 0) H 3 | dz dè, (4) 


+j=k+l 


where 8(x) = 0 for x < 0, and 8(x) = 1 for x > 0. 
This formula is obtained directly from the expression for (2484, œ) 
[that is, Eq. (4) of Section B1.3]. 


B1.6. Uniqueness Theorem for Homogeneous Generalized Functions 


In Section B1.3 we found that to every pair of complex numbers À, 
u whose difference is an integer there corresponds a homogeneous 
generalized function of degree (A, u) defined on K, and we constructed 
these generalized functions. We shall now show that these functions 
exhaust all the homogeneous generalized functions of z and ž (up to a 
multiplicative factor). In other words, we shall show that up to a con- 
stant factor there exists one and only one homogeneous generalized 
function of each degree. 

We start by deriving a differential equation. Let F be a homogeneous 
generalized function of degree (A, p), so that 


F(az, d2) = a’d+ F(z, 2). (1) 


Differentiating with respect to a and setting a = 1, we arrive at 


oF ‘ 
za = AF. (2) 
Similarly, by differentiating (1) with respect to @ and setting å = 1, 
we obtain oF 
ž a uF. (2') 


Thus homogeneous generalized functions of degree (À, u) satisfy the 
system of differential equations represented by (2) and (2’). Let us now 
solve these equations. We transform to polar coordinates z = re% and 
žē = re~*, transforming the equations to the form 


slr oF . OF 


i OF _ oF 5 = tig] =F (3) 


20 or i Sal = ne 
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For r # 0 these equations can be integrated in the usual way. Simple 
operations lead to 


F = Critu eiti-we = Caze, @) 


This shows that if F(z, 2) is a homogeneous generalized function of 
degree (A, u), it coincides with the ordinary function Cz+z« for z +Æ 0. 

We now prove uniqueness for all z in the nonsingular case (A, u) 4 
(—k — 1, —/ — 1), where k, I = 0, 1, 2, .... In this case 24%" as con- 
structed in Section B1.3 is nonzero in the neighborhood of any point z. 
Let (z, 2) be a homogeneous generalized function of degree (A, u). 
As we have just shown, for z # 0 we may write ®(z, 3) = Cz4z. 
Consequently, 


®,(z, 2) = D(z, 2) — Cz“ 


is a generalized function concentrated at z = 0. It remains to be shown 
that ®,(z, 2) =0. This will be seen to follow from the fact’ that any 
generalized function of two variables concentrated at the point x = 0, 
y = 0 is a linear combination of derivatives of d(x, y). 

Since ®,(z, 2) is concentrated at z = 0, we may write 


D(z, 2) = >) cy (az, 2). 
k,i=0 
Each term of the form ¢,,6'*-)(z, z) in this sum is a homogeneous 
generalized function of degree (—k — 1, —/ — 1), and since ®,(z, 2) 
is of degree (A, u) # (—k — 1, —/ — 1), it must vanish. Thus for this 
nonsingular case we have proven that any such homogeneous generalized 
function may be written 


(z, 2) = Cze. 
Let us now consider the singular case in which à = —k — 1, 
u = —l — 1, where k and / are nonnegative integers. For this case 


5&.0(z, 2) is a homogeneous generalized function of degree (—k — 1, 
—I— 1) concentrated at z = 0. It is easily seen that there exist no other 
homogeneous generalized functions of this degree concentrated at 
z=0. 

We shall show further that there exist also no homogeneous general- 
ized functions of this degree concentrated anywhere on the 2 plane. 
Indeed, assume that (z, 2) is such a generalized function. Then for 
z #0, it coincides with the ordinary function Cz~*-1z-'-! for some 


7See Volume II, Chapter II, Section 4.5. 
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C Æ 0. On the other hand, as we have seen in Section B1.5, the associated 
homogeneous generalized function z—*-!z-'-! coincides with the ordinary 
function z~*-13-'-1 for z Æ 0.8 Therefore these two generalized func- 
tions can differ only at the origin, and hence 


(z, 2) = (z, Z) — Ce 1 zt 


is an associated homogeneous generalized function concentrated at z=0. 
But all generalized functions concentrated at z = 0 are linear combina- 
tions of the 5'*-(z, 2), which are homogeneous but not associated homo- 
geneous. Thus ®, vanishes identically, and ® is associated homogeneous, 
contrary to assumption. It follows, then, that any homogeneous general- 
ized function of degree (—k — 1, —/ — 1) must be concentrated at 
z= 0. 

We have thus established that to every pair of complex numbers À, 
u whose difference is an integer there corresponds, up to a multiplicative 
factor, one and only one homogeneous generalized function of degree 
(A, p). 

It is easily shown in the same way that to every such pair of complex 
numbers there corresponds, again up to a multiplicative factor, one and 
only one associated homogeneous generalized function of any order and 
of degree (A, u). 


B1.7. Fourier Transforms of Test Functions and of Generalized Functions 


We shall call the Fourier transform of a function ọ(z, 2) in K the 
function g(w, w) defined by 


@(w, w) = ; | ol, 2) exp [č Re (2w)] dz dz 
= : |v, 2) exp [ziw + z5)]| dz dž. (1) 


When we transform from the complex variables z, w to real ones by 
writing z = x + ty and w = u + iv, Eq. (1) becomes 


Plu 0) = f ole y) ee dx dy. (1') 
Thus to within the sign of v, our definition of ¢ agrees with the ordinary 


8 See Eq. (4) of Section B1.5. 
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Fourier transform of œ when this latter is treated as a function of the 
two real variables x and y.° 

Itis known that if (z, #) and f(z, 2) are two test functions and ¢(w, ®©) 
and /(w, ©) are their Fourier transforms, then 


i [fe 2) G(z, 2) dz dz = h 5 i f ile, w) p(w, w) dw div. (2) 


This relation may be interpreted in the following way. If Ñw, 5) is 
considered a generalized function, its action on (w, #) is given by the 
formula 


(P) = 40°(f, P). (3) 


It is a simple matter to show that (w, #) is the Fourier transform of 
¢(—z, —2). Thus if we replace ¢ by ¢ in (3), we arrive at 


(JP) = 4n°(f, o(—2, —2)). (4) 


Now this equation may be used to define the Fourier transform of a 
generalized function F(z, 2). We shall thus say that the Fourier transform 
of a generalized function F(z, 2) is the generalized function F(w, z) 
defined by the equation 


(F, $) = 40°F, pı) (5) 


where (w, 5) is the Fourier transform of ọ(z, 2), and 9,(z, 2) = 
p(—2, —3). 

Note that F is a generalized function defined not on K, but on Z, 
the space of Fourier transforms of functions in K. If, however, we had 
been dealing with generalized functions defined on S, the space of 
rapidly decreasing infinitely differentiable functions (recall that all 
their derivatives must also be rapidly decreasing), then F and F would 
both have been defined on the same test-function space. 

We wish to prove that the Fourier transform F of a homogeneous 
generalized function F of degree (A, u) is homogeneous of degree 
(—A — 1, —p — 1). Indeed, if ¢(w, #) is the Fourier transform of 
(z, 2), the Fourier transform of g(z/a, 2/a) will be | a |*¢(aw, az). 


? It is sometimes convenient to define the Fourier transform rather by the formula 


p(w, 5) = - if p(z, 2) exp [$ i(z@ + žw)] dz dz. 


With this definition ọ coincides with the ordinary Fourier transform of ¢ treated as a 
function of x and y. We shall on various occasions make use of both of these definitions. 


B1.7 A Single Complex Variable 383 


Thus if F(z, 2) is homogeneous of degree (A, u), then 
| a (Ë, paw, di6)) = 4n%(F, o(—z/a, —3/ā)) 
= 4n? ale ZF, o(—2, —2)) 


= at] qur(F, 5). 
We now replace a by a7! in this equation, arriving at 
(É, (w/a, %6/a)) = a~*a-“(F, §), (6) 


as asserted. 
We have shown in Section B1.3 that 


ie 
F(z, %) = a ee 
Pes +aln| +1) 

is a homogeneous generalized function of degree (A, p), where s = À + u 
and n = A — u. Thus its Fourier transform may be written 


wa] @-#-1 
I(-$s +4|2|) 


Fw, @) = c(A, u) (7) 


where c(A, u) is some constant. This constant can be calculated by 
comparing the expressions for (F, o(—z, —2)) with (F, ¢) for some 
conveniently chosen fixed test function 9(z, 2). We shall show below 
that 


C(A, p) = DAH agile |, (8) 


and thus that the Fourier transforms of the homogeneous generalized 
functions are given by 





(212) ag_,, WA lyp-e#-} 
Da nt? ilhu ——, (9) 
Ias +3ln| +1) I(—3s +al”]) 


where s =A + u and n = À — p. 
Let us proceed to calculate c(A, u). In order to be specific we choose 
n = à — p > Q. For our test function we choose!’ 


glz, 2) = 7- exp (—$ 28). 
10 This function does not have bounded support. Since, however, zåz# is an algebraically 


increasing function, the functional represented by (z4%4, p) can be extended to S, and 
in particular to the test function we have chosen, which is in S. 
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To calculate the Fourier transform of this function we first note, as is 
seen from a simple calculation, that 


5 | exp {$ [—2 + (aw + 2%)]} dz dz = 2n exp (—} wā). 


Now differentiate this n times with respect to # (recall that n = A — u). 
This yields 


(gy | = exp ([—28 + ilar + 25)]} dz dz 
= 2n(—$ w) exp (—4 wā). 
Hence for the chosen test function 
Plo, B) = Init wo! exp (—$ wä). 
We now insert this expression and the right-hand side of Eq. (7) into 


wage 


(P(w, 5), P(w, 5)) = 4? EEN 


, [—2]*-# exp {—4 28}) 
to arrive at 
Ami?" cÀ, p) (0-7! BH}, w= exp {4 w) (u) 
= (—1)*" 4n%(aau, 33- exp {4 25) TA + 1). (10) 


The expressions on both sides of this equation are easily calculated with 
the aid of the formula 


5 | (23)! exp (—} 23) dz dē = 2r | 720-1 exp (—4-72) dr = 2% mT (a) 
0 


(for Re « < 0, the integral is to be understood in the sense of its regulari- 
zation). Specifically, we have 


(244, 3-H exp {—}.28}) = z Í (22} exp (—} 28) dz dž = 21 nI'(A + 1) 
and 
(wi) 4, wh exp {—} wib}) = 2 wT (—p), 


When these relations are inserted into (10), we obtain c(A, u) = 
2itut2aqi-v, This result has been obtained on the assumption that 
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A — p > 0. When à — p < 0, the positions of A and u are interchanged. 
Thus we arrive at Eq. (8). 

In particular, when A and p are integers, both of the same sign, the 
relevant Fourier transforms are 


2B! = An? —2i)H18( (ay, T) 
and 
SUED (z, 8) = (21)-*-! wki, 


where k, I = 0, 1, 2, .... 


B1.8. The Generalized Function f?(z) f(z), Where f(z) Is a 
Meromorphic Function 


Let us now define the generalized function /*(z)/(z) where f(z) is a 
meromorphic function of z, and A and p are complex numbers such that 
A — p is an integer. 

We start by considering the simpler case in which f(z) is an entire 
- function. For this case we define /(z)/(z) by 


Fe, p) = È | Pe) Me) ols, 2) dz dz. (1 


For given A — u = n and for Re(A + u) > O, the integral in this 
expressions converges and is an analytic function of A+ u. For 
Re (A + u) < 0, we shall understand the integral in the sense of its 
analytic continuation in A + p. Our problem is to give meaning to the 
integral when f(z) is a meromorphic function. The simple definition 
we have given above will not work for this case, since the integral will 
then fail to converge in general for all A and p. 

Any ọ(z, 2) in K can be written as a linear combination of other 
functions in K, each with support in a sufficiently small region. We may 
therefore proceed by first giving meaning to the integral in (1) for 
g(z, 2) with support in a small region. 

Let us thus assume that g(z, 2) has support in a region containing a 
single k-fold zero and no poles of f(z). Then for given A — u the integral 
of (1) is known to converge for Re (A + u) > 0 and is an analytic func- 
tion of A + p. For Re (A + u) < 0 we proceed by analytic continuation 
in À + p. 

Let us find the singularities of ({*/", œ) for this case. We may without 
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loss of generality assume that f(z) has a zero at z = 0 and that ¢(z) has 
support in a neighborhood of this point. Then 


Fe) = hie), 


where f,(z) is a function regular in the neighborhood of z = 0, and 
fi(O) # 0. Consequently 


(Fi, p) = 5 | ata fila) fela) of, 2) de dë. 


It is seen from this result that the singularities of ( ff“, p) coincide with 
the singularities of the generalized homogeneous function z*43z*«, con- 
sidered a function of A and p. The results of Section B1.3 then lead to 
the conclusion that if g(z) has its support in a neighborhood of a k-fold 
zero of f(z), the only singularities of (f*/#, p) (considered an analytic 
function of à and u) are simples poles at (A, p) = (—p/k, —q/k), where 
p, 4 = l, 2, ... (and A — u is an integer). 

Assume now that 9(z) has support in a region containing a single pole 
of order / and no zeros of f(z). Then the integral (ff, œ) will converge 
for Re (A + u) < 0; for Re(A + u) > 0, we define it by its analytic 
continuation in A + u. Proceeding as above, we conclude easily that 
for this case the only singularities in (/*/“, p) (considered an analytic 
function of A and p) are simple poles at (A, u) = (p//, g/l), where p, 
q = 1, 2, ... (and A — yp is an integer). 

We have thus interpreted the integral (ffe, p) for the case in which 
g has its support in a region containing only a single zero or a single 
pole of f(z). 

Finally, we define (f*/#, ~) for any arbitrary function 9(z, ž) in K. 
We write 


p(z, 2) = >), plz, 2), (2) 


where the ¢,(z, Z) are functions in K each of which has support in a 
region containing no more than a single zero or pole of f(z). Since we 
have already discussed the (/*/#, »;) we may write 


EF, p) = >, (PF pi). (3) 


It is easily shown that ( fif", œ) does not depend on the choice of the 
pı Indeed, let us make two such choices gp = Èg; and g = È oy, 
where we label functions corresponding to the same zero or pole of 
f(z) with the same index. Then the g; — ;’ vanish in the neighborhood 
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of every zero and pole of f(z), and therefore for all A and p we have 
$ tty a ‘4 , tr a 
T o — 9; = 5 | PF lp; — ¢;'] dz as, 


where the integral on the right-hand side converges. Since X(g; — p; ) =0, 
the sum over f of these integrals vanishes. Hence we arrive at 


>, Ff o) — Dy, FH of) = Dy, P44 9; — 97) = 0. 


We have thus defined the generalized function fife for any mero- 
morphic function f(z). The generalized function ff“ is an analytic 
function of A and p averywhere except at 


A, x) = (—p/k, =. qlk) and (A, p) = (p/l, g/l), 


where k runs through the set of multiplicities of zeros of f(z), and l 
through the set of multiplicities of its poles (p, q = 1, 2, ..., and A — p 
is an integer). At these points fife has simple poles. 

In particular, we see that the generalized function fif“, considered a 
function of A and p, is regular at à = k, p = 0, k = +1, +2,.... Thus 
for every meromorphic function f(z) we have defined the generalized 


function f*, fork = +1, +2, .... 


B2. Generalized Functions of m Complex Variables 
B2.1. The Generalized Functions 8(P) and 8‘.(P) 


We shall start by defining generalized functions concentrated on a 
manifold S of 2m — 2 real dimensions in a space of m complex dimen- 
sions. Consider a manifold S defined by an equation of the form 


P(z) = P(&, ..., Zm) = 0, 


where P(z) is an infinitely differentiable function (of z and 2).! We shall 
assume that the differential form dP dP vanishes nowhere on the P = 0 
manifold. 

This assumption has a simple geometric meaning. To understand 
it, we consider the space of the variables z, to be a 2m-dimensional 


1 It would be more correct to denote this function by P(z, Z). In order not to complicate 
the notation, however, we shall henceforth denote functions of m complex variables 
simply by P(z). 
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space of the real variables x,, y, (where zy = x, + ty,), k = 1, .... m. 
In this real space S is given by the two equations Re P = 0, Im P = 0. 
Then our assumption means that the surfaces Re P = é and Im P = q 
form a lattice such that in the neighborhood of every point of S it is 
possible to set up a local real coordinate system in which ¿é and ņ are 
two of the coordinates. 

In Chapter HI, Section 1.9 we were able with this assumption to 
define the generalized function (Re P, Im P) concentrated on S. We 
shall denote this function here by è(P). It is convenient also to define 
8(P) entirely in terms of complex variables, which we shall now proceed 
to do. 

We define the generalized function 8(P) by the equation 


QP). =[ po, (1) 
P=0 
where w is the differential form of degree 2m — 2 defined by? 
(5) dz dé = 5 dP dP w. (2) 


We have here written 


Ey dz d3 = Rai dz, dž, ... dzm dm = dx, dy) -~ dëm Bons 


When changing variables in an integrand it is often convenient to 
replace the order of the differentials; we have 


m? 
e AX, ... dZm AE, o dm 


(PY easi 


2 
Further, we have written 
oP oP 
dP => lee day + oe dž}. 
We now proceed to define the derivatives 


_ okt 8(P) 
SEP) = pprap 
of 8(P). These generalized functions will be defined as the integrals 


2 The real variables x, and y,; can be used to prove the existence of w as defined by 
(2) and the uniqueness of 8(P) defined by (1) (although w itself is not uniquely defined). 
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over the P = 0 manifold of certain differential forms œw, (p) depending 
on P and on the test function g and its derivatives. First, we define 
Wo,o(p) as the differential form gw, where w is defined by Eq. (2). Then 
the w,.,(y) for all nonnegative k, l are defined by the recurrence rela- 
tions® 

d [dP w,_1,.(p)] = dP dP o.i), (3) 


d [dP w,,.-1(y)] = —4P dP w.p). (4) 
We then define the derivatives of 8(P) by 


(8-2(P), p) = (—1)+ le wr (p). (5) 


It can be shown that the w, (p) exist and that (3) and (4) define them 
to within an additive term of the form dr + adP + BdP, where 7, a, 
and £ are differential forms of degree 2m — 3. Then it follows from 
Stokes’ theorem that the &‘*-ÐƏ(P) are uniquely defined by (5). The 
proof is exactly the same as for the case of real variables (Chapter III, 
Section 1.9). 

Some properties of the ô‘k.Ð(P) are the following. Again, the proofs 
of these properties are the same as those for the real case. 


(1) The 6-)(P) can be differentiated in accordance with the chain 
rule in the sense that 





ð oP oP 
—— §tk,l) = —— §(k+1,1) J- — 8tk,t41) 
m r a (6) 
@ oP oP 
Sk, D (P) — (41,0 P) +. (k,L+1) i 
ga, SH (P) = gg SP) + gg 8O) 6’) 


(2) The following identities are satisfied by 6(P) and its derivatives: 


P&P) = P&P) = 0, (7) 
P 8%D(P) + k §'*1.0(P) Zx 0, (8) 
P 8D P) 4 181-1) = 0, (8°) 


(3) If the equations P = 0 and Q = 0 define two nonintersecting 
manifolds without singular points, so that PỌ = 0 is a manifold with 
no singular points, then 


8(PQ) = PP 8(Q) + O79 8(P). (9) 


? Analogous differential forms for real variables were discussed in Chapter III, 
Section 1.9. 
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In particular, if a(z) is a function which fails to vanish anywhere, then 
8(aP) = atā 8(P). (10) 


Further interesting formulas are obtained by taking the derivative 
of this last relation. For instance, if P is analytic, that is if 0P/@z, = 0, 
we have 


8D(aP) = a-¥ G1 84, (P) (11) 


for any nonvanishing function a(z). The proof of this result is left to 
the reader. 


B2.2. The Generalized Functions GG“ 


We shall now define generalized functions associated with an entire 
analytic function G. Let G(zj, ..., Zm) be any entire analytic function. 
If A and u are complex numbers whose difference is an integer, then 


GiGe = | G |+“ exp [i(A — p) arg G] (1) 


is a single-valued function of the z,. 
With the ordinary function G'G« we may associate the generalized 
function GiG” defined by 


(GGH, p) = (E)" | Ge) Guz) oz) dz dë, 2) 


where z = (Zp ..., Zm) and dz dz = dz, dz, ... dz,d%,, (the integral 
is taken over the entire complex space). The integral is known to con- 
verge for Re (A + u) > 0 and, for given A — p, is an analytic function 
of À + p. We define (G’G«, p) for other values of A and u by analytic 
continuation in A + u. 

We wish to study the generalized function G’G“ as an analytic function 
of A and pu. Its singular points are closely related to the nature of the 
G(z) = 0 manifold. In this section we shall consider the simplest case 
in which the G(z) = 0 manifold has no singular points, that is, in which 
the 8G/éz;,, are not all zero simultaneously at any point of the manifold. 

The general case in which the G = 0 manifold has singular points 
will be treated in Section B2.9. 

If the G(z) = 0 manifold has no singular points, the only singularities 
of the generalized function G*G«, considered a function of A and p, 
are simple poles at the points 


A.u) = (—k — 1, —1— 1} k,l =0,1,.., 
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with residues? 
8%1(G) 


res G'Ge = (—1) 2r 
ie il 


u=-1-1 


(3) 


Indeed, if the G = 0 manifold has no singular points, then in a 
neighborhood U of any point of this surface we can introduce local 
coordinates w4, ..., Wm- ¢, where € = G(z). Now if we pick a test 
function g(2) with support in U, we have 


jm Saui 
(3) f G(s) Ge(2) p(z) dz dë = 5 f Glu P(E) dt df, 
where ®(Z) denotes the integral of p(z) over all the w, (for fixed €). 

But as we have seen in Section B1.3, the only singularities of the 
generalized function ¢*£“, considered an analytic function of A and p, 
are simple poles at 


A, u) =(—k—-1,-0-1), 2 20,1... 





with residues 


a=-k-1 
u=-1-1 


SEDE) 
au — (—]yH 
res Cau = (—1)*+! 2r a 
From this we obtain the asserted result for G’G«, namely Eq. (3). 

Remark. The local nature of the considerations implies that the 
result holds also not only for functions defined over all of z space, but 
even if they are defined only on some analytic manifold without singular 
points. 

B2.3. Homogeneous Generalized Functions 


We shall call an ordinary function f(z) of the m complex variables 


Z = (%, .., Zm) a homogeneous function of degree (A, u) if for any 
complex number a # 0 we have 
F(ox) = ate f(z). (1) 


As before, we assume that the difference between A and p is an integer. 
When this is so, «4a is unique. 


4 Recall that the residue is defined as the residue with respect to s = A + p for fixed 
À — p. 
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We shall define a homogeneous generalized function f(z) of degree 
(A, u) by the same equation (1), which we shall rewrite in a form appli- 
cable to generalized functions. 

With an ordinary function f(z) we associate the functional 


6.0) = (FY [IO o(@) de as, 2) 


where dz dz is defined as before. Then obviously the homogeneity 
condition (1) is equivalent to 


(S, p(z/a)) = att a(S, (z)). (3) 


As an important example of a homogeneous generalized function, 
consider 6(z) defined by 


(8, p) = ¢(0). 


It is clear that (z) is homogeneous of degree (—m, —m). Its derivatives 
ak+! 8(z)/dz¥ Əz} are homogeneous generalized functions of degree 
(—m — k, —m — l). 

Other than 8(z) there exist no generalized functions of degree (—m, 
—m) concentrated at z = 0. This follows from the fact that every 
generalized function concentrated at z = 0 is a linear combination of 
ô(z) and its derivatives.* But the derivatives of 8(z) are all of degree 
other than (—m, —m). Therefore if f is concentrated at z = 0 and is 
homogeneous of degree (— m, —m), it must be some multiple of 8(2). 

We present without proofs some simple properties of homogeneous 
generalized functions. 


(1) The product of a homogeneous generalized function f of degree 
(A, u) with an infinitely differentiable homogeneous function of degree 
(à', uw’) is a homogeneous generalized function of degree (A + A’, u + p’). 

(2) If f(z) is a homogeneous generalized function of degree (A, pu), 
then d*+! f(z)/Oz¥8z} is a homogeneous generalized function of degree 
(A = k, KT D). 

(3) In order that a generalized function f be homogeneous of degree 
(A, p) it is necessary and sufficient that it satisfy the Euler equations 


Ba = MN Brae = pf. 
2 ** 3s, 2> * 0g, 


5 See Volume II, Chapter II, Section 4.5, 
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B2.4. Associated Homogeneous Functions 


We shall call a function f,(z) an associated homogeneous function of 
order one and of degree (A, p) if for every complex a # 0 


hlaz) = ofS [fi(z) + folz) In |a |], (1) 


where f,(z) == 0 is a homogeneous function of degree (A, u). 
For instance, In | 2, | is an associated homogeneous function of order 
one and degree (0, 0) since 


In | wz, | = In | z| + In| «|. 


An associated homogeneous generalized function of order one and 
degree (A, u) is defined by the same equation (1). To write it in a form 
applicable to generalized functions, we consider not f(z), but the func- 
tional (fı, p). Then Eq. (1) is equivalent to 


(Jo p(z/a)) = tm aem Ci, (2) + In | &| For p) (2) 


where fọ + 0 is a homogeneous generalized function of degree (A, p). 

We define an associated function of order k inductively. We shall say 
that fẹ is an associated homogeneous generalized function of order k 
and of degree (A, p) if for every a + 0 we have 


(Far p(2/o)) = Amam [fas (2) + In | a| Fer» pe) (3) 


where fy- is an associated homogeneous generalized function of order 
k — 1 and of degree (A, p). 

Associated functions can be obtained from homogeneous ones in the 
following way. Let fı,, be a homogeneous generalized function of degree 
(A, u), differentiable in the parameter s =A + w.® Then the derivative 
f;1.,/0s will be an associated generalized function of order one. Similarly, 
the derivative with respect to s of an associated generalized function 
of order & will be one of order k + 1. 

The proof follows simply by differentiating both sides of (3) with 
respect to s, bearing in mind that 


oa“ = | a |5 exp [f(A — u) arg a]. 


€ More exactly, for each fixed À — p, we assume fi, „ to be differentiable with respect 
to s = À + p. 
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B2.5. The Residue of a Homogeneous Function 


Many results of the theory of homogeneous functions are conveniently 
formulated in terms of their residues. 

We first recall the definition of the residue of a homogeneous function 
for the case of real variables (see Chapter III, Section 3.2). 

Consider an ordinary homogeneous function f(x), of m real variables 
x = (Xp ..., Xm), of degree —m; that is, a function such that 


flax) = a™ f(x) 


for every « > 0. Let us assume that f(x) is everywhere continuous 
except at the origin. Then we define the residue of f(x) (at the origin) 
by the expression 


res fix) = | fejo (1) 


where 


3 


w = X (—1) x, diy... diy, Ek pya EX 


k 


ll 
m 


and the integral is taken over any closed surface (i.e., submanifold of 
dimension m — 1) T enclosing the origin. l 

The differential form w has a simple geometric meaning. In fact w/m 
is the volume of the cone whose vertex is at the origin and whose base 
is an element of area. This implies that res f(x) is independent of the 
choice of I, and therefore that it is completely determined by f(x). In 
particular if f(x) > 0, we may may pick T as the closed surface defined 
by f(x) = 1, obtaining 


res f(x) = fio = mV 


where V is the volume of the region f(x) > 1 containing the origin. 

We may remark that the integral of any function f(x) over the entire 
space is conveniently expressed in terms of its residue. Let I” be an 
arbitrary surface which intersects every ray from the origin at a single 
point. Then every point in the space can be uniquely specified by 
writing 

x = oy, 

where a > 0, and y is a point on T, and (a, y) may be taken as general- 


ized polar coordinates of x. In order to integrate f(x) over the entire space 
we may integrate first over the rays passing through x = 0, and 
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then integrate the expression so obtained over I. Thus we may write’ 
dx = Í ([ foya = res | f(ax) a" da. 2 
fi) x Í. (f, Flay) a a) w(y) = res f fe) a a (2) 


This equation can be considered a transformation to generalized polar 
coordinates in the integrand. 

We shall define the residue of a homogeneous function of several 
complex variables by analogy with the real case. Let f(z), z = (21, <., 3m), 
be a homogeneous function of degree (—m, — m), continuous everywhere 
except at the origin, and consider the differential form 


w = —1)¥1 2, dz, ... d&,_1 d&y41 ee dBm. (3 
2 (2D) a, -1 dpa ) 
kal 


We then define the residue of f(z) by the expression 


gim-1)? 


resf(e) = “saa | fla) os. (4) 


The integral is taken over any (m — 1)-dimensional manifold that inter- 
sects every complex line passing through the origin at a single point 
(with the possible exception of a set of such lines of lower dimension).® 
It can be shown that no bounded closed manifold has this property, 
so that in general I is composed of a finite number of sections of smooth 
manifolds. We shall show how it may be constructed. 

First break up the space of the complex variables into a finite number 
of “sufficiently narrow” cones C; with vertex at the origin (in other 
words, into regions such that if C, contains a point z, it contains the 
entire complex line passing through the origin and z). In each of the 
C; we choose a section T}, that is, a manifold of dimension m — | that 
intersects at one point every line in C, passing through the origin. We 
then choose I as the set of the T}, so that 


jim-v)? jim 


na f f@) wa) = aie x | R f(2) wa. (5) 


The integral in (4) is independent of the choice of the “surface” I" 
(or more accurately, it is independent of the way the space is broken up 


7 Equation (2) follows directly from the differential relationship 


dx = a™ `! daw(y), 
which is trivially verified. 
8 It should be noted that in the case of complex variables the concept of a ray belonging 
to a line does not exist. For the reason lines rather than rays enter into the definition. 
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into the C; and of the way the I’; are then chosen), for fwa is homogeneous 
of degree (0, 0) and is therefore invariant under replacement of z by az, 
where a # 0. Therefore f fwa will be invariant under any deformation 
of I. 

Since f(z)w@ is invariant under such replacement of z by az, it may be 
treated as a differential form on the space of complex lines passing 
through the origin. In this way (4) may be through of as an integral 
over the projective space of all complex lines passing through the origin. 

The differential form defined in (3) has the following property. 

If z = au, where « is a complex variable and u is a point on some 
analytic (m — 1)-dimensional manifold I, then? 


dz = dz, ... d&%m = «" daw(u). (6) 
From this we obtain a convenient formula for the transition from the 
Cartesian coordinates 2}, ..., Zm to generalized polar coordinates. We do 


this by considering the complex number « and the point u on I’ as the 
generalized polar coordinates of z = au. We then have 


jim-1)? +1 


(sy f fle) da dz = a Í ; | f flou) a1 am- da dă w 


= res ; i SF (az) 1 à" da dà. (7) 





Remark. The concept of a homogeneous function and of its residue 
can be introduced not only for a function defined on the entire space, 
but also for a function defined on some conical manifold with the vertex 
at the origin. (A manifold is called conical if together with each point z 
it contains, it contains the entire complex line passing through z and 
the origin.) 


B2.6. Homogeneous Generalized Functions of Degree (—m, —m) 


Let f(z) be an ordinary homogeneous function of degree (—m, —m), 
where m is the dimension of the space, and let it be continuous every- 
where except at z = 0. We define the corresponding generalized function 
and thereby the regularization of the divergent integral 


(5)" [®ve dzs, 


? Indeed, 
dz, ... d&m = TI (~ du; + u; da) = a! daw(u), 


since du, ... dum = 0. 
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by choosing an arbitrary region G containing the origin and writing 


(6.9) = (5)" [I0 azaz = (F) J A) loe) — 9) dz až 


1 


HET feoti o 


where C denotes the entire space (so that C — Gis the complement of G). 
The regularization of our integral defined in this way depends, of course, 
on the choice of G. 

Let us denote the generalized function so obtained by f(z)|ç, and 
let us study the way this function behaves when G is replaced by some 
other region G,. It is immediatedly obvious that if G is replaced by 
G, C G, the functional we obtain will differ by 


im 2 
0) (5) f gg [aed 
from the original. Thus 


fle ~fle, = 82) (4) f ag fo deat (2) 


Since this equation shows that f |e — f |c, is a homogeneous general- 
ized function of degree (—m, —m), it follows that the homogeneity or 
inhomogeneity [of degree (— m, m)] of the generalized function defined 
by (1) is independent of G. 

We may thus ask under what circumstances Eq. (1) defines a homo- 
geneous generalized function of degree (—m,—m), that is, under what 
circumstances we have 


C, o(2/e)) = (f, (2). 


We shall show that the necessary and sufficient condition for this 
is the vanishing of the residue of the (ordinary) homogeneous function f. 


Proof. With the change of variables z,/« = zę, the right-hand side 
of Eq. (1) becomes, since f(z) is homogeneous of degree (—m, —m), 
d 


(te E) = (GY L Ie — oO deas + (3) J. Ie) dz az, 


where aG is the region obtained from G by the similarity transformation 
corresponding to «. It is seen from this that the necessary and sufficient 
condition for the homogeneity of f |g is 


(I Í oo fe) dz dé = 0 
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for all «. This integral can be rewritten by subdividing the entire com- 
plex space into cones C} such that within each cone the boundary of 
G consists of all points of the form e“u, where O < è < 2r, and u 
runs over a certain section T} of an analytic manifold of dimension m — 1 
which intersects at one point every complex line in C, passing through 
the origin. Then in generalized polar coordinates we have 


(sy Í o [edz dz 
=) ioii f i [f aaa DTA A dX] w, 


where w is the differential form of Section B2.5, Eq. (3). 
Since f(Az) = A-™A-"f(x), this may be written in the form 
: i 


a) ie fe) Ri 2 Uf al <!2| <1 | 3 [e A aì py ier [fe a 
= 2r In| a | res f(z). 


Thus the necessary and sufficient condition that to the ordinary homo- 
geneous function f(z) of degree (—m — m) there correspond a general- 
ized homogeneous function is that the residue of f(z) vanish. 

We see that it is strictly no more correct to speak of the residue of a 
homogeneous function than it is to speak of the residue of an analytic 
function. In other words an analytic function is said to have a residue 
when the corresponding generalized function is not analytic.1® Similarly, 
a homogeneous function is said to have a residue when the corresponding 
generalized function is not homogeneous. 


B2.7. The Generalized Function P*P“, Where P Is a 
Nondegenerate Quadratic Form 


Consider a nondegenerate quadratic form of m complex variables 
By, +) Zm namely 
m 


P= Sik Bk (1) 
j,k=1 


We wish to study the homogeneous generalized function P’Pr, or the 
functional 


(PP, p) = (5)" f Pe Pa) ofa) dz dz 2) 
as an analytic function of A, u (for integral A — p). 


10 For instance, 0(z—1)/0% = 78(z) (see Section B1.4) shows that the generalized 
function z~! is not analytic. 
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Note that the P = 0 manifold has a singular point at z == 0, so that 
the considerations of Section B2.2 will not apply to this case. 

Equation (2) serves to define P*P only for Re (A + p) > 0. Let us 
obtain an expression for P’P for Re (A + u) < 0. To do this we express 
PPr in terms of P’+*P+!, We introduce the differential operators 


jy 508 = , OF 
= k =N ` 
Lp = > gi and Lp = > a 28, OF, (3) 


OR; oz, 





where the g’* are defined by 


DSB a = 8. 


k 


Thus the matrix || g** || of the coefficients of Lp is the inverse of the matrix 
|| 23. || of the quadratic form. We then have 
LpP**) Pu — 4(A + 1) (A + $ m) PePe 


as is easily verified by direct calculation. 
Applying this formula k times, we arrive at 
(Lp)SP4kPe =- AA 41)... (A +R) (A+ bm)... (A+ 3m + k — 1) PAPr, 
(4) 
Similarly, 


(Lpy PPH == 44 + 1). (u + D (u + 3m)... (u + dm +1 — 1) PAP. 
(5) 
Combining (4) and (5) we arrive at the result that the generalized 
function P4P« may be written, for k, I = 0, |, ..., 
P*Pe = c(A, k) c(u, D LAL, PM EPH, (6) 
where 
c(v, p) = {PU + 1)... +p) + hm)... (vo + pm +p — Ih 
Consequently, 
(PAB, p) = (À, R) oly, 1) (PHPH, LAT 40), (7) 


This equation gives the desired expression for P*P# for Re (A + u) > 
—k — l, where k and l are nonnegative integers. 

Let us now turn to the singularities of the generalized function 
PiP, considered a function of A and p. It is seen immediately from 
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Eq. (6) that P*P« has two sequences of singular points, namely 





A, u) = (—k— 1, —1—1) RPS OA, Ba 
and 





Q, u) = (—Ẹm — k, —ġm — 1). 


If (A, u) is a point belonging to only one of these sequences, PaPe 
has a simple pole at this point. If, on the other hand, (A, u) belongs 
simultaneously to both sequences, which is possible only if the dimen- 
sion of the space is even, P*P« has a pole of order two at this point. 

We now consider the singularities of P’P« in each of these cases. 


Case 1. The singular point A = —k —1, p = —l — 1 is in the 
first sequence but not in the second. In this case the residue of PiP“ is 
a generalized function concentrated on the P = 0 manifold. 

We know already that if f is an analytic function such that there are 
no singular points on the f = 0 manifold, then?! 


Bc 
L269, ff = a 


u=—l—l 


By a natural analogy we introduce the generalized functions 5‘-)(P) 
concentrated on P = 0, defined by 


S&D(P) = (2r) —1)*# RII! res PaPe. (8) 


u=—l—l 


From the recurrence relation (6) for the P*P« we may derive the formula 





r(tm—k—1)r(m—1-—-1) 
4*+! 72/4 m — 1) 





§(61)(P) = LEL> 8(P). (9) 


Case 2. The singular point (A, p) is in the second sequence, but not 
in the first, and the dimension m of the space is odd. We shall show that 
in this case the residue of PP% is a generalized function concentrated 
at z = 0, and that it is given by 

res PAs — (— 18m") DT emg BEE BIMD) mtl 1) gmt 
1=—ġm-k Ril! ram +- k) (4m +1) m +1)|4| 4| 


u=—$m—1 


LEL, 8(z), (10) 


where 4 is the discriminant of P. 


11 We recall again that this is the residue of the function as a function of s = A+ p 
for fixed integer A — p. 
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Let us first calculate the residue of PiP at A = u = — 4m. This is 
obviously a homogeneous generalized function of degree (—m, —m). 
We may show further that it is concentrated at z = 0. 

Indeed, z = 0 is the only singular point of the P = 0 manifold. 
Therefore if » vanishes in a neighborhood of z = 0, then as was 
shown in Section B2.2, (PPr, œ) is a regular function of A and p at 
A = p = — m, which means that the residue of this functional 
evaluated for this particular test function vanishes at this value of A, p. 

Thus the residue of P*P« at à = u = — $m is a generalized function 
concentrated at z = 0. It is, in addition, homogeneous of degree (—™m, 
—m), so that 

res P'Pu = c,8(z). (11) 


A=p=—- ĝm 
What remains is to calculate cm. We assert that 


(— 1)bem— 2Q-(m-1) 5,m41 
T(z m) | 4 | 





, (12) 


where 4 is the discriminant of P, and proceed to prove the assertion. 
Calculation of cm. We may define c,, by 
ney (PPs, p) = IS (|P |5, p) 


=u=— 


Cmp(0) = : 


where is any test function. Let us now perform a linear transformation 
in z space such that P takes on the form 2f + ... + 22,. We then obtain 


1 m 
cnpl0) = TAT S, (5) f | 22 +... +22 | p(2) dz dž. 


Let us now choose the test function 





p = exp (—2,3, — ... — ZmŽm). 


Then the above expression becomes 


— 1 i ax 2 8 > onm = a 
tS TAT ISS, (5) f |z +... + 22 | exp (23131 — ... — Smm) dz a 
To calculate the integral 

FO) = (5) [lab + Ha” exp (23, ~~. — nin) dz dž (14) 


(for m either odd or even) we may use the fact that LpP4+1P4 = 
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4A + 1) (À + 4m)P*P*, From this we easily obtain the recurrence 
relation 
JA =(4A+)A+3m)"fQ + 1). (15) 
Hence 
fA) =4TA+1)TA+amAQ), (16) 


where f,(A) is a periodic function with period one : 


AA +1) =f) 


We now assert that fi(À) is a constant. To prove this we note first 
that we have already established that f(A) has the same singularities as 
does F(A + 1) F(A + 4m), which means that f(A) is an entire function. 

Let us now calculate the asymptotic behavior of f,(A) = fi(o + ir) 
as | 7 | —> æ. Because f) is periodic we may assume that O < o < 1. 
The original function f(A) = f(o + ir) is bounded for 0O <o < 1. There- 
fore using the well-known asymptotic formula for the T-function?? 


| Tlo + ir) | ~ Vr e| rÈ as | tr | (17) 
we find from (16) that 
|fi(o + ir) | < Ce! as |r|. 


For an entire function f,(A) periodic with period one, however, this 
is possible only if it is equal to a constant. [This can be seen by expanding 
f(A) in a Laurent series in powers of z = e***4 and studying the behavior 
of g(z) = f,(A) in the neighborhood of z = 0 and z = ~.] Therefore 
fi) = const. 

We have thus established that 


fA) = 4 TA+1)rA+ 3m) (18) 


Now let us set A = 0 in this equation. Since 
f0) = Gy f exp (—2:ž1 = e — ZmŽm) dz dž — n”, 


we arrive from (18) at 


n” 


c= Tm) . 


12 A, Erdelyi (ed.), Bateman Manuscript Project, “Higher Transcendental Functions,” 
Vol. I, p. 47, Eq. (6). McGraw-Hill, New York, 1953. 


B2.7 m Complex Variables 403 


Finally, then, we obtain the result 


ngs TADIA + 3m) 


fQ) == Fan) (19) 





For odd m this result together with (13) gives the desired equation (12) 


for Cm 
We now proceed to calculate the residue of P’P« at A = — dm — k, 


u = — 4m — l, by using the recurrence relation (6) on Eq. (11). In 
this way it is seen that if m is odd, the generalized function P*P« has 
simple poles at (A, u) = (— 3m — k, ~ 4m — I) for nonnegative in- 


tegers k and /, and that the residues at these points are given by 








(—1)è -D Q- (m+2k+21—1) m4 


RIN (dm +k) r(4m+1)|4]| 





res, PiP = IL} 8(z), (20) 


d=—k-} 


u=- $m 


where Lp and Lp are defined by Eq. (3), and 4 is the discriminant of P. 


Case 3. The singular point (A, u) is simultaneously in both sequences; 
i.e., A = — 4m — k, p = — $m — l, and the dimension m of the space 
is even. For this case we expand P*P« in a Laurent series (in A + u) 
about the singular point, writing 


PaPe = ay(z) [A + u) + (m +k + 01% 
+ bulz) [A + u) + (m +k + H (21) 


where we have omitted the regular part of the expansion. 
Proceeding almost word for word as in Case 2 above, we find that 


4,,(3) = Ap LELE è(2), (22) 


where 
(—1 jina Q- im+2k+21-2) „m 


RUT (am +k) m+) (4° 





(23) 


Aki 


The 5,,{(2) in (21) is a generalized function concentrated on the 
P = 0 manifold. By analogy with the case in which this manifold has no 
singular points, we introduce the generalized function Stdm+k—1.dm+ 1-1) P) 


defined by 
res . PABu — But Sm+k-L,dm41-(P), (24) 


A=—§m— 
u=—-ġm-i 
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where 


2m —1)*+ 25) 


Pu = T(km +k) Tam+) 


(cf. Case 1, where we dealt with simple poles). 

Thus if (A, u) belongs simultaneously to both sequences of singular 
points (that is if A = — 4m — k, p = — $m — I) and the dimension m 
is odd, the generalized function P’P has a pole of order two at this 
point. The Laurent expansion of PiP! about this point is 


PaPe = (Ate) + (m + k + T? op Lplpae) 
HIA + u) (n +k H By dome dm (P), (26) 


where 8(¢m+k-1.4m+1-1)(P) is a generalized function concentrated on 
the P = 0 manifold, and o,; and p, are defined by (23) and (25) (and 


we have omitted the regular part of the Laurent expansion). 


B2.8. Elementary Solutions of Linear Differential Equations 
in the Complex Domain 


We may apply the results of Section B2.7 to obtain the elementary 
solutions of an equation of the form 


L*u = f(2), (1) 


where L is a homogeneous linear differential operator of the form 





L=> 5% 2) 


with a nonsingular symmetric matrix || g” ||, and where k = 1, 2, .... 
Recall that an elementary solution of Eq. (1) is a generalized function 
K such that 


L'K = 8(z). 
Consider the quadratic form 
P= > Ly BiB; (3) 


whose matrix || g,; || is the inverse of that of L. We shall show that 
except for the case in which m is even and k < }m, the function 
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P-#m+k B-tm (or any constant multiple of it) is an elementary solution of 


Eq. (1). 
To prove the assertion we use the fact that [Section B2.7, Eq. (4)] 


LEPP — 4X41)... A+R) (AtEm)... (A Himki) (4) 
If mis odd and A = — 4m, this gives 
LkP-tm+k p-m 
= 4*(1 — $m)... (k — 4m) (k — 1)! tim (A + 4m) PPr. (5) 


But for odd m we know that! 
—])Bem—D 2-1) m+ 


res, Pipe — ( 


ina mja O 


where 4 is the discriminant of P. Consequently in a space of odd dimen- 
sion the function 
K= (—1)hem-b+k Qm-2k T4 m) 
x I($ m — k) | A | [ok — 1)! Pime p-èm (6) 


is an elementary solution of Eq. (1). 
If m is even and k > 43m, by setting A = —43m in Eq. (4) we arrive at 


Lkp-tmtk P-tm — 4k(—1)bm-20/2 m — 1)1(k — $ m)I(k — 1)! 
x lim A+ 4m)? PPr, 
But for even m we have 


(— [ten Q-m ym 
rem) | 4 | 





„lim Q + Em) PiP = 8(z). 
Therefore for a space of even dimension and for k > $m, 


_ 2m) IA peep 
K = mI Em! “P (7) 


is an elementary solution of Eq. (1). This proves the assertion. 
Let us now consider the special case in which the dimension is even 


13 See footnote 11 in Section B2.7. 
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and k < 4m. As was shown in the previous section, in this case Pitt Pe 





has a simple pole at A = u = — 4m, with residue 
res, Pi+kPu — Z 8m-r-1.$m-D( P). (8) 
A-u=—bm (4m —k—1)!(4m—1)! 





Multiplying both sides of (4) by 2(A + $m) and going to the limit as 
A — — 4m, we obtain 


2n(—1)* 
(gm —k —1)!(4m—1)! 


= 27+1(1 — $m)... (k — 4m) (k — 1)! ae (A + 34m)? PP 


L* g(¢m-k1, 4-1) (P) 








— 32k — l 3 (—1)bm-2) Pia aid 
= 2717] — 3m)... (k — 3m) (k — 1)! Thm) 14] 8(z). 





Thus in the special case in which the dimension m is even and k < 4m, 
the generalized function 


(—1)bm-2) 2m- | A | 


is a™1(k — 1)! 


8(dm—k-1. dm -1)( P) (9) 


concentrated on the P = 0 manifold, is an elementary solution of 


Eq. (1). 


Remark. Similar considerations can be used to obtain elementary 
solutions of the equation 


Lu = fz), 
where L is defined by Eq. (2) and 
o2 
L= Qe" oR 


and k, l = 1, 2, .... The solution of this problem is left to the reader. 


B2.9. The Generalized Function G*G“ (General Case) 


Let G(z,, ..., Zm) be any entire analytic function, and consider the 
generalized function GiG“, i.e., the functional 


(GG, g) = (Z)" [ e) Gx) oz) dz az, (1) 
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as an analytic function of à and u. We have already studied the simplest 
case in which the G = O manifold has no singular points (Section B2.2). 
We shall now consider the case in which this manifold may have sin- 
gular points. 

We shall not treat entirely arbitrary G(z) = 0 manifolds, restricting 
our considerations to manifolds consisting of reducible points. A reducible 
point of an analytic manifold will be defined in analogy with the real 
case. 

We shall say that the variables ġ = f(z), ---, Gn = fm(2) form a 
local coordinate system in some neighborhood U of a point M if the 
following requirements are fulfilled. 


(1) The f,(z) are analytic in the neighborhood of M. 
(2) The Jacobian D(£) does not vanish in U. 
(3) The coordinates of M are 4, =... = Em = 0. 


We shall call G(z) equivalent to a homogeneous function in a neighbor- 
hood of M if in this neighborhood there exists a local coordinate system 
fi, «+» Gm in which G is a homogeneous function (a polynomial). We 
shall agree to choose these coordinates always so that G depends on the 
least number of variables, which number we shall call the order of M. 

Obviously a function may be equivalent to a homogeneous one 
even if it is defined not on the entire space, but only on some analytic 
manifold in the space. 

As before, we shall define reducible points of a manifold by induction 
on the dimension of the space or of the manifold. The definition will be 
a local one. In other words a reducible point is defined in terms of a 
manifold and same arbitrarily small neighborhood of the point. 

Let us assume, accordingly, that reducible points have already been 
defined for complex spaces (or analytic manifolds) of dimension less 
than m. We shall call a point M of the G(x, ..., Zm) = 0 manifold 
reducible if there exists a sufficiently small neighborhood U of M such 
that the following two requirements are fulfilled. 


(1) In U the function G must be equivalent to a homogeneous 
function (a polynomial). 

(2) Let %, ..., G, be coordinates in U in which G is homogeneous. 
Consider an analytic manifold whose intersection P with U is such that 
every complex line (in the %, coordinates) passing through M intersects 
P at no more than one point. Then the intersection of any such P 
with the G = 0 manifold must be a manifold each of whose points is 
reducible on P. 


In the neighborhood of a reducible point M of the G = 0 manifold 
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we may introduce local coordinates ¢, ..., ¢,, in which G is homogeneous 
of degree k, and in which it depends on at least n < m complex variables. 
We then say that M is a reducible point of order n and of degree k. 

Thus with every point of the G = O manifold we associate two 
integers, namely its order n and its degree k. In particular, if on this 
manifold there is no point at which the 0G/@z, all vanish simultaneously, 
every point of the manifold is a point of first degree and first order. 
In fact in the neighborhood of such a point G itself may be chosen as 
one of the new coordinates. 

We now turn to an investigation of the singularities of the general- 
ized function G*G, considered a function of A and p, for the case in 
which all the points of the G = 0 manifold are reducible. 

For simplicity we assume that G(z) is a polynomial. Then we assert 
(without proof) the following results. 

If G(z, ..., Zm) is a polynomial and the G = 0 manifold consists only 
of reducible points, the manifold can be decomposed into a finite num- 
ber of connected components, each of which consists of points of a 
given order and a given degree. 


Theorem. Let G(z) be a polynomial sych that all points on the 
G(z) = 0 manifold are reducible. Then the generalized function GG 
is meromorphic in A and yp." Its poles will then lie on a finite number of 
sequences, Specifically, each connected component of the G = 0 mani- 
fold consisting of points of order r and degree k gives rise to a set of 
poles of the functional G4G« at 


A, u) = (~ir +#]/k, — [r +91/k) p,9 =0,1,2,..3 A—p an integer. (2) 


Further, if there occurs a sequence of two, three, or more incident 
connected components of the G = 0 manifold, each consisting of 
points of different fixed order, and if (Ap, uo) belongs to two, three, or 
more sequences such as those given by (2), each corresponding to one 
of these components, then at the point (Ap, Ho), the generalized function 
G’G« has a pole of order two, three, or more, respectively. 

The proof of this theorem is essentially a repetition of the proof for 
the analogous theorem in the real case (Chapter III, Section 4.4). We 
therefore give it very briefly, omitting some of the details. 

Let us assume that we already know the poles in the (A + u} plane 
that occur in l 


i” 
(°6", 9) = (3) f E Ge) pl) dz dz (1) 
14 Recall that À and p are not arbitrary numbers, for their difference must be an integer. 


The theorem asserts that G4G# is a meromorphic function of A + p for any fixed integral 
value of A — p. 
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as a result of points of order less than m. We may then proceed to in- 
vestigate (1) in an arbitrarily small neighborhood of a point M of order m. 
In such a neighborhood there exists a local coordinate system in which G 
is a homogeneous polynomial of degree k in m complex variables. Without 
loss of generality we may assume that G(z) is itself a homogeneous 
polynomial in z (and we may take z = 0 to be M). 

We now go over to generalized spherical coordinates (see Section 
B2.5). This yields 





(G'G*, p) = 5 Sua Í. | Í Gaz) Gu(az) plaz) ammar da aš] wo 
gim-1)3 (3) 


=E er S, COCO Puos ` 


where we have written 


Baula) = 5 | alm aen pla) da dë. (4) 


The integrals in (3) run over sections I; of analytic manifolds inter- 
secting each complex line passing through M at no more than one point. 

The integrals in (3) and (4) converge for Re (A + u) > 0, and for 
Re (A + u) < 0 they may be defined by analytic continuation in A + p. 
Let us first find the singularities of ,,(z), considered a function of A 
and u. Since for z ~ 0 the function ¢(«z) in the integrand has bounded 
support and is infinitely differentiable with respect to a, we may con- 
clude on the basis of Section B2.2 that the only singularities of ®,,(z) 
are simple poles at (A, p) = (—[m + p]/k, — [m + q]/k), p, q = O, 1, 2, 
... (A — p is an integer). 

Obviously if (A, u) does not belong to this sequence, ®,,(2) is a homo- 
geneous function of z, continuous and infinitely differentiable every- 
where except at z = 0. 

Let us now find the singularities of 


gim-1)? z 
FT |, Oe) Ce) Pyle) oå. (5) 
For this purpose we introduce the auxiliary functional 

gim-1)3 


Liar = mT Í. GY 2)G“(2) ®,,,(2) w @. (6) 


Clearly when A’ = A, u’ = p, (6) goes over to (5), so that it is sufficient 
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for our purposes to study the singularities of this auxiliary functional. 

The singular points of J;,,7, considered as a function of A’ and p’, 
have already been found. These are the points (A’, p’) = (—[m + p)/k, 
—[m + q]/k), p, q = 9, 1, 2, .... The singular points of J, considered 
as a function of A and p, can arise only from those points of the T; 
manifold at which G(z) = 0. These points are, by assumption, reducible 
and of order no greater than m — 1. Consequently (that is, by the 
inductive assumption) we know the poles (and their multiplicities) of J, 
considered as a function of A and p. 

This proves that in addition to the poles (in A and p) due to points 
of order less than m, the integral of (5) also has poles at the points 

What remains to be proven is the assertion concerning the multiplicity 
of the poles. This assertion is implied by the following observation.1® 

If Iu.xw, considered as a function of A and u, has a pole of order J 
at (A, u) = (Ao, Fo) and if, considered as a function of à’ and p’ it has 
a pole of order j’ at (A’, w’) = (Ag, Ho), then at (A, u) = (Ag, Ho) the function 
Inau has a pole of order no greater than f + j’. 

We have thus discovered the singularities of the generalized function 
G G" for the case in which G(z) is a polynomial such that all the points 
of the G = 0 manifold are reducible. 

The theorem is not in general true if G(z) is any arbitrary entire analytic 
function for which all the points of the G = 0 manifold are reducible. 

It is possible, however, by repeating the considerations of the theorem, 
to show that if G(z) is an entire analytic function the following weaker 
assertion may be made. Every singular point of the generalized function 
G'G« is always of the form (A, p) = (—1,/k, —r/k), where r3, ra and 
k are integers. In particular, G’G will be regular at A = —1, —2, ... 
and u = 0. 

Thus we may assert that if G is an entire analytic function such that 
all the points of the G = 0 manifold are reducible, the generalized 
function G~* exists. This generalized function is defined by Eq. (1) 
evaluated at A = —k, u = 0. 


Remark. Rather than having G(z) an analytic function, we could 
have considered arbitrary continuous infinitely differentiable functions 
of z and 2. Then the definition of a function equivalent to a homogeneous 
function would be somewhat different. Specifically, the new complex 
variables in which G would be homogeneous could be arbitrary infinitely 

15 This method based on ‘‘splitting’’ the variables was used in Section 4.4, Chapter III 


to prove the analogous theorems in the real case. 
16 This is the analog of similar considerations in Section 4.3 of Chapter ITI. 
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differentiable (but not necessarily analytic) functions of the original 
variables. The definition of a reducible point would also change accord- 
ingly. If G(z) is a polynomial in z and % such that all points of the 
G(z) = 0 manifold are reducible, one can obtain a theorem analogous 
to the theorem of this section for the generalized function G’G. (We 
shall not, however, give the exact statement of the theorem.) 


B2.10. Generalized Functions Corresponding 
to Meromorphic Functions of m Complex Variables 


Let f(z), 2 = (81, .--, Zm) be a meromorphic function, i.e., a function 
such that in every sufficiently small neighborhood of any arbitrary point 
it can be written in the form f(z) = p(z)/q(z), where p(z) and 9(z) ate 
analytic in this neighborhood. 

We shall show that f(z) can be associated with a generalized function 
F(z). It is natural to require that F(z) satisfy the following condition: 
if f(z) = p(z)/¢(z) in some (closed) neighborhood U in which p(z) 
and q(z) are analytic, then for any g(z) in K with support in U we will 
have 


(Fae) = (4)" | pla) ola) dz az. (1) 


It will be shown that a generalized function satisfying this condition 
always exists. Note that F(z) is defined by (1) up to an additive general- 
ized function F} such that 


(Fy, gp) = 0 (2) 


where 9 is any function in K with support in U. Obviously F} is con- 
centrated on the set of singular points of f(z). 

Let us proceed to construct F(z). We first construct a generalized 
function Fy on the subspace consisting of functions g(z) with support 
in a sufficiently small neighborhood U of a given point 2). 

Let us write f in the form 


— 242), 


where p,(z) and qg,(z) are analytic in U. By taking a sufficiently high 
derivative of g,(z) with respect to the z;, we arrive at the analytic function 


O%g,(z 
4i(2) -a E k= kı Pas + km 
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having no zeros in U (which we have assumed sufficiently small). We 
then define Fy by the conyergen integral 


(Foo) = (1 (3) [re dle) EO dade O) 


We then use such Fy to construct F over the entire space K. For this 
purpose we associate with each point z, a sufficiently small neighborhood 
U. Then from the set of neighborhoods we choose a locally finite 
covering of the entire space.!” Let this covering consist of the neighbor- 
hoods U,, U» ..., Um .... Let us now write 


es Da) 


where g,(z) is an infinitely differentiable function with support in Uj. 
Then every test function g(z) can be written as a sum of functions 
with support in the U; according to 


olz) = > (2) ga). 


[Note that if g(z) is in K, this sum contains only a finite number of 
nonzero terms. ] 
We now define the generalized function F(z) by 


(F, 9) = > Fup 781). 


Clearly F is a continuous functional. We need show only that it satisfies 

(2). To see this, assume again that in some (closed) neighborhood U 

we have He) 

— PB 

fa = BS, 

where p(z) and g(z) are analytic in U. Let (z) have support in U. 

Then the definition of Fy, [Eq. (3)] implies, after integrating by parts 
and canceling (2), that 


(Fup gpg) = (5) Í p2) pg: dz dž. 
Now summing over 7 we arrive at 
(F, ap) = (5) | ple) oe) de ae, 
as desired. 


17 See Appendix | to Chapter I. 


NOTES AND REFERENCES TO THE LITERATURE 


This book has dealt with problems in classical analysis most of 
which have a relatively long history. Therefore the references which we 
present below are in many cases merely the customary ones and may be 
only approximately correct. For instance, we assign credit for the concept 
of the regularization of a divergent integral to Hadamard and to M. Riesz, 
although Cauchy had already dealt with it (in defining the I function 
outside the region of convergence of the integral), and even Euler no 
doubt made use of similar considerations in his calculations. 


Chapter I, Section 1 


The concept of a generalized function as a functional on a certain 
function space was formulated by S. L. Sobolev (23). It was L. Schwartz 
(21) who stated it in the form in which we present it. 


Chapter I, Section 2 


The contents of this section, are essentially an adaptation of some of 
Schwartz’s book. 


Chapter I, Sections 3 and 4 


The idea of the regularization of divergent integrals in application to 
problems of differential equations is due to J. Hadamard. (12). The 
general method of regularization by analytic continuation is due to 
M. Riesz (20) (see also Schwartz’s book). The material presented in 
this section is an expansion and reworking of the corresponding subject 
matter in an article by Gel’fand and Shapiro (10). Not included in that 
article were the generalized functions (x + 70) and (x — 70)’, and the 
canonical regularization problem and its solution for the case of a single 
variable. 

For functions of two (or more) variables with algebraic singularities, 
the canonical regularization problem cannot be solved. It has been shown 
by V. Grushin and R. Ismagilov that it is impossible to associate functio- 
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nals even with functions of the form a(x, y)r~* so as to satisfy the condi- 
tions for a canonical regularization [here a(x, y) is an infinitely differen- 
tiable function]. For certain smaller classes of functions of several 
variables canonical regularizations is possible. V. Palamadov has found 
several such classes. For instance, canonical regularization is possible 
for functions of the form a(x, y)/P(x, y) if each of the polynomials 
P(x, y) has roots such that the distance from those in the upper half- 
plane to those in the lower half-plane is greater than some positive 
constant in every bounded interval on the x axis. 

The problem of the plane-wave expansion of the delta function 
(Section 3.10) was first formulated classically (to calculate the value 
of a function at a point when the integrals of this function over hyper- 
planes are known) by J. Radon in 1917 and solved by John (14) and 
other authors. In this connection we may mention the note of Khacha- 
turov (15). 


Chapter |, Section 5 


The contents of this section are essentially an adaptation of some of 
Schwartz’s book. N. Ya. Vilenkin participated in working out some of the 
last examples of Section 5.5. 


Chapter I, Section 6 


The contents of Sections 6.1 and 6.3 are taken from Gel’fand and 
Shapiro (10). The results of Section 6.1 were obtained in a similar way 
by John (14) and those of Section 6.3 were obtained independently 
and almost simultaneously by Courant and Lax (5). The first to give 
formulas for the general solution of a hyperbolic equation with constant 
coefficients were Herglotz (13) and Petrovskii (19) for those cases in 
which they could be expressed in the terms of classical function theory, 
that is, for equations of sufficiently high order (m > n + 1). Hyperbolic 
equations with constant coefficients were treated in important work of 
Gårding (8) by the method of Riesz, and by Leray (16) using the general 
Laplace transform. Section 6.2 was written by Borovik from his own 
results (2). 


Appendix | 


The contents of this appendix are essentially an adaptation of some of 
Schwartz’s book. 
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Chapter Il 


The Fourier transform of a function increasing as some power of 
its argument was first defined as a generalized function by Schwartz. 
Another definition of the Fourier transform for such functions occurs 
in the work of Bochner (1) and Carleman (4). The definition of the 
Fourier transform of a function of any rate of increase as given in Sections 
2 and 3 is due to Gel’fand and Shilov (11). Actually that paper gives a 
more inclusive definition, which will be discussed in Chapter III of 
Volume II. The space Z was introduced by Gel’fand and Shilov (11) 
(where it was called Z1)* and, simultaneously and independently, by 
Malgrange (17) and Ehrenpreis (6). The text of Section 2.6 is by Vilenkin 
and Shapiro. 


Chapter Ill, Section 1 


The definitions of the differential forms œ; (for j > 0) and of the 
functional 6(P) and its derivatives are due to Gel’fand and Shapiro (10). 
The differential form w, was first introduced by Leray (16). Section 1.9 
is taken from an article by Shapiro (22). 


Chapter Ill, Section 2 


The analysis of the poles and residues of a quadratic form raised 
to a power A for the case in which the quadratic form has no more than 
one minus sign was first undertaken by M. Riesz (20), for whom it 
formed the basis of an investigation of the solutions of the wave equation. 
The study of the quadratic form in the general case with the intention 
to apply it to representation theory was undertaken by Gel’fand and 
Graev (9). The elementary solutions of the ultrahyperbolic equation 
Lu = ô were first obtained by Y. Fourés-Bruhat (7). The form in which 
we present them here is that discussed by Shapiro. The results for 
L*u = 6 are published here for the first time. Sections 2.1 and 2.2 are 
based on the work of M. Riesz (20) and Gel’fand and Graev (9). The 
idea on which Sections 2.3—2.10 are based, namely, analytic continuation 
into the complex plane, is due to Gel’fand. This idea is discussed in 
Section 3.3. The results of Sections 3.4-3.6 belong to Gel’fand and Graev, 
and those of Sections 3.7—3.10 to Vilenkin, Gel’fand, and Shapiro. The 
relevant sections were written by those who obtained the results. 


* A more detailed discussion of methods based on the space Z and the relation between 
the analytic functionals of Fantappie and the work of Leray will appear in Volume V. 
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Chapter Ill, Section 3 


The results of this section are taken essentially from the article of 
Gel’fand and Shapiro (10). Section 3.6 is written by Borovik. 


Chapter Ill, Section 4 


The material of this section is taken essentially from the article of 
Gel’fand and Shapiro (10). M. V. Fedoryuk constructed P^ for any 
polynomial of two variables with a single zero at the origin. 


Appendix A 


The proof of the completeness of K’ given in this appendix is due to 
M. S. Brodskii. 


Appendix B 


The material in this appendix is essentially an extension to the com- 
plex domain of the results of Gel’fand and Shapiro (10). This is its first 
publication in the form in which it is here presented. The differential 
form w was first introduced by Leray (16), and the œw; were introduced 
independently (for a real space) by Leray and by Gel’fand and Shapiro. 
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Abel’s integral equation, 117 
Analytic continuation, 46, 150 

of homogeneous functions, 79 
Analytic function, 371 
Analytic functionals, 160 

Fourier transforms, 188 
Antianalytic function, 371 
Associated functions, 82, 378, 393 
Asymptotic expansion of J(c), 326 

of (xy — c), 329 

of (x? + y? + 22 — t — c), 329 


Bessel functions, 121, 185 
Beta function, 68 


Canonical regularization, see Regularization 
Cauchy’s problem, 109, 132, 204 
Completeness of K’, 15, 147, 368 
Complex quadratic forms, 269 
Complex-valued generalized functions, 15 
Continuity with respect to a parameter, 147 
Convergence in K, 2 

in K’, 13 

in S, 17 
Convolution (of generalized functions), 103 

continuity of, 105 

differentiation of, 105 


D’Alembert formula, 114 
Delta-convergent sequences, 34 
Delta function, 1, 4 
derivative of, 26 
Fourier transform of, 168, 190 
plane-wave expansion of, 77, 82 
translated, 4 
Derivative (of generalized functions), 19 
of any order, 115 
of convolution, 105 
of Fourier transforms, 167, 190 
of homogeneous generalized functions, 79 
with respect to a parameter, 46, 148 
Differential equations, elementary solution 
of, see Elementary Solutions 
for generalized functions, 39 


Differential forms, 214 
equality of, 214 
exterior products of, 215 
exterior derivatives of, 216 
having bounded support, 215 
integration, 218 
w, 220, 388 
wx(p), 389 
a1... P) 244 
w(p), 228 
Differentiation as a local operation, 146 
Direct product (of generalized functions), 
100 
commutativity, associativity, 102 
Fourier transform of, 191 
support of, 101 
Doublet layer, 238 


Elementary solution of Cauchy’s problem, 
109 
for a homogeneous hyperbolic equation, 
135 
Elementary solution of differential equa- 
tion, 106 
complex domain, 404 
elliptic, 122 
homogeneous, 126 
iterated Laplace’s, 201 
of second order, 279 
of vibrating string, 114 
ordinary, 107 
regular homogeneous, 128 
ultrahyperbolic, 279 
Elliptic operator, 122 
elementary solution for, 122 
homogeneous, 126 
homogeneous, elementary solution for, 
126 
Equality of differential forms, 214 
local, of generalized functions, 6, 144 
Equivalent lines in the complex plane, 
161 
Essential point, 5 
Even generalized function, 50 
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Exterior derivatives, 216 
Exterior product, 215 


Form, differential, see Differential forms 
Formally homogeneous, 296 
Fourier series for periodic function, 30 
Fourier transform, 153, 381 
inverse, 167 
of exponential, 169 
of generalized function (see also Index 
of Particular Generalized Functions), 
167, 190 
of generalized function with bounded 
support, 196 
of periodic function, 170 
of polynomial, 168, 190 
of test function, 153 
Function, equivalent to homogeneous, 313 
generalized, 4 
test, 2 
Functional, continuous linear, 3 
on K, 3 
on S, 17 
on Z, 158 


Gamma function, 52 
regularized expressions for, 53 
Gauss-Ostrogradskii formula (Gauss’ theo- 
rem), 218 
Generalized function, 4 
centrally symmetric, 9 
complex, 15 
concentrated on a set, 6 
constant, 4 
convergence of, 13 
convolution of, 103 
depending on a parameter, 46, 147 
analytically, 46, 149 
continuously, 46, 148 
differentiably, 46, 148 
derivative of, 19, 20 
differentiation of convergent sequences 
of, 29 
direct product of, 100 
equal in a region, 6, 144 
essential point of, 5 
even, 50 
Fourier transform of, 167, 190 
homogeneous of degree A, 10, 78 
homogeneous of degree (A, p), 373, 391 
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infinite differentiability of, 18 
invariance of, 9 
linear transformation on, 8 
multiplication of 
by an infinitely differentiable func- 
tion, 7 
by a number, 7 
odd, 50 
periodic, 9 
Fourier series for, 30 
primitive, 43 
regular, 4 
in a region, 6 
singular, 4 
spherically symmetric, 9 
sum of, 7 
support of, 6 
vanishing of, 5 
Generalized vector function, 226 
Green’s theorem, 27, 226 


Herglotz-Petrovskii formulas, 135 
Homogeneous functions, 78, 295, 372 
positive, 297 
residues of, 299, 394 
Hérmander’s staircase, 164 
Hyperbolic equation, 135 
solution of Cauchy’s problem for, 136 
operator, 135 
Hypergeometric functions, 118 


Integral of any (fractional) order, 115 
of a differential form, 218 
of a generalized function with respect to 
a parameter, 148 
Inverse Fourier transform, 167 


Jacobi polynomial, 120 


K, 2 
convergence in, 2 
Fourier transform of, 155 
K’, 5 
convergence in, 13 
k-fold layer, 237 


Laplace’s equation, iterated, 201 
Laplace transforms, 200 
Laplacian, 27 

applied to l/r, 28 
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Laurent expansion, 151 
Layer, doublet, 238 

k-fold, 237, 247 

multiplet, 237 

simple or singlet, 237, 247 
Local properties, 5, 140 
Locally summable functions, 3 


Method of analytic continuation, 46, 150 
Multiplet layers, 237 
Multiplication (of generalized functions) 
by an infinitely differentiable func- 
tion, 7 
by a number, 7 
Multiplier, 159 


Null contour, 161 
surface, 164 


Odd generalized function, 50 
Operational calculus, 206 
Orientation, 217 

Ovals, 138 


Parceval’s theorem, 166 

Partition of unity, 142 

Pizetti’s formula, 74 

Plane-wave expansion of 5 function, 77, 82 
of rå, 74 

Poisson’s formula, 109 

Potential, Newtonian gravitational, 106 

Primitive of generalized function, 43 


Reducible (singular points), 313 
of order k and degree m, 314 
Regular functionals, 4 
on Z, 158 
Regular homogeneous equations, 128 
Regularization, canonical, 61 
at infinity, 68 
in finite interval, 66 
uniqueness of, 62 
of divergent integral, 10, 45 


S, 16 
convergence in, 17 
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Fourier transform of, 165 
S’, 17 
Similarity transformation, 9 
Simple layer, 237 
Singlet layer, 237 
Singular function, 1 
Singular points of trigonometric series, 32 
Sonin’s (Sonine’s) integral, 122 
Space of Fourier transforms of functions 
in K, see Z 
Space of generalized functions defined on 
K, see K’ 
defined on S (S’), 17 
defined on Z (Z’), 159 
Space of infinitely differentiable functions 
with bounded support, see K 
Space of rapidly decreasing functions, see S 
Spherical average, 71 
Spherically symmetric, 9 
Stokes’ theorem, 219 
Support of a function, 2 
of a generalized function, 6 
of the direct product, 101 
Surface, equivalent to real, 164 
null, 164 


Taylor’s series, 149 

Test functions, 2 
Fourier transforms of, 153 
spherical average of, 71 

Translation (of function), 9 
in K and Z, 156 


Ultrahyperbolic equation, 279 

Uniqueness of differential form w, 220 
of homogeneous functions, 379 

Unpaired pieces, 138 

Unity, partition of, 142 


Wave equation in a space of odd dimen- 
sion, 202 


Z, 155 
convergence in, 156, 158 


Z’, 159 
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(ax? + bx + c) , 182 
Fourier transform, 182 
G4(x s es Xn), 313 
In x, , 24 
derivative, 25 
Fourier transform, 175 
In x_ , 89 
Fourier transform, 175 
In | x |, 25 
derivative, 25 
Fourier transform, 176 
In (x + 20), 26 
derivative, 26 
In (x — 20), 95 
derivative, 95 
PA , 253 
Fourier transform, 284 
Laurent expansion, 277 
singularities, 255 
PÌ , 269° 
Fourier transform, 284 
Laurent expansion, 277 
PA, 270 
singularities, 274 
(P + i0)4, 274 
Fourier transform, 284 
singularities, 276 
P4f(P, A), 285 
(P + i0)4f(P, À), 285 
(P + 20 + c*)4, 289 
Fourier transform, 289 
(c + PITA + 1), Fourier transform, 290 
for integer A, 295 
rå, 71 
Laurent expansion, 99 
normalization, 74 
plane-wave expansion, 74 
poles and residues, 72 
Taylor’s series, 99 
rn In y, 99 
Fourier transform, 194 
rif, 311 
xi, 48 


canonical regularization, 61 


derivative, 23 
Fourier transform, 171 
indefinite integral, 54 
Laurent expansion, 87 
normalization, 56 
poles and residues, 49 
Taylor’s series, 84 

xi, 49 


canonical regularization, 61 


Fourier transform, 172 
indefinite integral, 54 
Laurent expansion, 89 
normalization, 56 
poles and residues, 50 
Taylor’s series, 87 

jx 14, 50 


canonical regularization, 61 


Fourier transform, 173 
indefinite integral, 54 
Laurent expansion, 90 
normalization, 56 
poles and residues, 51 
q-fold integral, 55 
Taylor’s series, 89 

| æ |4 sgn x, 50 


canonical regularization, 61 


Fourier transform, 173 

indefinite integral, 54 

Laurent expansion, 90 

normalization, 56 

poles and residues, 51 

Taylor’s series, 90 
x-™, 5] 

Fourier transform, 174 
x5", 86 

derivative, 86 

Fourier transform. 177 
x7", 88 

Fourier transform, 178 
| x [72"-1, 9] 

Fourier transform, 180 
| x |72" sgn x, 91 

Fourier transform, 181 
xh/T( + 1), 57 
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derivative, 58 
Taylor’s series, 93 
xA/T(A + 1), 57 
derivative, 58 
| x |4/F(fA + 1]/2), 57 
derivative, 57 


|x |4sgn x/P((A + 1}/2), 57 


derivative, 57 
xh Inx, , 84 

Fourier transform, 175 
x4 In x_, 87 

Fourier transform, 175 
|x |4ln | «| sgn x, 90 

Fourier transform, 175 
xy" ln x}, 87 

Fourier transform, 177 
x7" Inx_, 89 

Fourier transform, 178 
x72" In | x |, 340 

Fourier transform, 179 
| x |72” In | x | sgn x, 91 

Fourier transform, 181 
xmm- In | x |, 340 

Fourier transform, 179 
| x |72" In |x], 91 

Fourier transform, 180 
(x + i0)4, 59, 93 

differentiation, 94 

entire function of A, 60 

Fourier transform, 174 

Taylor’s series, 96 
(x + 10)4 In (x + 10), 96 
(x — 10)4 In (x — 10), 97 
(x + 10)-" In (x + 10), 98 
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Unity, 4 
Fourier transform, 168, 190 
gigu, 373 
Fourier transform, 383 
normalization, 376 
poles and residues, 375 
gk-l, 377 
3( f(x)), 184 
S f(x), 185 
&(P), 211, 222, 387 
&*)(P), 211, 228 
ôt P), 387 
(Pi , +) Pn), 213, 239 
derivatives, 239 
5*(P), 250 
8'(P), 250 
(P), 278 
5(*1(P_), 278 
8 (c? + P), Fourier transform, 294 
&(r — a), 197, 223 
Fourier transform, 199 
&(r? — a?), 224 
ô% (r? — a?), 231 
solution of wave equation, 234 
(x), 1, 4 
derivative, 26 
Fourier transform, 168, 190 
plane-wave expansion, 77, 82 
translated, 4 
O(P), 212 
A(x), 21 
derivative, 21 
Fourier transform, 172 


